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Preface

This book is motivated by the following technological developments: high quality
integrated sensors and actuators, powerful control processors that can implement
complex control algorithms, and powerful computer hardware and software that can
be used to design and analyze control systems. We believe that these technological
developments have the following ramifications for linear controller design:

e When many high quality sensors and actuators are incorporated into the de-
sign of a system, sophisticated control algorithms can outperform the simple
control algorithms that have sufficed in the past.

e Current methods of computer-aided control system design underutilize avail-
able computing power and need to be rethought.

This book is one small step in the directions suggested by these ramifications.

We have several goals in writing this text:

e To give a clear description of how we might formulate the linear controller
design problem, without regard for how we may actually solve it, modeling
fundamental specifications as opposed to specifications that are artifacts of a
particular method used to solve the design problem.

e To show that a wide (but incomplete) class of linear controller design problems
can be cast as convex optimization problems.

e To argue that solving the controller design problems in this restricted class is
in some sense fundamentally tractable: although it involves more computing
than the standard methods that have “analytical” solutions, it involves much
less computing than a global parameter search. This provides a partial answer
to the question of how to use available computing power to design controllers.

IX



X PREFACE

¢ To emphasize an aspect of linear controller design that has not been empha-
sized in the past: the determination of limits of performance, i.e., specifica-
tions that cannot be achieved with a given system and control configuration.

It is not our goal to survey recently developed techniques of linear controller design,
or to (directly) teach the reader how to design linear controllers; several existing
texts do a good job of that. On the other hand, a clear formulation of the linear
controller design problem, and an understanding that many of the performance
limits of a linear control system can be computed, are useful to the practicing
control engineer.

Our intended audience includes the sophisticated industrial control engineer, and
researchers and research students in control engineering.

We assume the reader has a basic knowledge of linear systems (Kailath [KA180],
Chen [CHE84|, Zadeh and Desoer [ZD63]). Although it is not a prerequisite, the
reader will benefit from a prior exposure to linear control systems, from both the
“classical” and “modern” or state-space points of view. By classical control we refer
to topics such as root locus, Bode plots, PI and lead-lag controllers (Ogata [OGA90],
Franklin, Powell, Emami [FPES86|). By state-space control we mean the the-
ory and use of the linear quadratic regulator (LQR), Kalman filter, and linear
quadratic Gaussian (LQG) controller (Anderson and Moore [AM90], Kwakernaak
and Sivan [KS72], Bryson and Ho [BH75]).

We have tried to maintain an informal, rather than completely rigorous, approach
to the mathematics in this book. For example, in chapter 13 we consider linear
functionals on infinite-dimensional spaces, but we do not use the term dual space,
and we avoid any discussion of their continuity properties. We have given proofs and
derivations only when they are simple and instructive. The references we cite con-
tain precise statements, careful derivations, more general formulations, and proofs.

We have adopted this approach because we believe that many of the basic ideas
are accessible to those without a strong mathematics background, and those with the
background can supply the necessary qualifications, guess various generalizations,
or recognize terms that we have not used.

A Notes and References section appears at the end of each chapter. We have
not attempted to give a complete bibliography; rather, we have cited a few key
references for each topic. We apologize to the many researchers and authors whose
relevant work (especially, work in languages other than English) we have not cited.
The reader who wishes to compile a more complete set of references can start by
computing the transitive closure of ours, i.e., our references along with the references
in our references, and so on.
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Chapter 1

Control Engineering and
Controller Design

Controller design, the topic of this book, is only a part of the broader task of
control engineering. In this chapter we first give a brief overview of control
engineering, with the goal of describing the context of controller design. We then
give a general discussion of the goals of controller design, and finally an outline
of this book.

1.1 Overview of Control Engineering

The goal of control engineering is to improve, or in some cases enable, the perfor-
mance of a system by the addition of sensors, control processors, and actuators. The
sensors measure or sense various signals in the system and operator commands; the
control processors process the sensed signals and drive the actuators, which affect
the behavior of the system. A schematic diagram of a general control system is
shown in figure 1.1.

This general diagram can represent a wide variety of control systems. The sys-
tem to be controlled might be an aircraft, a large electric power generation and
distribution system, an industrial process, a head positioner for a computer disk
drive, a data network, or an economic system. The signals might be transmitted
via analog or digitally encoded electrical signals, mechanical linkages, or pneumatic
or hydraulic lines. Similarly the control processor or processors could be mechanical,
pneumatic, hydraulic, analog electrical, general-purpose or custom digital comput-
ers.

Because the sensor signals can affect the system to be controlled (via the con-
trol processor and the actuators), the control system shown in figure 1.1 is called

1
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other signals that affect system

(disturbances)
actuators -~ "~ -~ 7~ sensors
\A %/
System to
be controlled
act.uator sensed
signals signals
Control
operator display, =~ | processor(s) < command signals
warning indicators . - | .+ (operator inputs)

Figure 1.1 A schematic diagram of a general control system.

a feedback or closed-loop control system, which refers to the signal “loop” that cir-
culates clockwise in this figure. In contrast, a control system that has no sensors,
and therefore generates the actuator signals from the command signals alone, is
sometimes called an open-loop control system. Similarly, a control system that has
no actuators, and produces only operator display signals by processing the sensor
signals, is sometimes called a monitoring system.

In industrial settings, it is often the case that the sensor, actuator, and processor
signals are boolean, i.e. assume only two values. Boolean sensors include mechan-
ical and thermal limit switches, proximity switches, thermostats, and pushbutton
switches for operator commands. Actuators that are often configured as boolean
devices include heaters, motors, pumps, valves, solenoids, alarms, and indicator
lamps. Boolean control processors, referred to as logic controllers, include indus-
trial relay systems, general-purpose microprocessors, and commercial programmable
logic controllers.

In this book, we consider control systems in which the sensor, actuator, and
processor signals assume real values, or at least digital representations of real values.
Many control systems include both types of signals: the real-valued signals that we
will consider, and boolean signals, such as fault or limit alarms and manual override
switches, that we will not consider.
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In control systems that use digital computers as control processors, the signals
are sampled at regular intervals, which may differ for different signals. In some cases
these intervals are short enough that the sampled signals are good approximations
of the continuous signals, but in many cases the effects of this sampling must be
considered in the design of the control system. In this book, we consider control
systems in which all signals are continuous functions of time.

In the next few subsections we briefly describe some of the important tasks that
make up control engineering.

1.1.1 System Design and Control Configuration

Control configuration is the selection and placement of the actuators and sensors on
the system to be controlled, and is an aspect of system design that is very important
to the control engineer. Ideally, a control engineer should be involved in the design of
the system itself, even before the control configuration. Usually, however, this is not
the case: the control engineer is provided with an already designed system and starts
with the control configuration. Many aircraft, for example, are designed to operate
without a control system; the control system is intended to improve the performance
(indeed, such control systems are sometimes called stability augmentation systems,
emphasizing the secondary role of the control system).

Actuator Selection and Placement

The control engineer must decide the type and placement of the actuators. In
an industrial process system, for example, the engineer must decide where to put
actuators such as pumps, heaters, and valves. The specific actuator hardware (or
at least, its relevant characteristics) must also be chosen. Relevant characteristics
include cost, power limit or authority, speed of response, and accuracy of response.
One such choice might be between a crude, powerful pump that is slow to respond,
and a more accurate but less powerful pump that is faster to respond.

Sensor Selection and Placement

The control engineer must also decide which signals in the system will be measured
or sensed, and with what sensor hardware. In an industrial process, for example,
the control engineer might decide which temperatures, flow rates, pressures, and
concentrations to sense. For a mechanical system, it may be possible to choose
where a sensor should be placed, e.g., where an accelerometer is to be positioned on
an aircraft, or where a strain gauge is placed along a beam. The control engineer
may decide the particular type or relevant characteristics of the sensors to be used,
including the type of transducer, and the signal conditioning and data acquisition
hardware. For example, to measure the angle of a shaft, sensor choices include
a potentiometer, a rotary variable differential transformer, or an 8-bit or 12-bit
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absolute or differential shaft encoder. In many cases, sensors are smaller than
actuators, so a change of sensor hardware is a less dramatic revision of the system
design than a change of actuator hardware.

There is not yet a well-developed theory of actuator and sensor selection and
placement, possibly because it is difficult to precisely formulate the problems, and
possibly because the problems are so dependent on available technology. Engineers
use experience, simulation, and trial and error to guide actuator and sensor selection
and placement.

1.1.2 Modeling

The engineer develops mathematical models of

e the system to be controlled,
e noises or disturbances that may act on the system,
e the commands the operator may issue,

e desirable or required qualities of the final system.

These models might be deterministic (e.g., ordinary differential equations (ODE’s),
partial differential equations (PDE’s), or transfer functions), or stochastic or prob-
abilistic (e.g., power spectral densities).

Models are developed in several ways. Physical modeling consists of applying
various laws of physics (e.g., Newton’s equations, energy conservation, or flow bal-
ance) to derive ODE or PDE models. Empirical modeling or identification consists
of developing models from observed or collected data. The a priori assumptions used
in empirical modeling can vary from weak to strong: in a “black box” approach,
only a few basic assumptions are made, for example, linearity and time-invariance
of the system, whereas in a physical model identification approach, a physical model
structure is assumed, and the observed or collected data is used to determine good
values for these parameters. Mathematical models of a system are often built up
from models of subsystems, which may have been developed using different types
of modeling.

Often, several models are developed, varying in complexity and fidelity. A simple
model might capture some of the basic features and characteristics of the system,
noises, or commands; a simple model can simplify the design, simulation, or anal-
ysis of the control system, at the risk of inaccuracy. A complex model could be
very detailed and describe the system accurately, but a complex model can greatly
complicate the design, simulation, or analysis of the system.
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1.1.3 Controller Design

Controller design is the topic of this book. The controller or control law describes
the algorithm or signal processing used by the control processor to generate the
actuator signals from the sensor and command signals it receives.

Controllers vary widely in complexity and effectiveness. Simple controllers in-
clude the proportional (P), the proportional plus derivative (PD), the proportional
plus integral (PI), and the proportional plus integral plus derivative (PID) con-
trollers, which are widely and effectively used in many industries. More sophisti-
cated controllers include the linear quadratic requlator (LQR), the estimated-state-
feedback controller, and the linear quadratic Gaussian (LQG) controller. These
sophisticated controllers were first used in state-of-the-art aerospace systems, but
are only recently being introduced in significant numbers.

Controllers are designed by many methods. Simple P or PI controllers have only
a few parameters to specify, and these parameters might be adjusted empirically,
while the control system is operating, using “tuning rules”. A controller design
method developed in the 1930’s through the 1950’s, often called classical controller
design, is based on the 1930’s work on the design of vacuum tube feedback am-
plifiers. With these heuristic (but very often successful) techniques, the designer
attempts to synthesize a compensation network or controller with which the closed-

7«

loop system performs well (the terms “synthesize”, “compensation”, and “network”
were borrowed from amplifier circuit design).

In the 1960’s through the present time, state-space or “modern” controller de-
sign methods have been developed. These methods are based on the fact that the
solutions to some optimal control problems can be expressed in the form of a feed-
back law or controller, and the development of efficient computer methods to solve
these optimal control problems.

Over the same time period, researchers and control engineers have developed
methods of controller design that are based on extensive computing, for example,
numerical optimization. This book is about one such method.

1.1.4 Controller Implementation

The signal processing algorithm specified by the controller is implemented on the
control processor. Commercially available control processors are generally restricted
to logic control and specific types of control laws such as PID. Custom control pro-
cessors built from general-purpose microprocessors or analog circuitry can imple-
ment a very wide variety of control laws. General-purpose digital signal processing
(DSP) chips are often used in control processors that implement complex control
laws. Special-purpose chips designed specifically for control processors are also now
available.
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1.1.5 Control System Testing, Validation, and Tuning

Control system testing may involve:
e extensive computer simulations with a complex, detailed mathematical model,

e real-time simulation of the system with the actual control processor operating
(“hardware in the loop”),

e real-time simulation of the control processor, connected to the actual system
to be controlled,

o field tests of the control system.

Often the controller is modified after installation to optimize the actual perfor-
mance, a process known as tuning.

1.2 Goals of Controller Design

A well designed control system will have desirable performance. Moreover, a well
designed control system will be tolerant of imperfections in the model or changes
that occur in the system. This important quality of a control system is called
robustness.

1.2.1 Performance Specifications

Performance specifications describe how the closed-loop system should perform.
Examples of performance specifications are:

e Good regulation against disturbances. The disturbances or noises that act on
the system should have little effect on some critical variables in the system.
For example, an aircraft may be required to maintain a constant bearing
despite wind gusts, or the variations in the demand on a power generation and
distribution system must not cause excessive variation in the line frequency.
The ability of a control system to attenuate the effects of disturbances on
some system variables is called regulation.

e Desirable responses to commands. Some variables in the system should re-
spond in particular ways to command inputs. For example, a change in the
commanded bearing in an aircraft control system should result in a change in
the aircraft bearing that is sufficiently fast and smooth, yet does not exces-
sively overshoot or oscillate.

o Critical signals are not too big. Critical signals always include the actuator
signals, and may include other signals in the system. In an industrial process
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control system, for example, an actuator signal that goes to a pump must
remain within the limits of the pump, and a critical pressure in the system
must remain below a safe limit.

Many of these specifications involve the notion that a signal (or its effect) is small;
this is the subject of chapters 4 and 5.

1.2.2 Robustness Specifications

Robustness specifications limit the change in performance of the closed-loop system
that can be caused by changes in the system to be controlled or differences between
the system to be controlled and its model. Such perturbations of the system to be
controlled include:

e The characteristics of the system to be controlled may change, perhaps due
to component drift, aging, or temperature coefficients. For example, the effi-
ciency of a pump used in an industrial process control system may decrease,
over its life time, to 70% of its original value.

e The system to be controlled may have been inaccurately modeled or identified,
possibly intentionally. For example, certain structural modes or nonlinearities
may be ignored in an aircraft dynamics model.

e Gross failures, such as a sensor or actuator failure, may occur.
Robustness specifications can take several forms, for example:

o Low differential sensitivities. The derivative of some closed-loop quantity,
with respect to some system parameter, is small. For example, the response
time of an aircraft bearing to a change in commanded bearing should not be
very sensitive to aerodynamic pressure.

o Guaranteed margins. The control system must have the ability to meet some
performance specification despite some specific set of perturbations. For ex-
ample, we may require that the industrial process control system mentioned
above continue to have good regulation of product flow rate despite any de-
crease in pump effectiveness down to 70%.

1.2.3 Control Law Specifications

In addition to the goals and specifications described above, there may be constraints
on the control law itself. These control law specifications are often related to the
implementation of the controller. Examples include:

e The controller has a specific form, e.g., PID.
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e The controller is linear and time-invariant (LTT).

e In a control system with many sensors and actuators, we may require that
each actuator signal depend on only one sensor signal. Such a controller is
called decentralized, and can be implemented using many noncommunicating
control processors.

e The controller must be implemented using a particular control processor. This
specification limits the complexity of the controller.

1.2.4 The Controller Design Problem

Once the system to be controlled has been designed and modeled, and the designer
has identified a set of design goals (consisting of performance goals, robustness re-
quirements, and control law constraints), we can pose the controller design problem:

The controller design problem: Given a model of the system to be
controlled (including its sensors and actuators) and a set of design goals,
find a suitable controller, or determine that none exists.

Controller design, like all engineering design, involves tradeoffs; by suitable, we
mean a satisfactory compromise among the design goals. Some of the tradeoffs in
controller design are intuitively obvious: e.g., in mechanical systems, it takes larger
actuator signals (forces, torques) to have faster responses to command signals. Many
other tradeoffs are not so obvious.

In our description of the controller design problem, we have emphasized the
determination of whether or not there is any controller that provides a suitable
tradeoff among the goals. This aspect of the controller design problem can be as
important in control engineering as finding or synthesizing an appropriate controller
when one exists. If it can be determined that no controller can achieve a suitable
tradeoff, the designer must:

e relax the design goals, or

e redesign the system to be controlled, for example by adding or relocating
sensors or actuators.

In practice, existing controller design methods are often successful at finding a
suitable controller, when one exists. These methods depend upon talent, experience,
and a bit of luck on the part of the control engineer. If the control engineer is suc-
cessful and finds a suitable controller, then of course the controller design problem
has been solved. However, if the control engineer fails to design a suitable con-
troller, then he or she cannot be sure that there is no suitable controller, although
the control engineer might suspect this. Another design approach or method (or
indeed, control engineer) could find a suitable controller.
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1.3 Control Engineering and Technology

1.3.1 Some Advances in Technology

Control engineering is driven by available technology, and the pace of the relevant
technology advances is now rapid. In this section we mention a few of the advances
in technology that currently have, or will have, an impact on control engineering.
More specific details can be found in the Notes and References at the end of this
chapter.

Integrated and Intelligent Sensors

Over the past decade the technology of integrated sensors has been developed. Inte-
grated sensors are built using the techniques of microfabrication originally developed
for integrated circuits; they often include the signal conditioning and interface cir-
cuitry on the same chip, in which case they are called intelligent sensors. This
signal conditioning might include, for example, temperature compensation. In-
tegrated sensors promise greater reliability and linearity than many conventional
sensors, and because they are typically cheaper and smaller than conventional sen-
sors, it will be possible to incorporate many more sensors in the design of control
systems than is currently done.

Another example of a new sensor technology is the Global Positioning System
(GPS). GPS position and velocity sensors will soon be available for use in control
systems.

Actuator Technology

Significant improvements in actuator technology have been made. For example,
direct-drive brushless DC motors are more linear and have higher bandwidths than
the motors with brushes and gears (and stiction and backlash) that they will replace.
As another example, the trend in aircraft design is towards many actuators, such
as canards and vectored thrust propulsion systems.

Digital Control Processors

Over the last few decades, the increase in control processor power and simultane-
ous decrease in cost has been phenomenal, especially for digital processors such as
general-purpose microprocessors, digital signal processors, and special-purpose con-
trol processors. As a result, the complexity of control laws that can be implemented
has increased dramatically. In the future, custom or semicustom chips designed
specifically for control processor applications will offer even more processing power.
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Computer-Aided Control System Design and Analysis

Over the past decade we have seen the rise of computer-aided control system de-
sign (CACSD). Great advances in available computing power (e.g., the engineering
workstation), together with powerful software, have automated or eased many of
the tasks of control engineering:

e Modeling. Sophisticated programs can generate finite element models or de-
termine the kinematics and dynamics of a mechanical system from its physical
description. Software that implements complex identification algorithms can
process large amounts of experimental data to form models. Interactive and
graphics driven software can be used to manipulate models and build models
of large systems from models of subsystems.

e Simulation. Complex models can be rapidly simulated.

e Controller design. Enormous computing power is now available for the design
of controllers. This last observation is of fundamental importance for this
book.

1.3.2 Challenges for Controller Design

The technology advances described above present a number of challenges for con-
troller design:

e More sensors and actuators. For only a modest cost, it is possible to incor-
porate many more sensors, and possibly more actuators, into the design of a
system. Clearly the extra information coming from the sensors and the extra
degrees of freedom in manipulating the system make better control system
performance possible. The challenge for controller design is to take advantage
of this extra information and degrees of freedom.

e Higher quality systems. As higher quality sensors and actuators are incorpo-
rated into the system, the system behavior becomes more repeatable and can
be more accurately modeled. The challenge for controller design is to take
advantage of this more detailed knowledge of the system.

e More powerful control processors. Very complex control laws can be imple-
mented using digital control processors. Clearly a more complex control law
could improve control system performance (it could also degrade system per-
formance, if improperly designed). The challenge for controller design is to
fully utilize the control processor power to achieve better control system per-
formance.

In particular, control law specifications should be examined carefully. Histor-
ically relevant measures of control law complexity, such as the order of an LTI
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controller, are now less relevant. For example, the order of the compensator
used in a vacuum tube feedback amplifier is the number of inductors and ca-
pacitors needed to synthesize the compensation network, and was therefore
related to cost, size, and reliability. On a particular digital control processor,
however, the order of the controller is essentially unrelated to cost, size, and
reliability.

o Powerful computers to design controllers. The challenge for controller design
is to productively use the enormous computing power available. Many current
methods of computer-aided controller design simply automate procedures de-
veloped in the 1930’s through the 1950’s, for example, plotting root loci or
Bode plots. Even the “modern” state-space and frequency-domain methods
(which require the solution of algebraic Riccati equations) greatly underutilize
available computing power.

1.4 Purpose of this Book

The main purpose of this book is to describe how the controller design problem can
be solved for a restricted set of systems and a restricted set of design specifications,
by combining recent theoretical results with recently developed numerical convex
optimization techniques.

The restriction on the systems is that they must be linear and time-invariant
(LTT). The restriction on the design specifications is that they be closed-loop convez,
a term we shall describe in detail in chapter 6. This restricted set of design specifi-
cations includes a wide class of performance specifications, a less complete class of
robustness specifications, and essentially none of the control law specifications.

The basic approach involves directly designing a good closed-loop response, as
opposed to designing an open-loop controller that yields a good closed-loop response.
We will show that a wide variety of important practical constraints on system
performance can be formulated as convex constraints on the response of the closed-
loop system. These are the specifications that we call closed-loop convex.

Given a system that is LTI, and a set of closed-loop convex design specifica-
tions, the controller design problem can be cast as a convex optimization problem,
and consequently, can be effectively solved. This means that if the specifications are
achievable, we can find a controller that meets the specifications; if the specifications
are not achievable, this fact can be determined, i.e., we will know that the spec-
ifications are not achievable. In contrast, the designer using a classical controller
design scheme is only likely to find a controller that meets a set of specifications
that is achievable; and, of course, certain not to find a controller that meets a set of
specifications that is not achievable. Many controller design techniques do not have
any way to determine unambiguously that a set of specifications is not achievable.

For controller design problems of the restricted form, we shall show how to
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determine which specifications can be achieved and which cannot, and therefore
how the limits of performance can be determined for a given system and control
configuration.

No matter which controller design method is used by the engineer, knowledge
of the achievable performance is extremely valuable practical information, since it
provides an absolute yardstick against which any designed controller can be com-
pared. To know that a certain candidate controller that is easily implemented, or
has some other advantage, achieves regulation only 10% worse than the best reg-
ulation achievable by any LTI controller, is a strong point in favor of the design.
In this sense, this book is not about a particular controller design method or syn-
thesis procedure; rather it is about a method of determining what specifications (of
a large but restricted class) can be met using any controller design method, for a
given system and control configuration.

We have in addition several subsidiary goals, some of which we have already
mentioned. The first is to develop a framework in which we can precisely formulate
the controller design problem which we vaguely described above. Our experience
suggests that carefully formulating a real controller design problem in the frame-
work we develop will help identify the critical issues and design tradeoffs. This
clarification is useful in practical controller design.

We also hope to initiate a discussion of how we can apply the enormous com-
puting power that will soon be available to the controller design problem, beyond,
for example, solving the algebraic Riccati equations of “modern” controller design
methods. In this book we start this discussion with a specific suggestion: solving
convex nondifferentiable optimization problems.

1.4.1 An Example

We can demonstrate some of the main points of this book with an example. We will
consider a specific system that has one actuator and one output that is supposed
to track a command input, and is affected by some noises; the system is described
in section 2.4 (and many other places throughout the book), but the details are not
relevant for this example.

Goals for the design of a controller for this system might be:

e Good RMS regulation, i.e., the root-mean-square (RMS) value of the output,
due to the noises, should be small.

o Low RMS actuator effort, i.e., the RMS value of the actuator signal should
be small.

It is intuitively clear that by using a larger actuator signal, we may improve the
regulation, since we can expend more effort counteracting the effect of the noises.
We will see in chapter 12 that the exact nature of this tradeoff between RMS
regulation and RMS actuator effort can be determined; it is shown in figure 1.2.
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The shaded region shows every pair of RMS regulation and RMS actuator effort
specifications that can be achieved by a controller; the designer must, of course,
pick one of these.
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Figure 1.2 The shaded region shows specifications on RMS actuator effort
and RMS regulation that are achievable. The unshaded region, at the lower
left, shows specifications that no controller can achieve: this region shows a
fundamental limit of performance for this system.

The unshaded region at the lower left is very important: it consists of RMS
regulation and RMS actuator effort specifications that cannot be achieved by any
controller, no matter which design method is used. This unshaded region therefore
describes a fundamental limit of performance for this system. It tells us, for exam-
ple, that if we require an RMS regulation of 0.05, then we cannot simultaneously
achieve an RMS actuator effort of 0.05.

Each shaded point in figure 1.2 represents a possible design; we can view many
controller design methods as “rummaging around in the shaded region”. If the
designer knows that a point is shaded, then the designer can find a controller that
achieves the corresponding specifications, if the designer is clever enough. On the
other hand, each unshaded point represents a limit of performance for our system.
Knowing that a point is unshaded is perhaps disappointing, but still very useful
information for the designer.

The reader may know that this tradeoff of RMS regulation against RMS actuator
effort can be determined using LQG theory. The main point of this book is that
for a much wider class of specifications, a similar tradeoff curve can be computed.
Suppose, for example, that we add the following specification to our goals above:
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o Command to output overshoot limit, i.e., the step response overshoot of the
closed-loop system, from the command to the output, does not exceed 10%.

Of course, intuition tells us that by adding this specification, we make the design
problem “harder”: certain RMS regulation and RMS actuator effort specifications
that could be achieved without this new specification will no longer be achievable
once we impose it.

In this case there is no analytical theory, such as LQG, that shows us the exact
tradeoff. The methods of this book, however, can be used to determine the exact
tradeoff of RMS regulation versus RMS actuator effort with the overshoot limit
imposed. This tradeoff is shown in figure 1.3. The dashed line, below the shaded
region of achievable specifications, is the tradeoff boundary when the overshoot limit
is not imposed. The “lost ground” represents the cost of imposing the overshoot
limit. We can compute this new region because limits on RMS actuator effort, RMS
regulation, and step response overshoot are all closed-loop convex specifications.
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Figure 1.3 The shaded region shows specifications on RMS actuator effort
and RMS regulation that are achievable when an additional limit of 10%
step response overshoot is imposed; it can be computed using the methods
described in this book. The dashed line shows the tradeoff boundary without
the overshoot limit; the gap between this line and the shaded region shows
the cost of imposing the overshoot limit.

In contrast, suppose that instead of the overshoot limit, we impose the following
control law constraint:

e The controller is proportional plus derivative (PD), i.e., the control law has a
specific form.
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This constraint might be needed to implement the controller using a specific com-
mercially available control processor. This specification is not closed-loop convex, so
the methods described in this book cannot be used to determine the exact tradeoff
between RMS actuator effort and RMS regulation. This tradeoff can be computed,
however, using a brute force approach described in the Notes and References, and
is shown in figure 1.4. The dashed line is the tradeoff boundary when the PD con-
troller constraint is not imposed. Specifications on RMS actuator effort and RMS
regulation that lie in the region between the dashed line and the shaded region can
be achieved by some controller, but no PD controller.
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Figure 1.4 The shaded region shows specifications on RMS actuator effort
and RMS regulation that can be achieved using a PD controller; it cannot be
computed using the methods described in this book. The dashed line shows
the tradeoff boundary when no constraint on the control law is imposed.

An important point of this book is that we can compute tradeoffs among closed-
loop convex specifications, such as shown in figure 1.3, although it requires more
computation than determining the tradeoff for a problem that has an analytical
solution, such as shown in figure 1.2; in return, however, a much larger class of
problems can be considered. While the computation needed to determine a tradeoff
such as shown in figure 1.3 is more than that required to compute the tradeoff shown
in figure 1.2, it is much less than the computation required to compute tradeoffs
such as the one shown in figure 1.4.

The fact that a tradeoff like the one shown in figure 1.4 is much harder to
compute than a tradeoff like the one shown in figure 1.3 presents a paradox. To
produce figure 1.3 we search over the set of all possible LTI controllers, which has
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infinite dimension. To produce figure 1.4, however, we search over the set of all PD
controllers, which has dimension two. We shall see that convexity makes figure 1.3
“easier” to produce than figure 1.4, even though we must search over a far “larger”
set of potential controllers.

1.5 Book Outline

In part I, A Framework for Controller Design, we develop a formal framework for
many of the concepts described above: the system to be controlled, the control con-
figuration, the controller, and the design goals and objectives for controller design.

In part II, Analytical Tools, we first describe norms of signals and systems, which
can be used to make precise such design goals as “error signals should be made small,
while the actuator signals should not be too large”. We then study some important
geometric properties that many controller design specifications have, and introduce
the important notion of a closed-loop convex design specification.

In part ITI, Design Specifications, we catalog many closed-loop convex design
specifications. These design specifications include specifications on the response of
the closed-loop system to the various commands and disturbances that may act on
it, as well as robustness specifications that limit the sensitivity of the closed-loop
system to changes in the system to be controlled.

In part IV, Numerical Methods, we describe numerical methods for solving the
controller design problem. We start with some controller design problems that have
analytic solutions, i.e., can be solved rapidly and exactly using standard methods.
We then turn to the numerical solution of controller design problems that can be
expressed in terms of closed-loop convex design specifications, but do not have
analytic solutions.

In the final chapter we give some discussion of the methods described in this
book, as well as some history of the main ideas.

1.5.1 Book Structure

The structure of this book is shown in detail in figure 1.5. From this figure the
reader can see that the structure of this book is more vertical than that of most
books on linear controller design, which often have parallel discussions of different
design techniques. In contrast, this book tells essentially one story, with a few
chapters covering related subplots.

A minimal path through the book, which conveys only the essentials of the story,
consists of chapters 2, 3, 6, 8-10, and 15. This path results from following every
dashed line labeled “experts can skip” in figure 1.5. We note, however, that the
term “expert” depends on the context: for example, the reader may be an expert
on norms (and thus can safely skip or skim chapters 4 and 5), but not on convex
optimization (and thus should read chapters 13 and 14).
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Notes and References

A history of feedback control is given in Mayr [MAY70] and the book [BENT9] and arti-
cle [BENT6] by Bennett.

Sensors and Actuators

Commercially available sensors and actuators for control systems are surveyed in the books
by Hordeski [HoR87] and DeSilva [DES89]; the reader can also consult commercial catalogs
and manuals such as [ECC80] and [TRA89B].

The technology behind integrated sensors and actuators is discussed in the survey article by
Petersen [PET82]. Commercial implications of integrated sensor technology are discussed
in, e.g., [ALL80] (many of the predictions in this article have come to pass over the last
decade). Research developments in integrated sensors and actuators can be found in
the conference proceedings [TRA89A] (this conference occurs every other year), and the
journal Sensors and Actuators, published by Elsevier Sequoia. The journal IEEE Trans.
on Electron Devices occasionally has special issues on integrated sensors and actuators
(e.g., Dec. 1979, Jan. 1982).

Overviews of GPS can be found in the book compiled by Wells [WEL87] and the two
volume set of reprints published by the Institute of Navigation [GPS84].

Modeling and Identification

Formulation of dynamics equations for physical modeling of mechanical systems is covered
in Kane and Levinson [KL85], Crandall et. al. [CKK68], and Cannon [CAN67]. Texts
treating identification include those by Box and Jenkins [BJ70], Norton [NOR86], and
Ljung [L3u87], which has a complete bibliography.

Linear Controller Design

P and PI controllers have been in use for a long time; for example, the advantage of a
PI controller over a P controller is discussed in Maxwell’s 1868 article [MAX68], which is
one of the first articles on controller design and analysis. PID tuning rules that have been
widely used originally appeared in the 1942 article by Ziegler and Nichols [ZN42].

The book Theory of Servomechanisms [JNP47], edited by James, Nichols, and Philips,
gives a survey of controller design right after World War II. The 1957 book by Newton,
Gould, and Kaiser [NGK57] is among the first to adopt an “analytical” approach to
controller design (see below). Texts covering classical linear controller design include
Bode [Bop45], Ogata [0GA90], Horowitz [HOR63], and Dorf [DoOR88]. The root locus
method was first described in [Eva50].

Recent books covering classical and state-space methods of linear controller design include
Franklin, Powell, and Emami [FPE86] and Chen [CHE87]. Linear quadratic methods
for LTT controller design are covered in Athans and Falb [AF66, cH.9], Kwakernaak and
Sivan [KS72], Anderson and Moore [AM90], and Bryson and Ho [BHT75].

Three recent books on LTI controller design deserve special mention: Lunze’s Robust Mul-
tivariable Feedback Design [LUN89], Maciejowski’s Multivariable Feedback Design [MAac89],
and Vidyasagar’s Control System Synthesis: A Factorization Approach [VID85]. The first
two, [LUN89] and [MAc89], cover a broad range of current topics and linear controller
design techniques, although neither covers our central topic, convex closed-loop design.
Compared to this book, these two books address more directly the question of how to
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design linear controllers. Vidyasagar’s book [VID85] contains the “recent results” that we
referred to at the beginning of section 1.4. Our book can be thought of as an extension or
application of the ideas in [VID85].

Digital Control

Digital control systems are covered in the books by Ogata [OGA87], Ackermann [Ack85],

and Astrom and Wittenmark [AW90]. A recent comprehensive text covering all aspects
of digital control systems is by Franklin, Powell, and Workman [FPW90].

Control Processors and Controller Implementation

Programmable logic controllers and other industrial control processors are covered in
Warnock [WAR88]. An example of a commercially available special-purpose chip for con-
trol systems is National Semiconductor’s LM628 precision motion controller [PRE89], which
implements a PID control law.

The use of DSP chips as control processors is discussed in several articles and manufac-
turers’ applications manuals. For example, the implementation of a simple controller on
a Texas Instruments T™MS32010 is described in [SB87], and the implementation of a PID
controller on a Motorola DsP56001 is described in [SS89]. Chapter 12 of [FPW90] de-
scribes the implementation of a complex disk drive head positioning controller using the
Analog Devices ADSP2101. The article [CHE82] describes the implementation of simple
controllers on an Intel 2920.

The design of custom integrated circuits for control processors is discussed in [JTP85]
and [TL80].

General issues in controller implementation are discussed in the survey paper by Hansel-
mann [HAN8T].

The book [AT90] discusses real-time software used to program general-purpose computers
as control processors. Topics covered include implementing the control law, interface to
actuators and sensors, communication, data logging, and operator display.

Computers and Control Engineering

Examples of computer-based equipment for control systems engineering include Hewlett-
Packard’s HP3563A Control Systems Analyzer [HEP89], which automates frequency re-
sponse measurements and some simple identification procedures, and Integrated Systems’
AC-100 control processor [Ac100], which allows rapid implementation of a controller for
prototyping.

A review of various software packages for structural analysis is given in [N1k86], in particu-
lar the chapter [MAc86]. A widely used finite element code is NASTRAN [CIF89]. Computer
software packages (based on Kane’s method) that symbolically form the system dynamics
include sD/EXACT, described in [RS86, SR88] and AUTOLEV, described in [SL88]. Exam-
ples of software for system identification are the SYSTEM-ID toolbox [LJju86] for use with
MATLAB and the SYSTEM-ID package [MAT88] for use with MATRIX-X (see below).

Examples of controller design software are MATLAB [MLB87] (and [LL87]), MATRIX-
X [SFL85, WSG84], pELIGHT-MIMO [PSW85], and coNsOLE [FWK89]. Some of these
programs were originally based on the linear algebra software packages LINPACK [DMB79]
and E1SPACK [SBD76]. A new generation of reliable linear algebra routines is now being
developed in the LAPACK project [DEM89]; LAPACK will take advantage of some of the
advances in computer hardware, e.g., vector processing.
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General discussion of CACSD can be found, for example, in the article [AsT83], and the
special issue of the Proceedings of the IEEE [PIE84]. See also [JH85] and [DEN84].

Determining Limits of Performance

The value of being able to determine that a set of specifications cannot be achieved, and
the failing of many controller design methods in this regard, has been noted before. In
the 1957 book Analytical Design of Linear Feedback Controls, by Newton, Gould, and
Kaiser [NGK57, §1.6], we find:

Unfortunately, the trial and error design method is beset with certain fun-
damental difficulties, which must be clearly understood and appreciated in
order to employ it properly. From both a practical and theoretical viewpoint
its principal disadvantage is that it cannot recognize an inconsistent set of
specifications.

... The analytical design procedure has several advantages over the trial and
error method, the most important of which is the facility to detect immediately
and surely an inconsistent set of specifications. The designer obtains a “yes”
or “no” answer to the question of whether it is possible to fulfill any given
set of specifications; he is not left with the haunting thought that if he had
tried this or that form of compensation he might have been able to meet the
specifications.

...Even if the reader never employs the analytical procedure directly, the
insight that it gives him into linear system design materially assists him in
employing the trial and error design procedure.

This book is about an analytical design procedure, in the sense in which the phrase is used
in this quote.

There are a few results in classical controller design that can be used to determine
some specifications that cannot be achieved. The most famous is Bode’s integral theo-
rem [BoD45]; a more recent result is due to Zames [ZAM81, ZF83]. These results were
extended to unstable plants by Freudenberg and Looze [FL85, FL88|, and plants with
multiple sensors and actuators by Boyd and Desoer [BD85].

The article by Barratt and Boyd [BB89] gives some specific examples of using convex
optimization to numerically determine the limits of performance of a simple control system.
The article by Boyd, Barratt, and Norman [BBN90] gives an overview of the closed-loop
convex design method.

About the Example in Section 1.4.1

The plant used is described in section 2.4; the process and sensor noises are described in
chapter 11, and the precise definitions of RMS actuator effort, RMS regulation, and step
response overshoot are given in chapters 3, 5, and 8.

The method used to determine the shaded region in figure 1.2 is explained in section 12.2.1;
a similar figure appears in Kwakernaak and Sivan [KS72, p205]. The method used to
determine the shaded region in figure 1.3 is explained in detail in chapter 15.

The exact form of the PD controller was

kp + skq

Kpa(s) = (T + /202 (1.1)
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where k, and kq are constants, the proportional and derivative gains, respectively.

Determining the shaded region shown in figure 1.4 required the solution of many global
optimization problems in the variables k, and kq. We first used a numerical local op-
timization method designed especially for parametrized controller design problems with
RMS specifications; see, e.g., the survey by M&kila and Toivonen [MT87]. This produced
a region that was likely, but not certain, to be the whole region of achievable specifications.
To verify that we had found the whole region, we used the Routh conditions to determine
analytically the region in the kj, k4 plane that corresponds to stable closed-loop systems;
this region was very finely gridded and the RMS actuator effort and regulation checked
over this grid. This exhaustive search revealed that for this example, the local optimiza-
tion method had indeed found the global minima; it simply took an enormous amount of
computation to verify that the solutions were global. Of course, in general, local methods
can miss the global minimum. (See the discussion in section 14.6.4.)

A more sophisticated global optimization algorithm, such as branch-and-bound, could
have been used (see, e.g., Pardalos and Rosen [PR87]). But all known global optimization
algorithms involve computation that in the worst case grows exponentially with the number
of variables. A similar five parameter global optimization problem would probably be
computationally intractable.
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Chapter 2

A Framework for Control
System Architecture

In this chapter we describe a formal framework for what we described in chapter 1
as the system to be controlled, the control configuration, and the control law or
controller.

2.1 Terminology and Definitions

We start with a mathematical model of the system to be controlled that includes
the sensors and actuators. We refer to the independent variables in this model as
the input signals or inputs, and the dependent variables as the output signals or
outputs. In this section we describe an important further division of these signals
into those the controller can access and those it cannot.

The inputs to the model include the actuator signals, which come from the
controller, and other signals that represent noises and disturbances acting on the
system. We will see in chapter 10 that it may be advantageous to include among
these input signals some fictitious inputs. These fictitious inputs are not used to
model any specific noise or disturbance; they allow us to ask the question, “what if
a signal were injected here?”.

Definition 2.1: The inputs to the model are divided into two vector signals:

e The actuator signal vector, denoted u, consists of the inputs to the model that
can be manipulated by the controller. The actuator signal vector u is exactly
the signal vector generated by the control processor.

e The exogenous input vector, denoted w, consists of all other input signals to
the model.

25
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The number of actuator and exogenous input signals, i.e., the sizes of 4 and w,
will be denoted n, and n,,, respectively.

Our model of the system must provide as output every signal that we care about,
i.e., every signal needed to determine whether a proposed controller is an acceptable
design. These signals include the signals we are trying to regulate or control, all
actuator signals (u), all sensor signals, and perhaps important internal variables,
for example stresses on various parts of a mechanical system.

Definition 2.2: The outputs of the model consist of two vector signals:

e The sensor signal vector, denoted y, consists of output signals that are acces-
sible to the controller. The sensor signal y is exactly the input signal vector
to the control processor.

e The regulated outputs signal vector, denoted z, consists of every output signal
from the model.

The number of sensor and regulated output signals, i.e., the sizes of y and z,
will be denoted n, and n., respectively.

We refer to the model of the system, with the two vector input signals w and u
and the two vector output signals z and y, as the plant, shown in figure 2.1. Even
though z includes the sensor signal y, we draw them as two separate signal vectors.

exogenous inputs w —— > ————= z regulated outputs

Plant

actuator inputs u —= ————= 1y sensed outputs

Figure 2.1 The plant inputs are partitioned into signals manipulable by
the controller (u) and signals not manipulable by the controller (w). Among
all of the plant outputs (z) are the outputs that the controller has access to

(y).

When the control system is operating, the controller processes the sensor signal y
to produce the actuator signal u, as shown in figure 2.2. We refer to this connection
of the plant and controller as the closed-loop system. The closed-loop system has
input w and output z.

2.1.1 Comparison to the Classical Plant

Our notion of the plant differs from that used in classical control texts in several
ways. First, our plant includes information about which signals are accessible to
the controller, whereas in classical control, this is often side information given along
with the classical plant in the controller design problem. For example, what would
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exogenous inputs w —— > ———= 2z regulated outputs

Plant

actuator inputs u y sensed outputs

Controller

Figure 2.2 The closed-loop system. The controller processes the sensed
signals to produce the actuator signals.

be called a “state-feedback” control system and an “output feedback” control system
for a given classical plant, we describe as closed-loop systems for two different plants,
since the sensed signals (our y) differ in the two systems. Similarly, the distinction
made in classical control between one degree-of-freedom and two degree-of-freedom
control systems is expressed in our framework as a difference in plants.

Second, our plant includes information about where exogenous commands such
as disturbances and noises enter the system. This information is also given as side
information in classical control problems, if it is given at all. In classical control, the
disturbances might be indicated in a block diagram showing where they enter the
system; some important exogenous inputs and regulated variables are commonly left
out, since it is expected that the designer will intuitively know that an acceptable
design cannot excessively amplify, say, sensor noise.

Similarly, our plant makes the signal z explicit—the idea is that z contains every
signal that is important to us. In classical control texts we find extensive discussion
of critical signals such as actuator signals and tracking errors, but no attempt is
made to list all of the critical signals for a given problem.

If w and 2z contain every signal about which we will express a constraint or
specification, then candidate closed-loop systems can be evaluated by simulations
or tests involving only the signals w and z. Thus, specifications (in the sense of a
contract) for the control system could be written in terms of w and z only.

We believe that the task of defining the signals u, w, y, and z for a system to
be controlled is itself useful. It will help in forming sensible specifications for a
controller to be designed and it helps in identifying the simulations that should be
done to evaluate a candidate controller.
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2.1.2 Command Inputs and Diagnostic Outputs

The reader may have noticed that command signals entering the controller and diag-
nostic signals produced by the controller do not appear explicitly in figure 2.2, even
though they do in figures 1.1 and 2.3. In this section we show how these operator
interface signals are treated in our framework. Our treatment of command signals
simply follows the definitions above: if the command signal is directly accessible to
the controller, then it is included in the signal y. There remains the question of how
the command signals enter the plant. Again, we follow the definitions above: the
command signals are plant inputs, not manipulable by the controller (they are pre-
sumably manipulable by some external agent issuing the commands), and so they
must be ezogenous inputs, and therefore included in w. Often, exogenous inputs
that are commands pass directly through the plant to some of the components of
y, as shown in figure 2.4. Diagnostic outputs are treated in a similar way.

Wsystem —————= Zsystem
System
Usystem Ysystem
Controller
diagnostic command
- - .
outputs inputs

Figure 2.3 The controller may accept command signals as inputs and
produce diagnostic and warning signals as outputs (see figure 1.1). This is
described in our framework by including the command signals in w and y,
and the diagnostic and warning signals in u and z, as shown in figure 2.4.

2.2 Assumptions

In this book we make the following assumptions:

Assumption 2.1: The signals w, u, z, and y are real vector-valued continuous-
time signals, i.e., functions from a real, nonnegative time variable into the appro-
priately dimensioned vector space:

w:Ry - R"™, u:Ry — R"™, z:Ry —» R™, y:Ry - R,
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' Plant [
i I
Wsystem — > = Zgystem
T 1
w{ Wcommands ————T1— System —T——= Zdiag z

U{ i > : }y

usystem ysystem

Controller
Udiag Ycommands

Figure 2.4 In our framework the command signals are included in w and
pass through the plant to y, so that the controller has access to them.
Similarly, diagnostic signals produced by the controller are included in wu,
and pass through the plant to z.

Assumption 2.2: The plant is linear and time-invariant (LTI) and lumped, i.e.,
described by a set of constant coefficient linear differential equations with zero initial
conditions.

Assumption 2.3: The controller is also LTI and lumped.

The differential equations referred to will be described in detail in section 2.5.

2.2.1 Some Comments

About assumption 2.2:

e Many important plants are highly nonlinear, e.g., mechanical systems that
undergo large motions.

e Assumption 2.2 is always an approximation, only good for certain ranges of
values of system signals, over certain time intervals or frequency ranges, and
SO on.

About assumption 2.3:
e Even if the plant is LTI, it is still a restriction for the controller to be LTT.

e We have already noted that control systems that use digital control processors
process sampled signals. These controllers are linear, but time-varying.
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We wish to emphasize that our restriction to LTI plants and controllers is hardly

a minor restriction, even if it is a commonly made one. Nevertheless, we believe the
material of this book is still of great value, for several reasons:

Many nonlinear plants are well modeled as LTI systems, especially in regulator
applications, where the goal is to keep the system state near some operating
point.

A controller that is designed on the basis of an approximate linear model of
a nonlinear plant often works well with the nonlinear plant, even if the linear
model of the plant is not particularly accurate. (See the Notes and References
at the end of this chapter.)

Some of the effects of plant nonlinearities can be accounted for in the frame-
work of an LTI plant and controller. (See chapter 10.)

Linear control systems often form the core or basis of control systems designed
for nonlinear systems, for example in gain-scheduled or adaptive control sys-
tems. (See the Notes and References at the end of this chapter.)

A new approach to the control of nonlinear plants, called feedback lineariza-
tion, has recently been developed. If feedback linearization is successful, it
reduces the controller design problem for a nonlinear plant to one for which
assumption 2.2 holds. (See the Notes and References at the end of this chap-
ter.)

Even when the final controller is time-varying (e.g., when implemented on
a digital control processor), a preliminary design or analysis of achievable
performance is usually carried out under the assumption 2.3. This design or
analysis then helps the designer select appropriate sample rates.

The results of this book can be extended to cover linear time-varying plants
and controllers, in particular, the design of single-rate or multi-rate digital
controllers. (See chapter 16.)

2.2.2 Transfer Matrix Notation

We will now briefly review standard notation for LTI systems. Consider an LTI
system with a single (scalar) input a and a single (scalar) output b. Such a system
is completely described by its transfer function, say G, so that

B(s) = G(s)A(s), (2.1)
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where A and B are the Laplace transforms of the signals a and b respectively:
A(s) = / a(t)e* dt,
0
B(s) = / b(t)e*" dt.
0

Equivalently, the signals a and b are related by convolution,

b(t) = /0 g(7)a(t — ) dr, (2.2)

where g is the impulse response of the linear system,

G(s) =/ g(t)e *t dt.
0
We will write (2.1) and (2.2) as
b= Ga. (2.3)

We will also use the symbol G to denote both the transfer function of the LTI
system, and the LTI system itself. An interpretation of (2.3) is that the LTI system
G acts on the input signal a to produce the output signal b. We say that G is the
transfer function from a to b.

Identical notation is used for systems with multiple inputs and outputs. For
example, suppose that an LTI system has n inputs and m outputs. We collect the
scalar input signals a4, ...,a, to form a vector input signal a,

al(t)
a)=| : |,

an(t)

and similarly, we collect the output signals to form the vector signal b. The system
is completely characterized by its transfer matriz, say G, which is an m x n matriz
of transfer functions. All of the previous notation is used to represent the multiple-
input, multiple-output (MIMO) system G and its vector input signal a and vector
output signal b.

2.2.3 Transfer Matrix Representations

A consequence of assumption 2.2 is that the plant can be represented by a transfer
matrix P, with a vector input consisting of the vector signals w and u, and a
vector output consisting of the vector signals z and y. Similarly, a consequence of
assumption 2.3 is that the controller can be represented by a transfer matrix K,
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with a vector input y and vector output u. We partition the plant transfer matrix

P as
PZ’U) qu
r=[ 5 Bl
so that
z = P,,w+ P, u, (2.4)
Yy = Pypw + Pyyu. (2.5)

Thus, P, is the transfer matrix from w to z, P,, is the transfer matrix from u
to z, Py, is the transfer matrix from w to y, and P,, is the transfer matrix from u
to y. This decomposition is shown in figure 2.5. We will emphasize this partitioning
of the plant with dark lines:

Pzw qu
p=[Fzia]

I I
I I
I + I
exogenous inputs w : P,y n : z regulated outputs
! !
I I
I I
I I
: Pyu |
I I
I I
I I
I I
! Peou — !
I I
I I
I I
: I +
actuator inputs u ; Pyu i ; Yy sensor outputs
: :
I I
I I

Figure 2.5 The decomposed LTI plant.

Now suppose the controller is operating, so that in addition to (2.4-2.5) we have
u = Ky. (2.6)
We can solve for z in terms of w to get
2= (P + PouK(I — Py K) ' Py, w,

provided det(I — P, K) is not identically zero, a well-posedness condition that we
will always assume.
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Definition 2.3: The closed-loop transfer matrix H is the transfer matriz from w
to z, with the controller K connected to the plant P:

H2P,, +P,K(I-P,K)'P,,. (2.7)
Thus

z = Hw. (2.8)

The entries of the transfer matrix H are the closed-loop transfer functions from
each exogenous input to each regulated variable. These entries might represent, for
example, closed-loop transfer functions from some disturbance to some actuator,
some sensor noise to some internal variable, or some command signal to some ac-
tuator signal. The formula (2.7) above shows exactly how each of these closed-loop
transfer functions depends on the controller K.

A central theme of this book is that H should contain every closed-loop transfer
function of interest to us. Indeed, we can arrange for any particular closed-loop
transfer function in our system to appear in H, as follows. Consider the closed-loop
system in figure 2.6 with two signals A and B which are internal to the plant. If our
interest is the transfer function from a signal injected at point A to the signal at
point B, we need only make sure that one of the exogenous signals injects at A, and
that the signal at point B is one of our regulated variables, as shown in figure 2.7.

Figure 2.6 Two signals A and B inside the plant P.
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Figure 2.7 Accessing internal signals A and B from w and z.

2.3 Some Standard Examples from Classical Control

In this section we present various examples to illustrate the concepts introduced
in this chapter. We will also define some classical control structures that we will
periodically refer to.

2.3.1 The Classical Regulator

In this section we consider the classical single-actuator, single-sensor (SASS) reg-
ulator system. A conventional block diagram is shown in figure 2.8. We use the
symbol P, to denote the transfer function of the classical plant. The negative sign
at the summing junction reflects the classical convention that feedback should be
“negative”.

Figure 2.8 Conventional block diagram of a classical single-actuator,
single-sensor regulator system.

The signal e is called the error signal; it is the difference between the system
output y, and the reference or desired output, which is zero for the regulator. The
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goal of the regulator design is to keep y, small, and u not too large, despite the
disturbances that act on the system.

The conventional block diagram in figure 2.8 does not show the disturbances
that act on the system, nor does it explicitly show which signals are of interest to
us; this is side information in a conventional description of the regulator problem.
To cast the classical regulator in our framework, we first add to the block diagram
in figure 2.8 inputs corresponding to disturbances and outputs indicating the signals
of importance to us. One way to do this is shown in figure 2.9.

u nproc yp Tsensor
0 — K : = Py : .

Figure 2.9 Classical regulator system with exogenous inputs and regulated
outputs.

The disturbance nproc is an actuator-referred process noise; it is the signal that
recreates the effect of system disturbances on the system output when it is added
to the actuator signal. The disturbance ngepnsor is a sensor noise. Even if this sensor
noise is small, its existence in figure 2.9 emphasizes the important fact that the
sensor signal (Yp + Msensor) is NoOt exactly the same as the system output that we
wish to regulate (yp).

The output signals we have indicated in figure 2.9 are the actuator signal u and
the system output y;, since these signals will be important in any regulator design.

The reader can think of the four explicit inputs and output signals we have added
to the classical regulator system as required for a realistic simulation or required to
evaluate a candidate controller. For a particular problem, it may be appropriate to
include other input or output signals, e.g., the error signal e.

We can now define the signals used in our framework. For the exogenous input
vector we take the process noise npyo. and the sensor noise ngensor,

w= Nproc .
nsensor
We take the vector of regulated outputs to consist of the system output y, and the
actuator signal u,
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The control input of the plant is just the actuator signal u, and the sensed output
is the negative of the system output signal corrupted by the sensor noise:

Y= _(yp + nsensor)-

Note that this is the signal that enters the controller in figure 2.9.
The plant has three inputs and three outputs; its transfer matrix is

P | P Po 01 P
P = 2 2 = 0 0 1
vo | Fyu P -1|-h

A block diagram of the closed-loop system is shown in figure 2.10. Using equa-
tion (2.7), we find that the closed-loop transfer matrix H from w to z is

By PoK
_ 1+ P K 14+ PyK
H= ok Pl (2.9)
1+ PK 1+ PK
Mproe —— — -y
w {nseflsor up} z

Figure 2.10 The closed-loop regulator.
For future reference, we note the following terms from classical control:
e L2 Py K is called the loop gain.
e S21 /(1 4+ L) is called the sensitivity transfer function.

e T21— Sis called the complementary sensitivity transfer function.

Using these definitions, the classical designer might write the closed-loop transfer
matrix H as

[ s -T
H—[—T —T/PO]'
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Each entry of H, the 2 x 2 closed-loop transfer matrix from w to z, is significant.
The first row consists of the closed-loop transfer functions from the process and
sensor noises to the output signal y,,; our goal is to make these two transfer functions
“small” in some appropriate sense. The “size” of these two transfer functions tells
us something about the closed-loop regulation achieved by our control system. The
second row consists of the closed-loop transfer functions from the process and sensor
noises to the actuator signal, and thus is related to the actuator effort our control
system uses.

The idea is that H contains all the closed-loop transfer functions of interest in
our regulator design. Thus, the performance of different candidate controllers could
be compared by their associated H’s, using (2.7); the specifications for a regulator
design could be expressed in terms of the four transfer functions in H.

2.3.2 The Classical 1-DOF Control System

A simple extension of the regulator is the classical one degree-of-freedom (1-DOF)
controller, shown in figure 2.11. In the 1-DOF control system, the reference signal,
denoted 7, is an external input that can change with time; the regulator is just
the 1-DOF controller with the reference input fixed at zero. The basic goal in the
design of the 1-DOF control system is to keep the system output y, close to the
reference signal r, despite the disturbances nproc and 7gensor, While ensuring that
the actuator signal u is not too large. The difference between the system output
signal and the reference signal is called the tracking error, and denoted e:

e=yp—T.

(The tracking error is not shown in figure 2.11 or included in z, although it could

be.)

u TMproc Yp TMsensor
r : : P, : :
- K ¥ 0 ¥

Figure 2.11 Classical 1-DOF control system.

We now describe the 1-DOF control system in our framework. As described in
section 2.1.2 the reference input r is an exogenous input, along with the process
and sensor noises, so we take the exogenous input vector to be

TMproc
w = TMsensor
T
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The control input of the plant is again the actuator signal u, and we can take the
vector of regulated outputs to be the same as for the regulator:

The sensed output y for the 1-DOF control system must be determined carefully.
The controller in the 1-DOF control system does not have direct access to the
corrupted system output, yp + Nsensor- Instead, the controller input is the tracking
error signal corrupted by the sensor noise:

Y =T —Yp — Nsensor-
The plant has four inputs and three outputs; its transfer matrix is
Py 0 0| P
] = 0 0 0] 1 . (2.10)
-P -1 1 | —Py

The 1-DOF control system is shown in our framework in figure 2.12.

Y
)

Pzw qu
P_|:wa Py“

Mproc ————
W 4 Msensor T

r

Figure 2.12 The 1-DOF control system in our framework.

The closed-loop transfer matrix H now has three inputs and two outputs:

p, B K PK
. 1+ P K 1+ P K 1+ PFPK
H= [ % % (2.11)

"1+ PK 1+PK 1+PK

The closed-loop transfer matrix H in this example consists of the closed-loop trans-
fer matrix of the classical regulator, described in section 2.3.1, with a third column
appended. The third column consists of the closed-loop transfer functions from
the reference signal to the regulated variables. Its first entry, H;s, is the transfer
function from the reference input to the system output, and is called the input-
output (I/O) transfer function of the 1-DOF control system. It is the same as the
complementary sensitivity transfer function.
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2.3.3 The Classical 2-DOF Control System

A generalization of the classical 1-DOF control system is the classical two degree-
of-freedom (2-DOF) control system. A conventional block diagram of the 2-DOF
control system is shown in figure 2.13. The key difference between the 1-DOF
and 2-DOF control systems is that in the former, the controller processes only the
corrupted error signal to produce the actuator signal, whereas in the latter, the
controller has access to both the reference and the corrupted system output signals.

u nproc yp Nsensor
0 + K - . P, . >t

Figure 2.13 Conventional block diagram of a classical 2-DOF control sys-
tem.

To describe the 2-DOF control system in our framework, we take the same
actuator, exogenous input, and regulated variables signals as for the 1-DOF control
system:

Nproc y
u, W= | Mgsensor | » z = [ P ] . (2.12)

u
r

The sensor signal for the 2-DOF control system is not the same as for the 1-DOF
control system; it is

y = [ ~Yp — Msensor ] _ [ ] ] _ (2.13)

r T

The 2-DOF control system is shown in our framework in figure 2.14. The plant
has four inputs and four outputs; its transfer matrix is

[ P, 0 0‘ Py ]

Pzw |qu o 0 0 0 1

P_|: yw|Pyu]_ -Py, -1 0|-=-PFP |~ (2.14)
0 0 1 0

The controller K in the 2-DOF control system has two inputs and one output.
If we write its transfer matrix as

K=|K; K, | (2.15)
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{ Mproc —————— I > Up }z
W { Msensor T : u
r |
! |
|
o+ - !
Lo+ = P = E
u L T
P ; } Y
]
K T

Figure 2.14 The closed-loop 2-DOF system.

(the subscripts remind the reader of the interpretation), then the closed-loop trans-
fer matrix H is

P, PyK; P,K, ]
_ 1+ Py Ky 1+ PhKy; 14+ PKy
H= PK, K K. (2.16)

1+ PK; 1+PRK; 1+PK;

Just as in the 1-DOF control system, the closed-loop transfer matrix H consists
of the closed-loop transfer matrix of the classical regulator described in section 2.3.1
with a third column appended. The interpretations of the elements of H are the
same as in the 1-DOF control system, and hence we can compare the two control
systems. If K; = K., then the closed-loop transfer matrix for the 2-DOF control
system is the same as the closed-loop transfer matrix for the 1-DOF control system.
Thus, the 2-DOF control system is more general than the 1-DOF control system.

2.3.4 2-DOF Control System with Multiple Actuators and Sensors

The standard examples described in the previous sections can be extended to plants
with multiple actuators and multiple sensors (MAMS), by interpreting the various
signals as vector signals and expressing the transfer functions as the appropriate
transfer matrices. As an example, we describe the MAMS 2-DOF control system.

The block diagrams shown in figures 2.13 and 2.14 can describe the MAMS
2-DOF control system, provided we interpret all the (previously scalar) signals as
vector signals. The signals w, u, 2z, and y are given by the expressions (2.12)
and (2.13); the plant transfer matrix is essentially the same as (2.14), with the ones
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and zeros replaced by the appropriate identity and zero matrices:

PO Onﬁ Xng Ongxn,. PO
_ Onu XMy Onu XNg Onu XMy Inu XMy
P= _PO _Ing Xng Ongxnr _PO (217)
On, X Ty On, XNng In,.xn,. On,.xnu

(the subscripts indicate the sizes; n, is the size of the reference signal r, and need
not be the same as ngy, the size of the y,). In the sequel we will not write out the
sizes so explicitly.

We partition the n, xn, transfer matrix K as in (2.15), such that K is an n, xng
transfer matrix, and K, is an n, X n, transfer matrix (note that n, = ng + n,).
The closed-loop transfer matrix H is a generalization of (2.16):

g_| SR -PK;S SPK,

~ | -K;SP, -Kz;S SK, |’ (2.18)

where

S =(I+PKy)™,
S =(I+KyP)™"

S is called the sensitivity matrix of the MAMS 2-DOF control system. To distin-
guish it from S, S is sometimes called the output-referred sensitivity matriz, for
reasons that will become clear in chapter 9. The I/O transfer matrix of the MAMS
2-DOF system is

T = (I + PyKy) 'P,K, = Po(I + K;P,) 'K,

which is the closed-loop transfer matrix from the reference input r to the system
output signal yp,.

2.4 A Standard Numerical Example

In this section we describe a particular plant and several controllers that will be
used in examples throughout this book. We consider the 1-DOF control system,
described in section 2.3.2, with

_ st
Po=Fo T 21045

Pgtd consists of a double integrator with some excess phase from the allpass term
(10 — 5)/(10 + s), which approximates a 0.2 second delay at low frequencies.
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In various future examples we will encounter the controllers

44.14s% +107.3s5 + 39

s3 + 10s2 + 55.25s + 78.14°
219.6s% 4 1973.95s + 724.5

s3 4+ 19.1552 4 105.83s + 965.95’

95.05s% 4 9755 + 244.95

s3 4 23.91s2 4 185.87s + 824.84’
35.2852 + 360.52s + 77.46

s3 +19.3852 + 132.8s + 481.0°

K@®)(s) 2

K®)(s) &

(>

K(C)(s)

K@(s) 2

The corresponding closed-loop transfer matrices, which we denote H(®), H(®) H(),
and H(9 respectively, can be computed from (2.11). The closed-loop systems that
result from using the controllers K @), K® K(© and K@ can be compared by
examining the 2 x 3 transfer matrices H® H®) HE and H@. For example,
figure 2.15 shows |H{3 (jw)|, [H{y (jw)l, |HL;) (jw)], and |H3 (jw)], i.e., the mag-
nitudes of the closed-loop transfer functions from ngensor t0 yp. From this figure,
we can conclude that a high frequency sensor noise will have the greatest effect on
Yp in the closed-loop system with the controller K (®) and the least effect in the
closed-loop system with controller K(9),

10

0.1

0.01

0.001 Las N NN N
0.1 1 10 100

w

Figure 2.15 Magnitudes of the closed-loop transfer functions from nsensor
to yp for the four different closed-loop transfer matrices.
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2.5 A State-Space Formulation

We will occasionally refer to state-space realizations of the plant, controller, and
closed-loop system. The general multiple-actuator, multiple-sensor (MAMS) plant
P takes two vectors of input signals (w and «) and produces two vectors of output
signals (z and y); a state-space realization of the plant is thus:

& = Apz + Byw + Byu (2.19)
z2=CLx+ D,pw+ D,,u (2.20)
y = Cyz + Dy,yw + Dy u, (2.21)

(with z(0) = 0), so that

o) — Puw(5) | Peu(s)
Pls) = [ Pyo(3) | Pyu(s)

] = CP(SI — Ap)_pr + Dp,

where

C.
=[G

D D
Do = zZw zZu .
=[5 b

Many plant models encountered in practice have the property that D, =0, or
equivalently, Py, (c0) = 0; such plants are called strictly proper. For strictly proper
plants, the state-space formulas that we will encounter are greatly simplified, so we
make the following assumption:

Assumption 2.4: The plant is strictly proper: Dy, =0 (i.e., Py,(c0) =0).
This assumption is not substantial; we make it for convenience and aesthetic reasons.
The more complicated state-space formulas for the case Dy, # 0 can be found in
the Notes and References that we cite at the end of each chapter.
Suppose that our controller has state-space realization
T :AKxK"'BKy (2.22)
u = Cgeg + Dgy, (2.23)

so that

K(S) = CK(SI — AK)_lBK + Dg.

A state-space realization of the closed-loop system can be found by eliminating u
and y from (2.19-2.21) and (2.22-2.23):

& = (Ap + ByDxCy)z + B,Cxzk + (Byw + BuDgDyy,)w (2.24)

g = BxCyz + Agzg + Bx Dy,w (2.25)

2= (C;+ D, DrCy)x+ D,,Crxxr + (D + D,y Dg Dy )w (2.26)
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so that
H(s) = Cg(sI — Ag)™'By + Dy, (2.27)
where
A — Ap + B,DxC, B,Cgk
H= BkC, Ag
_ Bw + BuDK-Dy'w
B = [ BKDyw ]

Cu = [ C. +DzuDKCy D..Ck ]
DH = Dzw + -DzuDK-Dyw-

The state-space realization of the closed-loop system is shown in figure 2.16.

:

]
B

(SI - Ap)_l
+
u Bu Cy T Yy
P

r--r—-—-—-—=-""~>"~>"=>"=-"="="="=°"=°" =" °-"=-" === °=°=°- I
I TK :
1 + 1
: T CK (SI b AK)_l BK :
I I
K [ Dx | |

Figure 2.16 State-space realizations of the plant and controller connected
to form a state-space realization of the closed-loop system.
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Notes and References

Standard Descriptions and Nomenclature for Control Systems

In 1954, the Feedback Control Systems Committee of the AIEE approved an AIEE Pro-
posed Standard of Terminology for Feedback Control Systems, which included a standard
for the block diagram (see [AIE51] and [NGK57]).

Two-Input, Two-Output Plant Description

The description of a plant that explicitly shows the exogenous input and the regulated
variables is now common, and the symbols w, u, z, and y are becoming standard. They
appear, for example, in Francis [FRA87]. Nett [NET86] explicitly discusses the command
inputs to the controller and the diagnostic outputs from the controller, which he denotes
w' and 2, respectively (see figures 2.3 and 2.4).

An example of a diagnostic output is the output prediction error of an observer; a sub-
stantial increase in the size of this signal may indicate that the plant is no longer a good
model of the system to be controlled, i.e., some system failure has occurred. This idea is
treated in the survey by Isermann [ISE84].

Nonlinear Controllers Based on LTI Controllers

Several methods for designing nonlinear controllers for nonlinear plants are based on the
design of LTI controllers, e.g.,

e Linear variational method. An LTI controller is designed for an approximate LTI
model of a nonlinear plant (near some equilibrium point). We will see a specific
example of this in chapter 10.

e Gain scheduling. For a family of equilibrium points, approximate LTI models of a
nonlinear plant are developed, and for each of these LTI models an LTI controller
is designed. On the basis of the sensed signals, y, an estimate is made of the
equilibrium point that is “closest” to the current plant state, and the corresponding
LTI controller is “switched in”. The overall controller thus consists of a family of
LTT controllers along with a selection algorithm; this overall controller is nonlinear.

In cases where a sensor can readily or directly measure this “closest” equilibrium
point, and the family of LTI controllers differ only in some parameter values or
“gains”, the resulting controller is called gain scheduled. For example, many aircraft
controllers are gain scheduled; the equilibrium points might be parametrized by
altitude and airspeed.

e Adaptive control. An adaptive controller uses an identification procedure based
on the signals y and u to estimate the “closest” equilibrium point, or other system
parameters. This estimate is often used for gain scheduling. See for example [AW89,

SB88, GS84, ABJ86].

o Feedback linearization. In many cases, it is possible to construct a preliminary
nonlinear feedback that makes the plant, with the preliminary feedback loop closed,
linear and time-invariant, and thus amenable to the methods of this book. This idea
is studied in the field of geometric control theory; see for example [HSM83]. A clear
exposition can be found in chapters 4 and 5 of the book by Isidori [Is189], which
also has many references.
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Control System Architectures

A description of different control architectures can be found in, e.g., Lunze [LUN89, P31],
Anderson and Moore [AM90, p212], and Maciejowski [Mac89, §1.3]. Discussions of
control architectures appear in the articles [DL85] and [NET86].

We noted that the 2-DOF control system is more general than the 1-DOF control system,
and yet the 1-DOF control system architecture is widely chosen. In some cases, the
actual sensor used is a differential sensor, which directly senses the difference between
the reference and the system output, so that the 1-DOF plant accurately reflects signals
accessible to the controller. But in many cases, the system output signal and the reference
input signal are separately sensed, as in the 2-DOF controller, and a design decision is
made to have the controller process only their difference.

One possible reason for this is that the block diagram in figure 2.11 has been widely used
to describe the general feedback paradigm. In The Origins of Feedback Control [MAY70],
for example, Mayr defines feedback control as forming u from the error signal e (i.e., the
1-DOF control system). It would be better to refer to the general principle behind the
1-DOF control system as the error-nulling paradigm, leaving feedback paradigm to refer to
the more general scheme depicted in figure 2.2.

The Standard Example Plant

The idea of using a double integrator plant with some excess phase as a simple but realistic
typical plant with which to explore control design tradeoffs is taken from a study presented
by Stein in [FBS87]. A discretized version of our standard example plant is considered in
Barratt and Boyd [BB89].

State-Space Descriptions

Comprehensive texts include Kailath [KA180], Chen [CHE84]; an earlier text is Zadeh and
Desoer [ZD63]. The appendices in the book by Anderson and Moore [AM90] contain all
of the material about state-space LTI systems that is needed for this book.



Chapter 3

Controller Design
Specifications and Approaches

In this chapter we develop a unified framework for describing the goals of con-
troller design in terms of families of boolean design specifications. We show how
various approaches, e.g., multicriterion optimization or classical optimization, can
be described in this framework.

Just as there are many different architectures or configurations for control systems,
there are many different general approaches to expressing the design goals and
objectives for controller design. One example is the optimal controller paradigm: the
goal is to determine a controller that minimizes a single cost function or objective.
In another approach, multicriterion optimization, several different cost functions are
specified and the goal is to identify controllers that perform mutually well on these
goals. The purpose of this chapter is to develop a unified framework for describing
design specifications, and to explain how these various approaches can be described
using this framework.

Throughout this chapter, we assume that a fixed plant is under consideration:
the signals w, u, 2z, and y have been defined, and the plant transfer matrix P has
been determined. As described in chapter 2, the definitions of the exogenous input
w and the regulated variables z should contain enough signals that we can express
every goal of the controller design in terms of H, the closed-loop transfer matrix
from w to z.

3.1 Design Specifications

We begin by defining the basic or atomic notion of a design specification:

47
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Definition 3.1: A design specification D is a boolean function or test on the closed-
loop transfer matriz H.

Thus, for each candidate closed-loop transfer matrix H, a design specification D is
either satisfied or not satisfied: design specifications are simple tests, with a “pass”
or “fail” outcome. A design specification is a predicate on transfer matrices, i.e., a
function that takes an n, X n, transfer matrix as argument and returns a boolean
result:

D : H — {PASS, FAIL},

where H denotes the set of all n, x n,, transfer matrices.

It may seem strange to the reader that we express design specifications in terms
of the closed-loop transfer matrix H instead of the controller transfer matrix K,
since we really design the controller transfer matrix K, and not the resulting closed-
loop transfer matrix H. Of course, to each candidate controller K there corresponds
the resulting closed-loop transfer matrix H (given by the formula (2.7) in defini-
tion 2.3), which either passes or fails a given design specification; hence, we can
think of a design specification as inducing a boolean test on the transfer matrices of
candidate controllers. In fact, we will sometimes abuse notation by saying “the con-
troller K satisfies D”, meaning that the corresponding closed-loop transfer matrix
H satisfies D.

Such a PASS/FAIL test on candidate controllers would be logically equivalent
to the design specification, which is a PASS/FAIL test on closed-loop transfer ma-
trices, and perhaps more natural. We will see in chapter 6, however, that there are
important geometric advantages to expressing design specifications in terms of the
closed-loop transfer matrix H and not directly in terms of the controller K.

3.1.1 Some Examples

Some possible design specifications for the standard example described in section 2.4
are:

o Mazximum step response overshoot. D,s will denote the design specification
“the step response overshoot from the reference signal to y, is less than 10%”.

Let us express D,s more explicitly in terms of H, the 2 x 3 closed-loop transfer
matrix. The reference signal r is the third exogenous input (w3), and yj, is the
first regulated variable (z1), so His is the closed-loop transfer function from
the reference signal to y;, and its step response is given by

1 [ His(j .
om0
TS oo JW
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for ¢ > 0. Thus, D,s can be expressed as
1 [ Hiz(j .
Dos : —/ Me“’t dw <1.1 for all t > 0.
2 J_o  Jw

o Mazimum RMS actuator effort. D,ci_eq Will denote the design specification:
“the RMS value of the actuator signal due to the sensor and process noises is
less than 0.1”.

We shall see in chapters 5 and 8 that D,.; g can be expressed as
1 [ . .
Dact_eﬁ' : %/ (|H21(]w)|2sproc(w) + |H22(]w)|2ssensor(w)) dw S 0-127

where Sproc and Ssensor are the power spectral densities of the noises 7proc
and Ngensor, respectively.

o Closed-loop stability. Dsiaple Will denote the design specification: “the closed-
loop transfer matrix H is achieved by a controller that stabilizes the plant”.
(The precise meaning of Dgtaple can be found in chapter 7.)

A detailed understanding of these design specifications is not necessary in this
chapter; the important point here is that given any 2 x 3 transfer matrix H, each
of the design specifications Dyg, Dact_efr, and Dgiable is either true or false. This
is independent of our knowing how to verify whether a design specification holds
or not for a given transfer matrix. For example, the reader may not yet know of
any explicit procedure for determining whether a transfer matrix H satisfies Dgiaple;
nevertheless it is a valid design specification.

These design specifications should be contrasted with the associated informal
design goals “the step response from the reference signal to y;, should not overshoot
too much” and “the sensor and process noises should not cause u to be too large”.
These are not design specifications, even though these qualitative goals may better
capture the designer’s intentions than the precise design specifications D,s and
Daci_er- Later in this chapter we will discuss how these informal design goals can
be better expressed using families of design specifications.

3.1.2 Comparing and Ordering Design Specifications

In some cases, design specifications can be compared. We say that design speci-
fication D; is tighter or stronger than Dy (or, D; is looser or weaker than Dy) if
all transfer matrices that satisfy D; also satisfy D,. We will say that D; is strictly
tighter or strictly stronger than Ds if it is tighter and in addition there is a transfer
matrix that satisfies D, but not D;.

An obvious but extremely important fact is that given two design specifications,
it is not always possible to compare them: it is possible that neither is a stronger
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specification. The ordering of design specifications by strength is a partial ordering,
not a linear or total ordering. We can draw a directed graph of the relations between
different specifications by connecting strictly weaker specifications to stronger ones
by arrows, and deleting the arrows that follow from transitivity (i.e., D is stronger
than D, which is stronger than Dj implies D; is stronger than D3). An example
of a linear ordering is shown in figure 3.1(a): every pair of specifications can be
compared since there is a directed path connecting any two specifications. By
comparison, a partial but not linear ordering of design specifications is shown in
figure 3.1(b). Specification Dp is tighter than D¢, which in turn is tighter than
both Dy and Dg. Similarly, specification D¢ is tighter than Dg, which is itself
tighter than D¢. However, specifications Dg and Dp cannot be compared; nor can
the design specifications D¢ and Dp.

¢ Da Da Ds

{ Dy De

¥ Do Db De

{Dp Dy Dg

(a) (0)

Figure 3.1 In these directed graphs each node represents a specification.
Arrows connect a weaker specification to a tighter one. The graph in (a)
shows a linear ordering: all specifications can be compared. The graph
in (b) shows a partial, but not linear, ordering: some specifications can
be compared (e.g., Dp is tighter than D), but others cannot (e.g., Dr is
neither weaker nor tighter than Dp).

We may form new design specifications from other design specifications using
any boolean operation, for example conjunction, meaning joint satisfaction:

Dy ADy : H satisfies D; and D-.

The new design specification D; A Ds is tighter than both D; and Ds.

We say that a design specification is infeasible or inconsistent if it is not satisfied
by any transfer matrix; it is feasible or consistent if it is satisfied by at least one
transfer matrix. We say that the set of design specifications {D1, ..., DL} is jointly
infeasible or jointly inconsistent if the conjunction D; A - - - A Dy, is infeasible; if the
conjunction D; A- - -ADy, is feasible, then we say that the set of design specifications
{D1,...,Dr} is jointly feasible or achievable.
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3.2 The Feasibility Problem

Given a specific set of design specifications, we can pose the feasibility problem of
determining whether all of our design specifications can be simultaneously satisfied:

Definition 3.2: Feasibility controller design problem: given a set of design speci-
fications {D1,...,DL}, determine whether it is jointly feasible. If so, find a closed-
loop transfer matriz H that meets the design specifications D1,...,Dr.

Like design specifications, the feasibility problem has a boolean outcome. If this
outcome is negative, we say the set of design specifications {D1, ..., DL} is too tight,
infeasible, or unachievable; if the outcome of the feasibility problem is positive, we
say that {D1,...,Dr} is achievable or feasible. It is only for ease of interpretation
that we pose the feasibility problem in terms of sets of design specifications, since
it is equivalent to feasibility of the single design specification D; A --- A Dy,.

The feasibility problem is not meant by itself to capture the whole controller
design problem; rather it is meant to be a basic or atomic problem that we can
use to describe other, more subtle, formulations of the controller design problem.
In the rest of this chapter we will describe various design approaches in terms of
families of feasibility problems. This is exactly like our definition of the standard
plant, which is meant to be a standard form in which to describe the many possible
architectures for controllers. The motivation is the same—to provide the means to
sensibly compare apparently different formulations.

3.3 Families of Design Specifications

A single fixed set of design specifications usually does not adequately capture the no-
tion of “suitable” or “satisfactory” system performance, which more often involves
tradeoffs among competing desirable qualities, and specifications with varying de-
grees of hardness. Hardness is a quality that describes how firmly the designer
insists on a specification, or how flexible the designer is in accepting violations of
a design specification. Thus, the solution of a single, fixed, feasibility problem may
be of limited utility. These vaguer notions of satisfactory performance can be mod-
eled by considering families of related feasibility problems. The designer can then
choose among those sets of design specifications that are achievable.

To motivate this idea, we consider again the specifications described in sec-
tion 3.1.1. Suppose first that the solution to the feasibility problem with the set of
specifications {Dos, Dact_eff; Dstable} is afirmative, and that H simultaneously sat-
isfies Dosa Dact_eﬁ'a and Dstable- If the set of SpeCiﬁcationS {Dos; Dact_eﬁ'; Dstable} ad-
equately captures our notion of a satisfactory design, then we are done. But the de-
signer may wonder how much smaller the overshoot and actuator effort can be made
than the original limits of 10% and 0.1, respectively. In other words, the designer
will often want to know not just that the set of specifications {Dos, Dact_eff; Dstable }
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is achievable, but in addition how much these specifications could be tightened while
remaining achievable.

A similar situation occurs if the solution to the feasibility problem with the
design specifications {Doys, Dact_eff; Dstable} 1S negative. In this case the designer
might like to know how “close” this set of design specifications is to achievable. For
example, how much larger would the limit on overshoot have to be made for this
set of design specifications to be achievable?

Questions of this sort can be answered by considering families of design spec-
ifications, which are often indexed by numbers. In our example above, we could
consider a family of overshoot specifications indexed, or parametrized, by the al-
lowable overshoot. For a; > 0 we define

D((,‘S“) : overshoot of step response from r to y, < a1%.

Note that Dggl) is a different specification for each value of a;. Similarly, a family
of actuator effort specifications for as > 0 is

Dgizeﬂ : RMS deviation of u due to the sensor and actuator noises < a,.

Thus for each a; > 0 and ay > 0 we have a different set of design specifications,

plessez) £ pla) Ap(@2) Ap

act_eff stable”

Suppose we solve the feasibility problem with design specifications D(?1:%2) for
each a; and ag, shading the area in the (a;,az) plane corresponding to feasible
D(21:92) a5 shown in figure 3.2. We call the shaded region in figure 3.2, with some
abuse of notation, a plot of achievable specifications in performance space.

From this plot we can better answer the vague questions posed above. Our
original set of design specifications corresponds to a; = 10% and a; = 0.1, shown
as Dx in figure 3.2. From figure 3.2 we may conclude, for example, that we may
tighten the overshoot specification to a; = 6% and still have an achievable set
of design specifications (Dy in figure 3.2), but if we further tighten the overshoot
specification to a; = 4%, we have a set of specifications (Dz) that is too tight.
Alternatively, we could tighten the actuator effort specification to az = 0.06 and
also have an achievable set of design specifications (D).

By considering the feasibility problem for families of design specifications, we
have considerably more information than if we only consider one fixed set of specifi-
cations, and therefore are much better able to decide what a satisfactory design is.
We will return to a discussion of this general idea, and this particular example, after
we describe a general and common method for parametrizing design specifications.

3.4 Functional Inequality Specifications

The parametrized families D32 and Dgif}eﬂ described above have the same general

form. Each of these families involves a particular quantity (overshoot and actuator
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Figure 3.2 A plot of achievable specifications in performance space: the re-

gion where the set of design specifications {DS?), Diif_)eg, Dstable } is achiev-
able is shaded. The specification Dx corresponds to a; = 10% and a2 = 0.1,
the original design specifications. The specification Dy represents a tighten-
ing of the overshoot specification over Dx to a1 = 6% and is an achievable
specification, whereas the further tightening of the overshoot specification

to a1 = 4% (Dz) is not achievable.

effort, respectively) for which a smaller value is “better”, or at least, a tighter
specification. The parameter (a; and ay, respectively) is simply a limit on the
associated quantity.

This notion of “quantity” we make more precise as a functional on transfer
matrices. A functional is just a function that assigns to each n, X n, transfer
matrix H a real number (or possibly co).

Definition 3.3: A functional ¢ (on transfer matrices) is a function
¢ : H— RU{oo}.

In contrast to a design specification, which a transfer matrix either passes or fails,
a functional can be thought of as measuring some property or quality of the transfer
matrix, without judgment. Many functionals can be interpreted as measuring the
size of a transfer matrix or some of its entries (the subject of chapters 4 and 5).
Allowing functionals to return the value +oco for some transfer matrices will be
convenient for us.
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Two functionals related to our example above are the overshoot,

1 (% Hi3(j ;
Gos(H) = sup <—/ H1() s g, 1> :
>0 \27 J o Jw

and the RMS response at u due to the sensor and actuator noises,

1

) 1/2
¢act_eﬁ'(H) é <%/; (|H21(jw)|2sproc(w) + |H22(jw)|2ssensor(w)) dw) .

The families of design specifications DS‘;I) and Dgaz)

ot off Can be expressed as the
functional inequality specifications:

Dz()(sll) : ¢05(H) S ai,
and

De(lttl:ﬂeff : ¢act_eﬂ'(H) S as.

More generally, we have:

Definition 3.4: A functional inequality specification is a specification of the form

D ¢(H) <a, (3.1)
where ¢ is a functional on transfer matrices and a is a constant.

Thus a can be interpreted as the maximum allowable value of the functional ¢; by
varying a, the expression (3.1) sweeps out a family of design specifications.
The family of specifications given by a functional inequality (3.1) is linearly

ordered: D‘(;) is a stronger specification than D((;) if a < b. A functional can also
allow us to make quantitative comparisons of the specifications Dg’) and D((ﬁb). For

example Dgg;l_lff is not merely a tighter specification than Dgg'tz_lﬁ; we can say that
it is twice as tight, at least as measured by the functional @ac;_er-
In the next two sections we describe two common methods for capturing the

notion of a “suitable” design using families of feasibility problems.

3.5 Multicriterion Optimization

In multicriterion optimization, we have a hard constraint Dy,.q and objective func-
tionals or criteria ¢1,...,¢r. Each objective represents a soft goal in the design:
if the closed-loop transfer matrix H satisfies Dyarq, it is generally desirable to have
each ¢;(H) small, although we have not (yet) set any priorities among the objective
functionals.
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We consider the family of design specifications, indexed by the parameters
ai,...,ar, given by

D(a1,..-,aL) . Dhard A Dgil) Ao A Dg;;l’) (32)

Dharq is the conjunction of our hard constraints—performance specifications about
which we are inflexible. Every specification we consider, D(*1+%2) ig stronger than
Dhara. The remaining specifications are functional inequalities for the criteria. The
basic goal of multicriterion optimization is to identify specifications D(%1»-+9L) that

are on the boundary between achievable specifications and unachievable specifica-
tions:

Definition 3.5: The specification D(?1-22) s Pareto optimal or noninferior if
the specification D@1-32) s gchievable whenever &1 > ai,...,ar > ar, and is
unachievable whenever &; < ai,...,ar < ar. A closed-loop transfer matriz that

satisfies a Pareto optimal specification is called a Pareto optimal transfer matrixz or
design.

This is illustrated in figure 3.3 for our particular example. The points on the
boundary between the achievable and unachievable specifications, shown with a

dashed line in figure 3.3, are precisely the Pareto optimal specifications.

0.2

0.18 - \
0.16 | \
0.14 \ " achievable . 1

0.12 \

0.1 \

az

0.08 AN Pz?péto 'gritinxllall

0.6~ . [T
0.04 N ﬁnacﬁievablg : e g
o.02f~ o | T

0 2 4 6 8 10 12 14 16 18 20
a1 (percent)

Figure 3.3 A specification is Pareto optimal if smaller limits in the func-

tional inequalities yield unachievable specifications and larger limits in the

functional inequalities yield achievable specifications. Such specifications

and on the boundary between achievable and unachievable specifications.
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Figure 3.4 The region of achievable specifications that are tighter than the
specification marked Dy is shaded, and similarly for Dw. The specifications
Da and Dp are Pareto optimal.

Let us illustrate this concept further. Figure 3.2 is redrawn in figure 3.4 with the
specifications Dy and Dw shown, along with two new specifications, Da and Ds.
The region of achievable specifications that are tighter than the specification Dy is
shaded, and similarly for Dw. To see the significance of these regions, consider a
closed-loop transfer matrix H with (¢os(H ), Pact_esr(H)) lying in the shaded region
corresponding to Dy, and a closed-loop transfer matrix H with ¢os(H) = 6%,
Gact et (H) = 0.1 (i.e., H just satisfies Dy). H is clearly a better design, in the
sense that it has less overshoot and it has a lower actuator effort than H. Dy is not
Pareto optimal precisely because there are designs that are better in both overshoot
and actuator effort. In general, an achievable but not Pareto optimal specification
is one that can be strictly strengthened. The specifications Dp and Dg are Pareto
optimal.

Yet another interpretation of the Pareto optimal specifications is in terms of the
partial ordering of the design specifications. Figure 3.5 shows the partial ordering
of the design specifications from figures 3.2 and 3.4, together with the boundary
between achievable and unachievable specifications. For each linearly ordered chain
of specifications that contains a Pareto optimal specification, all the weaker spec-
ifications will be achievable and all the tighter specifications will be unachievable.
In terms of the partial ordering among specifications by strength, Pareto optimal
specifications are the minimal achievable specifications.

The boundary between achievable and unachievable specifications is called the
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. achievable !

unachievable

Figure 3.5 A directed graph showing the ordering (in the sense of strength)
between the specifications in figures 3.2 and 3.4. The boundary between
achievable and unachievable specifications is shown with a dashed line.

tradeoff curve (between the objectives ¢os and @act_ef). We say that the specifica-
tion Dy trades off lower overshoot against higher actuator effort, as compared to
Dg. More generally, with L specifications, we have a tradeoff surface (between the
functionals ¢1,...,¢r) in performance space.

The idea of a tradeoff among various competing objectives is very important.
Figure 3.6 shows two different possible regions of achievable specifications. In plot
(a), the tradeoff curve is nearly straight, meaning that the overshoot and actuator
effort are tightly coupled, and that we must “give up on one to improve the other”.
In plot (b), the tradeoff curve is quite bent, which means that we can do very well
in terms of actuator effort and overshoot simultaneously: we give up only a little
bit in each objective to do well in both. In this case we might say that the two
functionals are nearly independent.

We note that Pareto optimal specifications themselves may be either achievable
or unachievable. If a Pareto optimal specification is unachievable, however, there
are arbitrarily close specifications that are achievable, so, in practice, it is irrelevant
whether or not the Pareto optimal specifications can be achieved.

3.6 Optimal Controller Paradigm

In the classical optimization paradigm a family of design specifications indexed by
a single parameter « is considered:

D . Dy g ADS) (3.3)
where D,p; is the functional inequality specification

D) ¢ oni(H) <

As in multicriterion optimization, Dy,.q is the conjunction of our hard constraints.
Unlike general multicriterion optimization, the family of specifications we consider,
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Figure 3.6 Two possible tradeoff curves. In (a), the designer must trade
off any reduction in actuator effort with an increase in the step response
overshoot, and vice versa. In (b), it is possible to have low overshoot and
actuator effort; the specification at the knee of the tradeoff curve is not
much worse than minimizing each separately.

D) is linearly ordered. Any two specifications of this form can be compared; D(*)
is tighter than D) if o < 8.

We simply seek the tightest of these specifications that is achievable; more pre-
cisely, we seek the critical value ac.i; such that D() ig achievable for @ > eyt and
unachievable for a < acjt. Of course, this is the unique Pareto optimal specifica-
tion if we consider this a multicriterion optimization problem with one criterion. A
transfer matrix H,py that minimizes ¢op;(H), that is, satisfies Dleet) g called a
¢obj-optimal design.

The classical optimization paradigm is more commonly expressed as

Qcrit = min ¢obj (H), (34)
H satisfies Dharq
Hyp = arg min bobi(H), (3.5)

H satisfies Dharq

where the notation argmin denotes a minimizer of @obj, i.€., Qcrit = Pobj(Hopt)-

While the classical optimization paradigm is formally a special case of multi-
criterion optimization, it is used quite differently. The objective functional ¢op; is
usually not just one of many single soft goals, as is each objective functional in mul-
ticriterion optimization; rather it generally represents some sort of combination of
the many important functionals into one single functional. In the following sections
we survey some of the common methods used to combine functionals into the single
objective functional @op;.
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3.6.1 Weighted-Sum Objective

One common method is to add the various functionals, after they have been multi-
plied by weights. We form

Gobj(H) = M1 (H) + -+ Apdr(H), (3.6)

where )\; are nonnegative numbers, called weights, which assign relative “values”
among the functionals ¢;. We refer to an objective functional of the form (3.6)
as a weighted-sum objective; the vector A with components ); is called the weight
vector. One method for choosing the weights is to scale each functional by a typical
or nominal value:

1

Ai = prom’

7
where ¢7°™ represents some nominal value of the functional ¢;. We can think of
these nominal values as including the (possibly different) physical units of each
functional, so that each term in the sum (3.6) is dimensionless (and hence, they can
be sensibly added).

For our example the designer might choose

mom _ 10% = 0.1,  ¢"°™ o = 0.05,

so that
1 1
)\ = — = 1 )\ = — = 2 .
1= 10 =g =0 (3.7
and the objective functional is
¢obj(H) = 10¢05(H) + 20¢act_eﬁ'(H)- (38)

In figure 3.7(a), the lines of constant objective (3.8) in the performance plane
are shown. Along each of these constant objective lines, the tradeoff is exactly
increasing (or decreasing) ¢os by 10%, while decreasing (or increasing) @act_es by
0.05. The constant objective line ¢op; = 1.91 is tangent to the tradeoff curve; the
¢obj-optimal specification is the intersection of this line with the tradeoff curve.
This specification is a; = 10.78%, as = 0.0415.

In figure 3.7(b), the constant objective lines and the optimum specification are
shown for the weights A; = 20, A2 = 10. These weights put more emphasis on
the step response overshoot than do our original weights (3.8); the corresponding
optimum specification is a; = 4.86%, az = 0.097, which represents a tradeoff of
smaller overshoot for larger actuator effort over the optimum specification for the
weights (3.8).

In the general case, we consider hyperplanes in performance space with a normal
vector A. Each such hyperplane consists of specifications that yield the same value
of the objective functional ¢op; given by (3.6). We can interpret the optimization
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Figure 3.7 Lines of constant objective functional (3.6) are shown, together
with the optimizing design. In (a) the weights are A; = 10 and A2 = 20 and
the smallest achievable objective functional value is 1.91. In (b) the weights
are A1 = 20 and A2 = 10 and the smallest achievable objective functional
value is 1.94. In both cases the smaller objective functional values shown
lie below the performance boundary and are therefore not achievable.

problem (3.4) geometrically in performance space as follows: “go as far as possible
in the direction —A while staying in the region of achievable specifications”. More
precisely,

Qgrit = min {)\Ta ‘ D(@) is achievable } .

Figure 3.7 suggests another interpretation of the classical optimization problem
with objective (3.6). If the tradeoff boundary is smooth near the optimal specifi-
cation a,pt, then a first order approximation of the tradeoff surface is given by the
tangent hyperplane

{a | M(a—aopt)=0}. (3.9)

We can use (3.9) to estimate nearby specifications on the tradeoff surface. For
example, the approximate optimal tradeoff between two functionals ¢; and ¢; (with
all other specifications fixed) is given by

Aibp; = =065,

where §¢; represents the change in the functional ¢; along the tradeoff surface. Since
the weights are positive, §¢; and §¢; have different signs, meaning that we must
give up performance in one functional (e.g., 6¢; > 0) to obtain better performance
in the other (6¢; < 0). For small changes, the ratio of the two changes is nearly
the inverse ratio of the weights:

6pi _Aj

8B N
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Thus, when the classical optimization paradigm is applied to the weighted-sum
objective (3.6), the resulting specification is on the tradeoff surface, and the local
tradeoffs between the different functionals are given by the inverse ratios of the
corresponding weights.

The solution of each classical optimization problem with the weighted-sum ob-
jective (3.6) is a Pareto optimal specification for the multicriterion optimization
problem with criteria ¢q,...,¢r. However, there can be Pareto optimal specifica-
tions that are not optimal for any selection of weights in the classical optimization
problem with weighted-sum objective. Figure 3.8 shows an example of this. We will
see in chapter 6 that in many cases the Pareto optimal specifications are exactly
the same as the specifications that are optimal for some selection of weights in the
classical optimization problem with weighted-sum objective.

0.2

0.18} S
0.14 N

0.12f S 7 Pareto optimal . -

0.1

az

0.08 \ S
0.06 | N
0.04 S

0.02 | — ]

0 2 4 6 8 10 12 14 16 18 20
a; (percent)

Figure 3.8 An example of a tradeoff curve with a Pareto optimal spec-
ification that is not optimal for any selection of weights in the classical
optimization problem with weighted-sum objective. It is optimal for the
weighted-max objective with weights A; = A2 = 10.

3.6.2 The Dual Function

An important function defined in terms of the weighted-sum objective is the dual
objective or dual function associated with the functionals ¢1,...,¢r and the hard
constraint Dy,.q. It is defined as the mapping from the nonnegative weight vector
A€ Ri into the resulting minimum weighted-sum objective:

$(\) 2 min {\¢1(H) + - + Apor(H) | H satisfies Dyara } - (3.10)
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We will encounter the dual function in chapter 6 and chapters 12-15.

3.6.3 Weighted-Max Objective

Another approach, sometimes called minimaz design, is to form the objective func-
tional as the maximum of the weighted functionals:

¢obj(H) =max{)\1¢1(H),...,)\L(;SL(H)}, (311)

where \; are nonnegative. We refer to (3.11) as a weighted-maz objective. As before,
the weights are meant to express the designer’s preferences among the functionals.

In figure 3.9 the curves of constant weighted-max objective are shown for the
same two sets of weights as figure 3.7. In figure 3.9(a) the weights are A\; = 10,
A2 = 20; the constant objective curve ¢op; = 0.96 touches the tradeoff curve at
a1 = 9.6%, a2 = 0.048. In figure 3.9(b) the weights are A\; = 20, Ay = 10; the
constant objective curve @op; = 0.97 touches the tradeoff curve at a; = 4.85%,
a2 = 0.097.

0.2 0.2
0.16 0.16
0.12 0.12
3 ' ' 18 ___(())-_3_7__
0.08 optimum 0.08F - =%
| 0.6 |
_____________ !
0.04f 77707~ | : 0.0af 041 1)
0.4 1 : : [ :
"""" 1 1 I [
1 | | [
0 L L L L L L L L L 0 PR | L L L L L L
0 4 8 12 16 20 0 4 8 12 16 20
a1 (percent) a1 (percent)
(a) (b)

Figure 3.9 Lines of constant minimax objective functional (3.11) are
shown, together with the optimizing design. In (a) the weights are A; = 10
and A2 = 20 and the smallest achievable objective functional value is 0.96.
In (b) the weights are A; = 20 and A2 = 10 and the smallest achievable
objective functional value is 0.97. In both cases the smaller objective func-
tional values shown lie below the performance boundary and are therefore
not achievable.

This minimax approach always produces Pareto optimal specifications, and vice
versa: every Pareto optimal specification arises as the solution of the minimax
problem (3.11) for some choice of weights. For example, the Pareto optimal spec-
ification shown in figure 3.8 is optimal for the minimax specification with weights
>\1 = )\2 = 10.
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In one variation on the weighted-max objective (3.11), a constant offset is sub-
tracted from each functional:

d)obj(H) = maXx {)\1(¢1(H) b ’)’1), ey AL(QZSL(H) b ’)’L)} . (312)

3.7 General Design Procedures

In this section we describe some design procedures that have been suggested and
successfully used. We suppose that ¢1,...,¢r are our criteria. From our discussion
of multicriterion optimization, we know that, among the achievable specifications,
the Pareto optimal ones are wise choices. It remains to choose one of these, i.e., to
“search” the tradeoff surface for a suitable design. This is generally done interac-
tively, often by repeatedly adjusting the weights in a weighted-sum or weighted-max
objective and evaluating the resulting optimal design.

3.7.1 Initial Designs

We have already mentioned one sensible set of initial weights for either the weighted-
sum or weighted-max objectives: each )\; is the inverse of a nominal value or a
maximum value for the functional ¢;.

Several researchers have suggested the following method for determining reason-
able initial weights and offsets for the offset weighted-max objective (3.12). The
designer first decides what “good” and “bad” values would be for each objective; we
will use G; and B; to denote these values. One choice is to let G; be the minimum
value of the functional ¢; alone. We then form the objective

$1(H) — G1 ¢r(H) _GL}
B,-Gy ' Bp-Gg ’

®obj(H) = max { (3.13)
which is the maximum of the “normalized badness” of H: ¢on;(H) ~ 1 means that
at least one criterion is near a bad value; @op;(H) =~ 0.1 means that the worst
criterion is only 10% of the way away from its good value, towards its bad value.

Another approach, called goal programming, starts with some “goal” values G;
for the functionals ¢;,...,¢r. The designer then determines the closest achievable
specification to this goal specification, using, e.g., a weighted Euclidean distance in
performance space.

3.7.2 Design Iterations

Perhaps the most common method used to find a new and, one hopes, more suitable
design is informal adjustment (“tweaking”) of the weights in the weighted-sum or
weighted-max objective for the classical optimization problem. The designer picks
one criterion, say ¢;, ,, whose current optimal value is deemed unacceptably large,
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and then increases the associated weight A;,.,. One drawback of this method is
that if more than one weight is adjusted in a single iteration, it can be difficult to
predict the resulting effect on the optimal values of the criteria.

Using the objective (3.13), a design iteration consists of a re-evaluation of what
good and bad values are for each objective, based on the current and previous
optimal values of the criteria. Similarly, in goal programming the designer can
change the goal specification, or change the norm used to determine the closest
achievable specification.

A procedure called the satisficing tradeoff method uses the objective (3.13). In
this method, the B; are called aspiration levels, so the goal is to find a design
with @obj(H) =~ 1, if possible, which means that our aspirations have been met
or exceeded. At each iteration, new aspiration levels are set according to various
heuristic rules, e.g., they should be lower for those functionals that are currently
too large, and they must be larger for at least one functional that the designer feels
can be worsened a bit.
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Notes and References

The Feasibility Problem

In [ZA73], Zakian and Al-Naib formulate the design problem as a set of functional in-
equalities that must be satisfied:

In the design of dynamical systems, such as control systems, electrical net-
works and other analogous systems, it is convenient to formulate the design
problem in terms of the inequalities

¢i(p)§Ci, i=1,2,...,m

[p represents the design]. Some of the ¢;(p) are related to the dynamical
behavior of the system ...and are called functionals.

If the C; are fixed, then Zakian and Al-Naib’s formulation is what we have called the
feasibility problem; if, on the other hand, the C; are treated as parameters that the designer
can vary, then the “wise” choices for the parameters are the Pareto optimal values.

The Classical Optimal Controller Paradigm

Wiener and Kolmogorov were the first to explicitly study the optimal controller paradigm.
Linear controller design before that time had consisted mostly of rules for synthesizing
controllers, e.g., PID tuning rules [ZN42] or root locus methods [EvA50], or analysis
useful in designing controllers, e.g., Bode [BobD45]. In the 1957 book by Newton, Gould,
and Kaiser [NGKb57], the optimal controller paradigm is called the “analytical design
procedure”, which they describe as (p.31):

In place of a relatively simple statement of the allowable error, the analytical
design procedure employs a more or less elaborate performance indexr. The
objective of the performance index is to encompass in a single number a quality
measure for the performance of the system.

Multicriterion Optimization and Pareto Optimality

The notion of Pareto optimality is first explicitly described in Pareto’s 1896 treatise on
Economics [PAR96]; since then it has been extensively studied in the Econometrics litera-
ture, e.g., Von Neumann and Morgenstern [NM53] and Debreu [DEB59]. The latter book
contains many plots exactly like our plots of achievable specifications, tradeoff curves,
and so on. Two recent texts on multicriterion optimization are Sawaragi, Nakayama, and
Tanino [SNT85] and Luc [Luc89]. [SNT85] covers many practical aspects of multicri-
terion optimization and decision making; [Luc89] is a clear and complete description of
vector optimization, covers topics such as convexity, quasiconvexity, and duality, and has
an extensive bibliography. Brayton and Spence [BS80, cH7] has a general discussion of
multicriterion optimization similar to ours.

The article [WIE82] describes satisficing decision making, gives a mathematically rigorous
formulation, and has a large set of references. The procedure for selecting weights and
offsets in (3.13) of section 3.7 is described in Nye and Tits [NT86], Fan et al. [FWK89],
and also the book by Sawaragi, Nakayama, and Tanino [SN'T85].

An early reference in the control literature to multicriterion optimization is the arti-
cle [ZAD63] by Zadeh, published right at the rise in prominence of the optimal controller
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paradigm, which was spurred by the work of Kalman and others on the linear quadratic
regulator (see chapter 12 and [AM90]). The recent book by Ng [NG89] has a general
discussion of multicriterion optimization for control system design, concentrating on the
“quality of cooperation between the designer and his computer”.

The Example Figures

The plots of achievable specifications in performance space for our standard example are
fictitious (in fact, we never specified the power spectral densities Sproc and Ssensor, SO our
objective functionals are not even fully defined). Later in this book we will see many real
tradeoff curves that relate to our standard example; see for example chapters 12 and 15.
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Chapter 4

Norms of Signals

Many of the goals of controller design can be expressed in terms of the size of
various signals, e.g., tracking error signals should be made “small”, while the
actuator signals should not be “too large”. In this chapter we explore some of the
ways this notion of the size of a signal can be made precise, using norms, which
generalize the notion of Euclidean length.

4.1 Definition

There are many ways to describe the size of a signal or to express the idea that a
signal is small or large. For example, the fraction of time that the magnitude of a
signal exceeds some given threshold can serve as a measure of the size of the signal;
we could define “small” to mean that the threshold is exceeded less than 1% of the
time. Among the many methods to measure the size of a signal, those that satisfy
certain geometric properties have proven especially useful. These measures of size
are called norms.

The geometric properties that norms satisfy are expressed in the framework of
a vector space; roughly speaking, we have a notion of how to add two signals, and
how to multiply or scale a signal by a scalar (see the Notes and References).

Definition 4.1: Suppose V is a vector space and ¢ : V — R4 U{oc0}. ¢ is a norm
on V if it satisfies

Nonnegativity: ¢(v) >0,
Homogeneity: for ¢(v) < oo, ¢(av) = |a|p(v),
Triangle inequality: ¢(v + w) < ¢(v) + ¢(w),

foralla € R and v,w eV.

69
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We warn the reader that this definition differs slightly from the standard definition
of a norm; see the Notes and References at the end of this chapter.
We will generally use the notation

o]l £ ¢(v),

where x is some distinguishing mark or mnemonic for ¢. This notation emphasizes
that a norm is a generalization of the absolute value for real or complex numbers,
and the Euclidean length of a vector. Note that we allow norms to take on the
value +00, just as we allow our functionals on transfer matrices to do. We interpret
|lv|| = oo as “v is infinitely large” as measured by the norm || - ||.

In the next few sections we survey some common norms used to measure the
size of signals. The verification that these norms do in fact satisfy the required
properties is left as an exercise for the reader (alternatively, the reader can consult
the references).

4.2 Common Norms of Scalar Signals
421 Peak

One simple but strict interpretation of “the signal v is small” is that it is small at
all times, or equivalently, its maximum or peak absolute value is small. The peak
or Lo, norm of u is defined as

A
llulloo = sup |u(t)].
>0

An example of a signal u and its peak ||u|| is shown in figure 4.1.

The peak norm of a signal is useful in specifying a strict limit on the absolute
value of a signal, e.g., the output current of a power amplifier, or the tracking error
in a disk drive head positioning system.

The peak norm of a signal depends entirely on the extreme or large values the
signal takes on. If the signal occasionally has large values, ||u|| Will be large; a
statistician would say ||u||c depends on outliers or “rare events” in the signal w.
We shall soon see other norms that depend to a lesser extent on occasional large
signal values.

It is useful to imagine how various signal norms might be measured. A full wave
rectifier circuit that measures the peak of a voltage signal is shown in figure 4.2.

The peak norm can be used to describe a signal about which very little is known,
or willing to be assumed, other than some bound on its peak or worst case value.
Such a description is called an unknown-but-bounded model of a signal: we assume
only ||ul]|cc £ M. An example is gquantization error, the difference between a signal
and its uniformly quantized value. This error can be modeled as unknown but
bounded by one-half of the quantization interval.
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Figure 4.1 A signal u and its peak norm ||u|co.
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Figure 4.2 With ideal diodes and an ideal capacitor the voltage on the
capacitor, V¢, tends to ||u||« for ¢ large.
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A variation on the peak norm is the eventual peak or steady-state peak:
A L. .
||u|lssoo = limsup |u(t)] = lim sup |u(?)].
t—00 T —o00 t>T

The steady-state peak norm measures only persistent large excursions of the signal;
unlike the peak norm, it is unaffected by transients, i.e., the addition of a signal
that decays to zero:

”U + utransient“ssoo = ”u”ssoo if lim utransient(t) =0.
t—o0

4.2.2 Root-Mean-Square
A measure of a signal that reflects its eventual, average size is its root-mean-square
(RMS) wvalue, defined by

1/2

1 T
(- <T11‘20T/0 u(t)? dt) , (4.1)

provided the limit exists (see the Notes and References). This is a classical notion
of the size of a signal, widely used in many areas of engineering. An example of a
signal » and its RMS value ||¢||rms is shown in figure 4.3.

3

L llullems

[

u?(t)

—llullems

0 2 4 6 8 10

(a) (b)

Figure 4.3 A signal u and its RMS value ||[t||cms is shown in (a). ||u||?ms

is the average area under u?, as shown in (b).

In an early RMS ammeter, shown in figure 4.4, the torque on the rotor is propor-
tional to the square of the current; its large rotational inertia, the torsional spring,
and some damping, make the rotor deflection approximately proportional to the
mean-square current, ||ul|?,..

Another useful conceptual model for ||u||;ms is in terms of the average power dis-

sipated in a resistive load driven by a voltage u, as in figure 4.5. The instantaneous
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Ly

L,
© Q]

Figure 4.4 An early RMS ammeter consists of a stator L; and a rotor
L2, which is fitted with a needle and restoring spring. The deflection of the
needle will be approximately proportional to ||u||%ys, the square of the RMS
value of the input current u.

power dissipated in the load resistor is simply u(t)?/R; the (long term) temperature
rise of the large thermal mass above ambient temperature is proportional to the av-
erage power dissipation in the load, ||u||2,,/R. This conceptual model shows that
the RMS measure is useful in specifying signal limits that are due to steady-state
thermal considerations such as maximum power dissipation and temperature rise.
For example, the current through a voice coil actuator might be limited by a max-
imum allowable steady-state temperature rise for the voice coil; this specification

could be expressed as an RMS limit on the voice coil current.

ambient
temperature Tamb

t ."‘,4."';. "o"“.." "‘."‘
@) ER large thermal mass

- T T 0 de= temperature T

Figure 4.5 If u varies much faster than the thermal time constant of the
mass, then the long term temperature rise of the mass is proportional to
the average power in u, i.e. T — Tamb o ||u||’ms, Where Tamp is the ambient
temperature, and 7T is the temperature of the mass.

Even if the RMS norm of a signal is small, the signal may occasionally have
large peaks, provided the peaks are not too frequent and do not contain too much
energy. In this sense, ||ul|rms is less affected than |u|| by large but infrequent
values of the signal. We also note that the RMS norm is a steady-state measure of
a signal; the RMS value of a signal is not affected by any transient. In particular,
a signal with small RMS value can be very large for some initial time period.
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4.2.3 Average-Absolute Value

A measure that puts even less emphasis on large values of a signal (indeed, the
minimum emphasis possible to still be a norm) is its average-absolute value, defined

by
fullaa 2 lim = / " u))dt, (4.2)
T—oo T Jo
provided the limit exists (see the Notes and References). An example of a signal u

and its average-absolute norm ||u||as is shown in figure 4.6. ||u||aa can be measured
with the circuit shown in figure 4.7 (c.f. the peak detector circuit in figure 4.2).

3 3
2.5}
llwllaa
—~~ —
Nad) 154
S S
1F----- - -Fx---KA-£ A [ A-EA-H
0.5
00 2 4 6 8 10

(b)
Figure 4.6 A signal u and its average-absolute value ||u||aa is shown in (a).
|[u||aa is found by finding the average area under |u|, as shown in (b).

WA

_|..
T

~ % ro
Figure 4.7 If u varies much faster than the time constant RC then V. will
be nearly proportional to the average of the peak of the input voltage u, so

that V. = ||u]|laa- The resistor 7, < R ensures that the output impedance
of the bridge is low at all times.

The average-absolute norm ||u||aa is useful in measuring average fuel or resource
use, when the fuel or resource consumption is proportional to |u(t)|. In contrast, the
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RMS norm ||u||?_, is useful in measuring average power, which is often proportional
to u(t)?. Examples of resource usage that might be measured with the average-
absolute norm are rocket fuel use, compressed air use, or power supply demand in

a conventional class B amplifier, as shown in figure 4.8.

Vee
—

power

supply S

i R
—Vee B

Figure 4.8 Idealized version of a class B power amplifier, with no bias
circuitry shown. Provided the amplifier does not clip, i.e., ||u|lcc < Vec, the
average power supplied by the power supply is proportional to ||u||ss, the
average-absolute norm of u; the average power dissipated in the load R is
proportional to ||u||?ys, the square of the RMS norm of .

4.2.4 Norms of Stochastic Signals

For a signal modeled as a stationary stochastic process, the measure of its size most
often used is

e 2 (Bu(t)?)

Because the process is stationary, the expression in (4.3) does not depend on ¢. For
stochastic signals that approach stationarity as time goes on, we define

2 (4.3)

A, 1/2
llems 2 ( Jim Eu(t)?)

If the signal u is ergodic, then its RMS norm can be computed either by (4.3)
or (4.1): with probability one the deterministic and stochastic RMS norms are
equal.

The RMS norm can be expressed in terms of the autocorrelation of u,

Ru(7) 2 Eu(t)u(t + 1), (4.4)

or its power spectral density,

Su(w) 2 /_  Ru(r)e—iT dr, (4.5)
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as follows:
1 oo
2
=R,(0) = — ' . 4.
ullzms = Bu(0) = o /_005 (w) dw (4.6)

We can interpret the last integral as follows: the average power in the signal is the
integral of the contribution at each frequency.

For stochastic signals, the analogs of the average-absolute or peak norm are less
often encountered than the RMS norm. For u stationary, we define the average-
absolute norm as

A
[[ullaa = B |u(t)],

which for ergodic signals agrees (with probability one) with our deterministic defi-
nition of ||u||aa- We interpret ||u||as as the expected or mean resource consumption.
The analog of the steady-state peak of u is the essential sup norm,

A,
[[t]less sup = inf {a | Prob(|u(t)| > a) = 0},

or equivalently, the smallest number a such that with probability one, |u(t)| < a.
Under some mild technical assumptions about u, this agrees with probability one
with the steady-state peak norm of u defined in section 4.2.1.

4.2.,5 Amplitude Distributions

We can think of the steady-state peak norm, RMS norm, and average-absolute
norm as differing in the relative weighting of large versus small signal values: the
steady-state peak norm is entirely dependent on the large values of a signal; the
RMS norm is less dependent on the large values, and the average-absolute norm
less still.

This idea can be made precise by considering the notion of the amplitude distri-
bution F,(a) of a signal u, which is, roughly speaking, the fraction of the time the
signal exceeds the limit a, or the probability that the signal exceeds the limit a at
some particular time.

We first consider stationary ergodic stochastic signals. The amplitude distribu-
tion is just the probability distribution of the absolute value of the signal:

F.(a) £ Prob(|u(t)| > a).

Since u is stationary, this expression does not depend on ¢.

We can also express F,(a) in terms of the fraction of time the absolute value of
the signal exceeds the threshold a. Consider the time interval [0,T]. Over this time
interval, the signal u will spend some fraction of the total time T with |u(t)| > a.
F,(a) is the limit of this fraction as T" — oo:

p{t | 0<t < T, [u(t)] > a}
T )

(4.7)

Fu(0) = fim,
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where p(-) denotes the total length (Lebesgue measure) of a subset of the real line.
These two ideas are depicted in figure 4.9. The amplitude distribution of the signal
in figure 4.9 is shown in figure 4.10.

3

t

Figure 4.9 Example of calculating F,(1.5) for the signal u in figure 4.1.
For T = 10, p{t | 0 < t < T, |u(t)] > 1.5} is the length of the shaded
intervals, and this length divided by T approximates Fy(1.5).

This last interpretation of the amplitude distribution in terms of the fraction of
time the signal exceeds any given threshold allows us to extend the notion of ampli-
tude distribution to some deterministic (non-stochastic) signals. For a deterministic
u, we define F,(a) to be the limit (4.7), provided this limit exists (it need not). All
of the results of this section hold for a suitably restricted set of deterministic signals,
if we use this definition of amplitude distribution. There are many more technical
details in such a treatment of deterministic signals, however, so we continue under
the assumption that u is a stationary ergodic stochastic process.

Clearly Fy(a) = 0 for a > ||u||sscos and F,(a) increases to one as a decreases
to zero. Informally, we think of |u(t)| as spending a large fraction of time where
the slope of F,(a) is sharp; if F,, decreases approximately linearly, we say |u(t)| is
approximately uniformly distributed in amplitude. Figure 4.11 shows two signals
and their amplitude distribution functions.

We can compute the steady-state peak, RMS, and average-absolute norms of u
directly from its amplitude distribution. We have already seen that

||||ssco0 = sup{a | Fyu(a) > 0}. (4.8)

The steady-state peak of a signal is therefore the value of @ at which the graph of
the amplitude distribution first becomes zero.
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Figure 4.10 The amplitude distribution F,, of the signal v shown in fig-
ure 4.1, together with the values ||ul|aa, ||t|lrms, and ||u||co-

From elementary probability theory we have

|u|laa = E|u(t)] = /000 F,(a)da. (4.9)

Thus, the average-absolute norm of a signal is the total area under the amplitude
distribution function.

Since the amplitude distribution function of u? is F,2(a) = Fy(v/a), equa-
tion (4.9) yields

Eu(t)? = /Ooo F,2(a)da = /Ooo F.(v/a)da = /Ooo 2aF ,(a) da,

so that we can express the RMS norm as:

s = [ 24P (a) do. (4.10)

Thus, the average power in the signal is the integral of its amplitude distribution
function times 2a. Just as we interpret formula (4.6) as expressing the average
power in the signal as the integral of the contributions at all frequencies, we may
interpret (4.10) as expressing the average power in the signal as the integral of the
contributions from all possible signal amplitudes.

Comparison of the three formulas (4.8), (4.9), and (4.10) show that the three
norms simply put different emphasis on large and small signal values: the steady-
state peak norm puts all of its emphasis on large values; the RMS norm puts
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Figure 4.11 Examples of periodic signals are shown in (a) and (c). Their
respective amplitude distribution functions are shown in (b) and (d). The
signal in (a) spends most of its time near its peaks; the amplitude distribu-
tion falls rapidly near a = ||u1]|o. The signal in (c) spends most of its time
near 0; the amplitude distribution falls rapidly near a = 0.



80 CHAPTER 4 NORMS OF SIGNALS

linearly weighted emphasis on signal amplitudes; and the average-absolute norm
puts uniform weight on all signal amplitudes.

4.2.6 La: Square Root Total Energy

The previous sections dealt with the sizes of signals that persist. In this section
and the next we examine some norms appropriate for transient signals, which decay
to zero as time progresses; such signals have zero as their steady-state peak, RMS,
and average-absolute norms.

The total energy or L norm of a signal is defined by

lluel|2 2 (/Ooo u(t)zdt>1/2.

This norm is the appropriate analog of the RMS norm for decaying signals, i.e.,
signals with finite total energy as opposed to finite steady-state power.

A useful conceptual model for the Ly norm is shown in figure 4.12. Here we
think of u as a driving voltage to a resistive load immersed in a thermal mass.
This thermal mass is isolated (adiabatic), unlike the mass of figure 4.5, which is
connected to the ambient temperature (a very large thermal mass) through a finite
thermal resistance. The eventual temperature rise of the isolated thermal mass is
proportional to ||ul|2.

@@ %R \good insulation

T large thermal mass
temperature 7'

Figure 4.12 The long term temperature rise of the mass is proportional
to the total energy in u, i.e. T — Tinit o |[u||3, where Tinit is the initial
temperature of the mass, and T is the final temperature of the mass.

As a practical example, suppose that u represents the current through a voice
coil drive during a step input in commanded position, and the thermal time constant
of the voice coil is longer than the time over which u is large. Then ||u||2 is a measure
of the temperature rise in the voice coil during a step command input.

By Parseval’s theorem, the L2 norm can be computed as an Ly norm in the
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frequency domain:

llull2 = <$ /oo IU(jw)|2dw>1/2- (4.11)

—0o0

4.2.7 Ly: Total Fuel or Resource Consumption

The L; norm of a signal is defined as

A o0
luf 2 / fu(t)] dt.

Just as the Ly norm measures the total energy in a signal, while the RMS norm
measures its average power, the L; norm of a signal can be thought of as measuring
a total resource consumption, while the average-absolute norm measures a steady-
state average resource consumption. For example, if u represents the compressed
gas flow through a nozzle during a particular spacecraft maneuver, then ||u||; is
proportional to the total gas consumed during the maneuver.

4.2.8 Frequency Domain Weights

The norms described above can be combined with an initial linear transformation
that serves to emphasize or de-emphasize certain aspects of a signal. Typically,
this initial transformation consists of passing the signal through an LTI filter with
transfer function W, which we refer to as a frequency domain weight, as shown in
figure 4.13.

U — W -1 =W

Figure 4.13 A frequency domain weighted norm is computed by passing
the signal u through an LTI filter W, and then determining the (unweighted)
norm of this filtered signal.

The idea is that the weighting filter makes the norm more “sensitive” (i.e., assign
larger values) to signals that have a large power spectral density at those frequencies
where |W(jw)| is large. This idea can be made precise for the W-weighted RMS
norm, which we will denote || - ||w,rms- The power spectral density of the filtered
signal Wu is

Swu(w) = Su(w)[W (jw)|*,

so the RMS norm of Wu is

1 oo ' 1/2
fullwems = 1Wallns = (= [~ Su@W ()P aw) (4.12)



82 CHAPTER 4 NORMS OF SIGNALS

Thus, the weight emphasizes the power spectral density of v where |W (jw)| is large,
meaning it contributes more to the integral, and de-emphasizes the power spectral
density of u where |W(jw)| is small. We note from (4.12) that the weighted norm
depends only on the magnitude of the weighting transfer function W, and not its
phase. This is not true of all weighted norms.

We can view the effect of the weight W as changing the relative importance of
different frequencies in the total power integral (4.12). We can also interpret the
W -weighted RMS norm in terms of the average power conceptual model shown in
figure 4.5, by changing the resistive load R to a frequency-dependent load, i.e., a
more general passive admittance G(s). The load admittance G is related to the
weight W by the spectral factorization

G(s) + G(-s)
2

so that RG(jw) = |W(jw)|?. Since the average power dissipated in G at a frequency
w is proportional to the real part (resistive component) of G(jw), we see that the
total average power dissipated in G is given by the square of (4.12), or the square
of the W-weighted RMS norm of .

For example, suppose that W(s) = (1 + v/2s)/(1 + s), which gives up to 3dB
emphasis at frequencies above v/2. The load admittance for this weight is G(s) =
(1+2s)/(1+s), which we realize as the parallel connection of a 1 resistor and the
series connection of a 1(2 resistor and a 1F' capacitor, as shown in figure 4.14.

= W (s)W(-s), (4.13)

Figure 4.14 The average power dissipated in the termination admittance
G(s) = (14 2s)/(1 + s) is ||ull}v,cms> the square of the W-weighted RMS

norm of the driving voltage u, where W(s) = (14 v/2s)/(1 + s).

Frequency domain weights are used less often with the other norms, mostly
because their effect is harder to understand than the simple formula (4.12). One
common exception is the mazrimum slew rate, which is the peak norm used with the
weight W (s) = s, a differentiator:

”u”slew_rate = ”u”oo (414)

Maximum slew-rate specifications occur frequently, especially on actuator signals.
For example, an actuator signal may represent the position of a large valve, which
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is opened and closed by a motor that has a maximum speed. A graphical interpre-
tation of the slew-rate constraint ||u||siew_rate < 1 is shown in figure 4.15.
The peak norm is sometimes used with higher order differentiators:

A || d?u
lullace = aell
t oo

A || d3u

[ullierc = || =5
oo

Weights that are successively higher order differentiators yield the amusing snap,
crackle, and pop norms.

Figure 4.15 An interpretation of the maximum slew-rate specification
|[2]| < 1: at every time t the graph of u must evolve within a cone, whose
sides have slopes of £1. Examples of these cones are shown for t = 0, 3, 6;
u is slew-rate limited at ¢ = 0 and ¢ = 6, since %(0) = 1 and u(6) = —1.

4.2.9 Time Domain Weights

If the initial linear transformation consists of multiplying the signal by some given
function of time w(t), we refer to w as a time domain weight. One example is the
ITAE (integral of time multiplied by absolute error) norm from classical control,

defined as

o0
A
e 2 / tu(t)] .
1]
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This is simply the L; norm of u with the time domain weight w(¢) = ¢, which serves
to emphasize the signal u at large times, and de-emphasize the signal at small times.

One commonly used family of time domain weights is the family of exponential
weightings, which have the form w(t) = exp(at). If a is positive, such a weighting
exponentially emphasizes the signal at large times. This may be appropriate for
measuring the size of a decaying signal. Alternatively, we can think of a specification
such as ||@]|cc < M (where 4(t) = exp(at)u(t), and a > 0) as enforcing a rate of
decay in the signal u at least as fast as exp(—at). An example of a signal v and the
exponentially scaled signal u(t)e™* is shown in figure 4.16.

()

t ' ' t

(a) (b)
Figure 4.16 A signal u is shown in (a). The exponentially weighted L2
norm of u is the Ly norm of the signal () = u(t)e™?, which is shown in

(b)-

If a is negative, then the signal is exponentially de-emphasized at large times.
This might be useful to measure the size of a diverging or growing signal, where the
value of an unweighted norm is infinite.

There is a simple frequency domain interpretation of the exponentially weighted
Ls norms. If the a-exponentially weighted Ly norm of a signal v is finite then its
Laplace transform U(s) is analytic in the region {s | Rs > —a}, and in fact

1 oo

=E_oo

lal = / " (exp(atyu(t))? dt [U(=a -+ juw)|? du (4.15)

(recall @4(t) = exp(at)u(t)). The only difference between (4.15) and (4.11) is that the
integral in the a-exponentially weighted norm is shifted by the weight exponent a.
The frequency domain calculations of the Ly norm and the a-exponentially weighted
L norm for the signal in figure 4.16(a) are shown in figure 4.17.
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U(o + jw)|?

Figure 4.17 An exponentially weighted L2 norm can be calculated in the
frequency domain. Consider ||u||2,—1 = ||ii||2, where @(t) = e *u(t) is shown
in figure 4.16(b). |U(o + jw)|, the magnitude of the Laplace transform of u,
is shown in (a) for ¢ > 0. As shown in (b), ||u||3 is proportional to the area
under |U(jw)|?*, and ||u||3,_; is proportional to the area under |U(1+ jw)|?.
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4.3 Common Norms of Vector Signals

The norms for scalar signals described in section 4.2 have natural extensions to
vector signals. We now suppose that v : R, — R", i.e., u(t) € R" for t > 0.

431 Peak

The peak, or L, norm, of a vector signal is defined to be the maximum peak of
any of its components:

A
lulloe = max Jluslleo = sup max fui(t)]
(note the different uses of the notation || - ||oo). Thus, “||u|le is small” means

that every component of u is always small. A two-input peak detector is shown in
figure 4.18.

+
+

|
|
o~

Figure 4.18 With ideal diodes and an ideal capacitor, the voltage on the
capacitor, V,, tends to ||u||e for t large, where u = [u;1 u2]” is a vector of
two signals.

4.3.2 RMS
We define the RMS norm of a vector signal as
T 1/2
[efems 2  1im = [ w(®)Tu(t) dt (4.16)
rms T—oo T 0 ’ )

provided this limit exists (see the Notes and References). For an ergodic wide-sense
stationary stochastic signal this can be expressed

rms

1 [e9)
[ullfms = E [lu(t)]l3 = Tr Ry (0) = Tr g/ Su(w) dw.
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(For vector signals, the autocorrelation is defined by

Ry(7) & Bu(t)u(t + )T

(c.f. (4.4))). For such signals we have

n 1/2
[[ellrms = (Z IIUillfms) ) (4.17)
i=1

i.e., ||u||rms is the square root of the sum of the mean-square values of the compo-
nents of u.

A conceptual model for the RMS value of a vector voltage signal is shown in
figure 4.19.

ambient
temperature Tamp

s ‘\ large thermal mass
a temperature T

Figure 4.19 If u; and uz vary much faster than the thermal time constant
of the mass, then the long term temperature rise of the mass is proportional
to the average power in the vector signal u, i.e. T — Tamb o ||u||2ys, where
Tamb is the ambient temperature, and T is the temperature of the mass.

4.3.3 Average-Absolute

The average-absolute norm of a vector signal is defined by

A 1 (T
||u||aa:1imsupf/ S us(t)] d.
T=oo 0 =1

This measures the average total resource consumption of all the components of wu.
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4.3.4 Lsand L; Norms

The Ly and L; norms of a vector signal are defined by

- n 1/2 n 1/2
A
lull2 & ( / Zui(t)Zdt) - (Zuuiu%) ,
=1 =1
lufls 2 / S us(t) dt = 3 [l
=1 =1

4.3.5 Scaling and Weighting

A very important concept associated with vector signal norms is scaling, which can
be thought of as assigning relative weights to the different components of the vector
signal. For example, suppose that u; represents the output voltage and wus the
output current of a power amplifier that voltage saturates (clips) at £100V and
current limits at +2A. One appropriate measure of the peak of this signal is

bl = e { ). 5

where

o[ 1]

D is referred to as a scaling matrix, and ||u||p,.c the D-scaled peak of u. We can
interpret ||u||p,co as the size of u, relative to amplifier voltage or current overload:
|lu||p,coc = 0.5 indicates 6dB of headroom before the amplifier overloads; ||u||p,c0 =
1.0 indicates that the amplifier will just saturate or current limit.

When the different components of a vector signal u represent different physical
quantities, as in the example above, the use of an appropriate scaling matrix is
crucial. It is useful to think of the scaling matrix as including the translation
factors among the various physical units of the components of u: for our example
above,

C[1/100V o0
D=1"9" 124 |’

which properly renders ||u||p,0c unitless.

A simple rule-of-thumb is to use scale factors that are inversely proportional to
what we might consider typical, nominal, or maximum acceptable values for that
component of the signal. The scaling in our example above is based on this principle,
using the maximum acceptable (overload) values. We have already encountered this
idea in sections 3.6.1 and 3.6.3.
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For average-absolute or L; norms, the scale factors can be interpreted as rel-
ative costs or values of the resources or commodities represented by the different
components of the signal. For RMS or Ly norms, the scale factors might represent
different termination resistances in the conceptual model in figure 4.19.

Scaling is a very special form of weighting, since it consists of applying a linear
transformation to the signal before computing its norm; the linear transformation
is just multiplication by a diagonal matrix. Of course, it is also possible to multiply
the signal vector by a nondiagonal matrix before computing the norm, as in

[[ulla,z = [|Au]l2,

where A is some matrix. One familiar example of this is the weighted L2 norm,

fullaz = ([ /" Ruto) ) "

where R = AT A. A is called a (constant) weight matriz. Constant weight matri-
ces can be used to emphasize some directions in R"™ while de-emphasizing others,
whereas with (diagonal) scaling matrices we are restricted to directions aligned with
the axes. An example of this distinction is shown in figure 4.20 for the constraint

lullaco = |Au)loo < 1.

When A is diagonal the signal u(t) is constrained to lie in a rectangle at each time
t. For a general matrix A, the signal u(¢) is constrained to lie in a trapezoid.

More generally, we can preprocess the signal by a weighting transfer matriz W
that has n columns, as in

”u“W,rms = ”Wu”rms-

Often, W is square, i.e., it has n rows as well. W might emphasize different “direc-
tions” at different frequencies.

4.4 Comparing Norms

We have seen many norms for signals. A natural question is: how different can they
be? Intuition suggests that since these different norms each measure the “size” of
a signal, they should generally agree about whether a signal is “small” or “large”.
This intuition is generally false, however.

For scalar signals we have

llloo > l[ullems > [tl]aa; (4.18)

for vector signals with n components we have the generalization

1 1
oo > —F rms Z — aa- 419
[[ufloo > ﬁllull Ll (4.19)
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Figure 4.20 The constraint ||u|l4,.c < 1 requires that the signal u(t) lie
inside a trapezoid at all times ¢t. Three weighting matrices A are shown,

together with the corresponding limits on the signal .

The first inequality in (4.18) can be shown by replacing u? by the upper bound
|2
2 1T 2
= 1 —
Il = i 7 [ ute)?ae
I
< lim —
< gim o [l ae
= [lull%-

The second inequality in (4.18) follows from the Cauchy-Schwarz inequality:

1 T
lallon = Jim 7 [ 1lutt)

LT 1/2 LT 1/2
< 1 1 2 1 2
< Jim (T/o 1 dt) (T/o () dt)

= ”u”rms-
It can also be shown that
lulloo > fltllssco = [[ullrms = [|u]|aa-

Another norm inequality, that gives a lower bound for ||ul|aa, is

llEms < llellaallzllco- (4.20)
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This inequality can be understood by considering the power amplifier shown in
figure 4.8, with a 1 load resistance. If we have V.. = ||¢|lco, then the amplifier
does not saturate (clip), and the voltage on the load is the input voltage, u(t). The
average power delivered to the load is therefore ||u||?_.. The average power supply
current is ||u||aa, S0 the average power delivered by the power supply is ||u||aaVee,
which is ||u|laal|t||cc- Of course, the average power delivered to the load does not
exceed the average power drain on the power supply (the difference is dissipated in
the transistors), so we have ||u||2,s < ||©||aall%||oo, Which is (4.20).

If the signal u is close to a switching signal, which means that it spends most of
its time near its peak value, then the values of the peak, steady-state peak, RMS
and average-absolute norms will be close. The crest factor of a signal gives an
indication of how much time a signal spends near its peak value. The crest factor

is defined as the ratio of the steady-state peak value to the RMS value of a signal:

[lwllssoo

[[2eflemns

CF(u) =

Since ||u||ssco = ||©||lrms, the crest factor of a signal is at least 1. The crest factor is
a measure of how rapidly the amplitude distribution of the signal increases below
a = ||u||sso; See figure 4.11. The two signals in figure 4.11 have crest factors of 1.15
and 5.66, respectively.

The crest factor can be combined with the upper bound in (4.20) to give a bound
on how much the RMS norm exceeds the average-absolute norm:

Iullems (). (4.21)

llullaa —
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Notes and References

For general references on vector spaces, norms of signals, or norms in general, see the
Notes and References for the next chapter. The text [WH85] by Wong and Hajek covers
stochastic signals.

The bold L in the symbols Li, L2, and Lo stands for the mathematician H. Lebesgue.

Our Definition of Norm

Our definition 4.1 differs from the standard definition of a norm in two ways: first, we
allow norms to take on the value +o0; and second, we do not require ||v|| > 0 for nonzero
v (which is called the definiteness property). The standard term for what we call a norm
is seminorm. We will not need the finiteness or definiteness properties of norms; in fact,
the only property of norms that we use in this book is convexity (see chapter 6). Our less
formal usage of the term norm allows us to give a less technical discussion of norms of
signals.

The mathematically sophisticated reader can form a standard norm from each of our
seminorms by first restricting it to the subspace of all signals for which ||u|| is finite, and
then forming the quotient space, modulo the subspace of all signals for which ||u|| is zero.
This process is discussed in any mathematics text covering norms, e.g., Kolmogorov and
Fomin [KF75] and Aubin [AUB79]. As an example, || - ||ssco is a standard norm on the
vector space of equivalence classes of eventually bounded signals, where the equivalence
classes consist of signals that differ by a transient, i.e., signals that converge to each other
as t — oo.

Some Mathematical Notes

There are signals for which the RMS value (4.1) or average-absolute value (4.2) are not de-
fined because the limits in these expressions fail to exist: for example, u(t) = coslog(1+1¢).
These norms will always be defined if we substitute lim sup for lim in the definitions (4.1)
and (4.2). With this generalized definition of the RMS and average-absolute norm, many
but not all of the properties discussed in this chapter still hold. For example, with lim sup
substituted for lim in the definition of the RMS norm of a vector signal (given in (4.16)),
equation (4.17) need not hold.

We also note that the integral defining the power spectral density (equation (4.5)) need
not exist. In this case the process has a spectral measure.

Spectral Factorization of Weights

Youla [You61] developed a spectral factorization analogous to (4.13) for transfer matri-
ces, which yields an interpretation of the W-weighted RMS norm as the square root of the
total average power dissipated in a passive n-port admittance G(s). In [AND67], Ander-
son showed how this spectral factorization for transfer matrices can be computed using
state-space methods, by solving an algebraic Riccati equation. See also section 7.3 of
Francis [FrRA87].



Chapter 5

Norms of Systems

A notion closely related to the size of a signal is the size of a transfer function or
LTI system. In this chapter we explore some of the ways this notion of size of a
system can be made precise.

5.1 Paradigms for System Norms

In this chapter we discuss methods of measuring the size of an LTI system with input
w, output 2z, and transfer matrix H, shown in figure 5.1. Many commonly used
norms for LTI systems can be interpreted as examples of several general methods
for measuring the size of a system in terms of the norms of its input and output
signals. In the next few subsections we describe these general methods.

w H = z

Figure 5.1 A linear system with input w and output z.

We leave as an exercise for the reader the verification that the norms we will
encounter in this chapter do satisfy the required properties (i.e., definition 4.1).

5.1.1 Norm of a Particular Response

The simplest general method for measuring the size of a system is to measure the
size of its response to a particular input signal wpar, €.g., a unit impulse, a unit
step, or a stochastic signal with a particular power spectral density. If we use the
norm || - ||output t0 measure the size of the response, as shown in figure 5.2, we define

A
”H“part = ”prart ||output-

93
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(It can be shown that this functional satisfies all of the properties required for a
norm, as our notation suggests.)

Wpart ———> H “ . ||0utput —— “z“output

Figure 5.2 The size of a transfer matrix H can be measured by applying
a particular signal wpart, and measuring the size of the output with some
suitable signal norm || + ||output-

5.1.2 Average Response Norm

A general method for measuring the size of a system, that directly takes into account
the response of the system to many input signals (and not just one particular input
signal), is to measure the average size of the response of H to a specific probability
distribution of input signals. If || - |loutput measures the size of the response, we
define

A
”H”an = ]3 ”leloutput’

where E,, denotes expectation with respect to the distribution of input signals.

5.1.3 Worst Case Response Norm

Another general method for measuring the size of a system, that takes into account
the response of the system to many input signals, is to measure the worst case or
largest norm of the response of H to a specific collection of input signals. If ||- || output
measures the size of the response, we define

A
”H”WC = sup ”Hw“output;
weW

where W denotes the collection of input signals.

5.14 Gain of a System

An important special case of a worst case norm is a gain, defined as the largest ratio
of the norm of the output to the norm of the input. If || - || is used to measure the
size of both the input and output signals, we define

A | Hw||
|Hllgn = sup ———.
fwlizo |l

(5.1)
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The gain ||H||gy is therefore the maximum factor by which the system can scale the
size (measured by the norm || - ||) of a signal flowing through it. The gain can also
be expressed as a worst case response norm:

[Hllgn = sup [|Hwl].
lwll<1

If the transfer matrix H is not square, we cannot really use the same norm to
measure the input and output signals, since they have different numbers of com-
ponents. In such cases we rely on our naming conventions to identify the “same”
norm to be used for the input and the output. For example, the RMS gain of a
2 x 3 transfer matrix is defined by (5.1), where the norm in the numerator is the
RMS norm of a vector signal with 2 components, and the norm in the denominator
is the RMS norm of a vector signal with 3 components. It is also possible to define
a more general gain with different types of norms on the input and output, but we
will not use this generalization.

5.2 Norms of SISO LTI Systems

In this section we describe various norms for single-input, single-output (SISO)
systems.

5.2.1 Peak-Step

Our first example of a norm of a system is from the first paradigm: the size of
its response to a particular input. The particular input signal is a unit step; we
measure the size of the response by its peak norm. We define:

A
[ H llpk_step = [ls]loo

where s(¢) denotes the step response of H; we will refer to || H||pk_step as the peak-step
norm of H. This would be an appropriate measure if, say, w represents a set-point
command in a control system (a signal that might be expected to change values
only occasionally), and z represents some actuator signal, say, a motor voltage. In
this case, ||H||pk_step (multiplied by the maximum possible changes in the set-point
command) would represent a good approximation of the maximum motor voltage
(due to set-point changes) that might be encountered in the operation of the system.

5.2.2 RMS Response to a Particular Noise Input

A common measure of the size of a transfer function is the RMS value of its output
when its input is some particular stationary stochastic process. Suppose that the
particular input w has power spectral density S, (w), and H is stable, meaning that
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all of its poles have negative real part. The power spectral density of the output z
of H is then

S:(w) = Su(w)|H(jw)[?,

and therefore

el = (o [ 1HGIESu0)20) -2

Thus we assign to H the norm

oo 1/2
Al .
[l 2 (55 [ GOS0 20) 653
The right-hand side of (5.3) has the same form as (4.12), with H substituted
for W. The interpretations are different, however: in (5.3), w is some fixed signal,
and we are measuring the size of the LTI system H, whereas in (4.12), W is a fixed
weighting transfer function, and we are measuring the size of the signal w.

5.2.3 H» Norm: RMS Response to White Noise

Consider the RMS response norm above. If S, (w) = 1 at those frequencies where
|H(jw)| is significant, then we have

1 oo 1/2
1 emms.o0 ~ (5 /_ i |H(jw)|2dw> .

It is convenient to think of such a signal as an approximation of a white noise signal,
a fictitious input signal with S, (w) = 1 for all w (and thus, infinite power, which
we conveniently overlook).

This important norm of a stable system is denoted

Al1 [ 1/2
12 (55 [ )R )

— 00

(we assign |H||2 = oo for unstable H), and referred to as the Hy norm of H.
Thus we have the important fact: the Hy norm of a transfer function measures
the RMS response of its output when it is driven by a white noise excitation.
The H; norm can be given another interpretation. By the Parseval theorem,

oo 1/2
1Hlls = ( [ ney dt) — Al

the Ly norm of the impulse response h of the LTI system. Thus we can interpret
the Hy norm of a system as the Ly norm of its response to the particular input
signal 4, a unit impulse.
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5.2.4 A Worst Case Response Norm

Let us give an example of measuring the size of a transfer function using the worst
case response paradigm. Suppose that not much is known about w except that
lwlloo £ Mamp1 and ||w||oc < Mjlew, i.€., w is bounded by Mump1 and slew-rate
limited by Mgew. If the peak of the output z is critical, a reasonable measure of
the size of H is

A .
[Hlwe = sup {[|Hwlloo | [lwlloo < Mampi, [[t]loc < Mtew} -

In other words, ||H||wc is the worst case (largest) peak of the output, over all inputs
bounded by Mamp1 and slew-rate limited by Mjey, -

5.25 Peak Gain
The peak gain of an LTI system is

A | Hw|| oo
”H“pk_gn = sup i - (5.4)
lwllez0 [[®]loo

It can be shown that the peak gain of a transfer function is equal to the L; norm
of its impulse response:

||15T||pk_gn=/0 |h(2)] dt = [|A]]x- (5.5)

The peak gain of a transfer function is finite if and only if the transfer function is
stable.
To establish (5.5) we consider the input signal

w(t) = { sgn(h(T —t)) for0<t<T 656)

0 otherwise,

which has ||w|lec = 1 (the sign function, sgn(-), has the value 1 for positive argu-
ments, and —1 for negative arguments). The output at time 7' is

z(T)=/0Tw(T—t)h(t)dt
- /0 sgn(h(t))h(2) dt

= [ moa,

which converges to ||h||; as T — oco. So for large T (and H stable, so that
| H||pk_gn < 00), the signal (5.6) yields ||z||co/||w]|ec near ||k||1; it is also possible to
show that there is a signal w such that ||z||eo/||@]|co = ||P]|1-
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The peak gain of a system can also be expressed in terms of its step response s:
| H[pk_gn = Tv(s),
where Tv(f), the total variation of a function f, is defined by
N-1
Tv(f) 2 sup D If(t) -t
0<t:<...<tn Sy

Roughly speaking, Tv(f) is the sum of all consecutive peak-to-valley differences in
f; this is shown in figure 5.3.

1.4

0.8 4

s(t)

0.6 - 4

0.4} E

0.2} i

0 1 2 3 4 5 6 7 8 9 10

Figure 5.3 The peak gain of a transfer function is equal to the total
variation of its step response s, i.e., the sum of all the consecutive peak-to-
valley differences (shown as arrows) of s.

It turns out that the peak gain of a SISO transfer function is also the average-
absolute gain:

A | Hw||aa
”H“pk—gn = ”H”aa_gn = sup V7 (5.7)
Jwllaaz0 |[W]laa

5.2.6 Hs Norm: RMS Gain

An important norm of a transfer function is its RMS gain:

A Hw rm
“H”rms_gn = sup w (58)
[[w]rms#0 ”w“rms
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The RMS gain of a transfer function turns out to coincide with its Lo gain,
[ Hw|l2

Hl|rms gn = sup 5.9
” ||1‘mS gn ”w”Z;éO ”w”2 b ( )

and is equal to the maximum magnitude of the transfer function,
| H ||:ms_gn = sup |H(jw)], (5.10)

when H is stable; for unstable H we have || H||;ms_gn = 00. For this reason, the RMS
gain is sometimes called the mazimum magnitude norm or the Chebychev norm of
a transfer function. We note that the right-hand side of (5.10) can be interpreted as
a worst case response norm of H: it is the largest steady-state peak of the response
of H to any unit amplitude sinusoid (w(t) = coswt).

Equations (5.8-5.10) show that four reasonable interpretations of “the transfer
function H is small” coincide:

e the RMS value of its output is always small compared to the RMS value of
its input;

e the total energy of its output is always small compared to the total energy of
its input;

e the transfer function H(jw) has a small magnitude at all frequencies;

e the steady-state peak of the response to a unit amplitude sinusoid of any
frequency is small.

The RMS gain of a transfer function H can be expressed as its maximum mag-
nitude in the right half of the complex plane:

A
| H|lrmsgn = [[H|loo = sup [H(s)], (5.11)
Rs>0

which is called the H,, norm of H. (Note the very different meaning from ||w||o,
the Lo, norm of a signal.)

Let us establish (5.10) in the case where w is stochastic and H is stable; it is
not hard to establish it in general. Let S, (w) denote the power spectral density of
w. The power spectral density of the output z is then S, (w) = |H(jw)|?Sw(w), and
therefore

1211 7ens

1 (e o)
Py /_oo S (w) dw
1 (e o)

= | H (jw)]* Suw(w) duw

2m J o
el [
sup [H(jo) =~ [ Su(w)dw

I3 ll20 | fens-

INA
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Thus we have for all w with nonzero RMS value
| Hw||cms

<||[H
[ollns = 1711

which shows that || H||rms_gn < ||H||oo- By concentrating the power spectral density
of w near a frequency wmax at which |H(jwmax)| = || H||co, We have

[ Hw|lms

~ || H| oo-
[[llems

(Making this argument precise establishes (5.10).)
We can contrast the H,, and H, norms by considering the associated inequality
specifications. Equation (5.11) implies that the H,, norm-bound specification

|Hloo < M (5.12)
is equivalent to the specification:

|Hw||rms £ M for all w with ||w||sms < 1. (5.13)
In contrast, the Hs norm-bound specification

|Hz < M (5.14)
is equivalent to the specification

|Hw|rms < M for w a white noise. (5.15)

The H, norm is often combined with a frequency domain weight:

1 H w00 = W H|oo-

If the weighting transfer function W and its inverse W~! are both stable, the
specification ||H||w,.o < 1 can be expressed in the more classical form: H is stable
and

|H(jw)| < |[W(jw)|™* for all w,
depicted in figure 5.4(b).

5.2.7 Shifted Hoo Norm

A useful generalization of the H,, norm of a transfer function is its a-exponentially
weighted Ly norm gain, defined by

[E4[P?

1220 1@ |l2”

A
1 Hll0,a =
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[W(jw)| (dB)

30 30
201
—_
m
4 E 10+
=
13 0
3
—10¢ 1 E_m allowed region
L] .
_a20l 1 —20l for |H(jw)|
—30 —30
1 10 100 1 10 100
w w
(a) (b)

Figure 5.4 An example of a frequency domain weight W that enhances
frequencies above w = 10 is shown in (a). The specification |[WH|s <1
requires that the magnitude of H(jw) lie below the curve 1/|W(jw)|, as
shown in (b). In particular, |H(jw)| must be below —20dB for w > 12.

where w(t) = e*w(t), 2(t) = e*2(t), and z = Hw. It can be shown that

[Hllco,a = sup [H(s)| = [|Hallco, (5.16)
Rs>—a
where H,(s) = H(s — a). H, is called the a-shifted transfer function formed from
H, and the norm || - ||oo,q is called the a-shifted Ho, norm of a transfer function.
This is shown in figure 5.5.

From (5.16), we see that the a-shifted Hy norm of a transfer function is finite
if and only if the real parts of the poles of H are less than —a. For a < 0, then,
the shifted H,, norm can be used to measure the size of some unstable transfer
functions, for example,

[11/(s = Dlloo,—2

(whereas ||1/(s — 1)||co = 00, meaning that its RMS gain is infinite). On the other
hand if a > 0, the a-shifted H,, norm-bound specification

1

[Hlloo,a < M

(or even just ||H||c,a < 00) guarantees that the poles of H lie to the left of the line
Rs = —a in the complex plane.

We can interpret the shifted transfer function H(s—a) as follows. Given a block
diagram for H that consists of integrators (transfer function 1/s), summing blocks,
and scaling amplifiers, we replace each integrator with a transfer function 1/(s — a)
(called a “leaky integrator” when a < 0). The result is a block diagram of H(s —a),
as shown in figure 5.6. In circuit theory, where H is some network function, this is
called a uniform loading of H.
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|H(o + jw)|

102

|H(0 + jw)|

ko
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o
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b
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(a)

—1) Ly gain of the system is the peak

Figure 5.5 The magnitude of a transfer function H is shown in (a). The

L, gain of the system is the peak magnitude of H along the line s = jw.

The exponentially weighted (a
magnitude of H along the line s = 1 + jw, as shown in (b).
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(o)
N

L 1 o L + 1 o
s + s
(a) (b)

Figure 5.6 A realization of H(s — a) can be formed by taking each inte-
grator in a realization of H(s), shown in (a), and adding a feedback of a, as
shown in (b).

5.2.8 Hankel Norm

The Hankel norm of a transfer function is a measure of the effect of its past input on
its future output, or the amount of energy that can be stored in and then retrieved
from the system. It is given by

| H || hankel

2 sup { </Too 2(t)? dt) v

We can think of w in this definition as an excitation that acts over the time period
0 <t < T; the response or ring of the system after the excitation has stopped is
z(t) for t > T. An example of a past excitation and the resulting ring is shown in
figure 5.7.

It is useful to think of the map from the excitation (w(t) for 0 < t < T') to
ring (z(¢t) for t > T') as consisting of two parts: first, the mapping of the excitation
into the state of the system at ¢ = T'; and then, the mapping from the state of the
system at t = T' (which “summarizes” the total effect on the future output that the
excitation can have) into the output for ¢ > T. This interpretation will come up
again when we describe a method for computing || H ||hankel-

T
/ w(t)?dt <1, w(t) =0, t>T20}-
0

5.2.9 Example 1: Comparing Two Transfer Functions

In this section we will consider various norms of the two transfer functions

—44.15% + 33452 4 10345 + 390
s8 + 2055 + 15554 + 58653 + 111552 + 1034s + 390’
—220s3 + 22252 4 190155 + 7245
s8 +29.1s5 4 29754 + 180553 + 988252 + 190155 + 7245

These transfer functions are the I/O transfer functions (T") achieved by the con-
trollers K(® and K(P) in the standard plant example of section 2.4. The step

H{)(s) = (5.17)

H)(s) = (5.18)
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w(t)=0fort>T

0 <

w(t)

z(t) rings for t > T

-10 -8 -6 -4 -2 0 2 4 6 8 10
t—T
Figure 5.7 The Hankel norm of a transfer function is the largest possible

square root energy in the output z for ¢ > T', given a unit-energy excitation
w that stops at t =T

responses of H}g) and I-Ig’) are shown in figure 5.8 and their frequency response

magnitudes in figure 5.9. The values of various norms of H. {3) and H. ﬂ;) are shown
in table 5.1.

From the first row of table 5.1 we see that the peak of the response of HS) to
a step input is about the same as H}g). Thus, in the sense of peak step response,
HS) is about the same size as Hfg).

IfH {g) and H. 933) are driven by white noise, the RMS value of the output of H. g)
is less than half that of H{g) (second row). Figure 5.10 shows an example of the

Norm H}g) Hﬂ;) figure
I Npkstep | 1.36 | 1.40 | 5.8

- Il 117 | 2.69 | 5.10
Il [fwe 1.60 | 1.68 | 5.11
| llpkgn | 1.74 | 4.93 | 5.12
I lloo 1.47 | 3.72 | 5.9

| - lhanker | 1.07 | 2.04 | 5.13

Table 5.1 The values of six different norms of Hf;) and Hl(g).
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1.6 o
|Hi3 ||pk_step = 1.40
Lal s et

||H§§) ”pk_step =1.36

1.2

0.8

0.6

0.4

0 1 2 3 4 5 6 7 8 9 10

Figure 5.8 The step responses of the transfer functions in (5.17) and (5.18).
Note that || H{3 ||pk_step = 1.36, and [|H{3 [lpk_step = 1.40.

10 ——— T ————

E a b _ ]

. 1H® || = 1.47 I3 [loo = 3.72

1e ;

5 ]

i b)/ .

oal |Hi5 (o)l

i |H3) (jw)| ]

0.01 T T R T T N R
0.1 1 10 100

w

Figure 5.9 The magnitudes of the transfer functions in (5.17) and (5.18).
Note that |[H?|ls = 1.47, and ||H Y ||e = 3.72.
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outputs of HS) and Hﬂ;) with a white noise excitation. Thus, in the sense of RMS

response to white noise, we can say that H:Eg) is about half the size of Hﬂ:).

6 6

'

b
IHE 2 = 2,60
IHS ]2 = 117

4/

—~ —~~
E 0 E 0
N N
-2 -2
—al -4
—6 —6
0 2 4 6 8 10 0 2 4 6 8 10
t t
(a) (b)

Figure 5.10 (a) shows a sample of the steady-state response of Hl(g) to a
white noise excitation, together with the value ||H§g)||2 = 1.17. (b) shows
a sample of the steady-state response of H}Q’) to a white noise excitation,
together with the value ||H1(§)||2 = 2.69.
From the third row, we see that the worst case response of Hg) to inputs

bounded and slew-rate limited by 1 is similar to that of H. P;). Amplitude and slew-
rate limited input waveforms that produce outputs with peak values close to these
worst case values are shown in figure 5.11. Thus, in the sense of maximum peak

output in response to inputs bounded and slew limited by 1, H. S) is about the same
size as Hfg).
From the fourth row, we see that the peak output of A ﬂ;) with a worst case input

bounded by 1 is almost three times larger than Hfg) This is expected from the
step response total variation expression for the peak gain (see figures 5.3 and 5.8).
Input waveforms that produce outputs close to these worst case values are shown
in figure 5.12. Thus, in the sense of maximum peak output in response to inputs

bounded by 1, Hf;) is less than one third the size of Hﬂ;).

From the fifth row, we see that the RMS gain of H:E';) is more than twice as
large as the RMS gain of HS:) This can be seen from figure 5.9; input signals that
result in the largest possible ratio of RMS response to RMS input are sinusoids at
frequencies w = 0.9 (for H;g)) and w = 6.3 (for Hfg)).

Finally, the worst case square root energy in the output of HS) after its unit-

energy input signal is turned off is about 48% lower than the worst case for Hﬂ;)
(sixth row of table 5.1). Thus, in the sense of square root energy gain from past

inputs to future outputs we can say that HS) is about half the size of Hﬂ;). Fig-
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Figure 5.11 (a) shows an input signal w with ||w]lec = 1 and ||W]|e =1
that drives the output of H 2 close to ||H(2||we = 1.60. (b) shows an input
signal w with ||w]lec =1 and ||w||c = 1 that drives the output of H1(1:~:) close
to ||H 2 ||we = 1.68.

4 4t
L w(t)
2-/
Y AR T T VT O L O T I I A ': 1~
SNARERREERRRRRRRER RN
—2l
—4 —4 Z(t)
0 2 4 6 8 10 0 2 4 6 8 10
t t
(a) (b)
Figure 5.12 (a) shows an input signal w with ||w]lec = 1, together with

the output z produced when Hl(g) is driven by w; z(10) = 1.74 is very close

to || H2||pk_gn- (b) shows an input signal w with ||w||ec = 1, together with
the output z produced when H}‘;) is driven by w; z(10) = 4.86 is close to
I HL3 [lp_gn = 4.93

13 |lpk—gn +J9.



108 CHAPTER 5 NORMS OF SYSTEMS

ure 5.13 shows unit-energy excitations for ¢ < 5 that produce square root output

energies for ¢ > 5 close to the Hankel norms of HS) and HS').

3 T T T T T T T T T 3

(a) (b)

Figure 5.13 (a) shows a unit-energy input signal w that is zero for ¢ > 5,

together with the output z when Hl(;) is driven by w. The square root

energy in z for t > 5 is close to ||H1(;)||hanke1 = 1.07. (b) shows a unit-
energy input signal w that is zero for ¢ > 5, together with the output z

when Hfg) is driven by w. The square root energy in z for ¢ > 5 is close to
”Hg)“hankel = 2.04.

5.2.10 Example 2: the Gain of an Amplifier Circuit

Consider the band pass filter circuit shown in figure 5.14. We will assume that the
opamp saturates at £14V. The input of the circuit (which is produced by another
opamp) is no larger than +14V (i.e., |w||coc < 14). We ask the question: can this
filter saturate?

Assuming the opamp does not saturate, the transfer function from w to z is

—2s/10*

HE) = o+ 02

(5.19)
The maximum magnitude of this transfer function is 1.0 (||H||s = 1), so, provided
the opamp does not saturate, the RMS value of the filter output does not exceed
the RMS value of the filter input. It is tempting to conclude that the opamp in the
filter will not saturate.

This conclusion is wrong, however. The peak gain of the transfer function H
is || H||pk_gn = 1.47, so there are inputs bounded by, say, 10V that will drive the
opamp into saturation. Figure 5.15 gives an example of such an input signal, and
the corresponding output that would be produced if the opamp did not saturate.
Since it exceeds 14V, the real filter will saturate with this input signal.
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5nF
I

10nF 0k 20K

Figure 5.14 A bandpass filter circuit. The amplifier has very large open-
loop gain. The output clips at 14V, and the input lies between £14V.
When the circuit is operating linearly the transfer function from w to z is
given by (5.19).

150 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

t (ms)
Figure 5.15 If the circuit shown in figure 5.14 did not saturate, the input
w shown would produce the output z. Even though ||w|. = 10V, we have
||#]|loc = 14.7V. Thus the input w will drive the real circuit in figure 5.14
into saturation. Of course, ||z||ims < ||w]|tms, since || H|[rms_gn = 1.
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5.3 Norms of MIMO LTI Systems

Some of the common norms for multiple-input, multiple-output (MIMO) LTT sys-
tems can be expressed in terms of the singular values of the n, x n,, transfer matrix
H, which, roughly speaking, give information analogous to the magnitude of a SISO
transfer function. The singular values of a matrix M € C™*™* are defined by

o (M) & (M M)Y?, i=1,...,min{n.,ny}, (5.20)

where \;(-) denotes the ith largest eigenvalue. The largest singular value (i.e., o1)
is also denoted opax- A plot of o;(H(jw)) is called a singular value plot, and is
analogous to a Bode magnitude plot of a SISO transfer function (an example is
given in figure 5.17).

5.3.1 RMS Response to a Particular Noise Input

Suppose H is stable (i.e., each of its entries is stable), and S, is the power spectral
density matrix of w. Then

1 A
”H”rms,w = <Trg/ H(]w)Sw(]w)H(]w) dw) -

5.3.2 H» Norm: RMS Response to White Noise

If Sy (w) = I for those frequencies for which H(jw) is significant, then this norm is
approximately the Hs norm of a MIMO system:

oo 1/2
A 1 . N
| H ||rms,w = || H||2 = <Tr ﬂ/ H(jw)H(jw) dw) . (5.21)

The Hy norm of H is therefore the RMS value of the output when the inputs are
driven by independent white noises.
By Parseval’s theorem, the Hs norm can be expressed as

1/2

IEH||2 = <Tr /0 ~ he)h(e)T dt)

— 1/2
_ (zzumknz) ,

i=1 k=1

where h is the impulse matrix of H. Thus, the Hy norm of a transfer matrix H is
the square root of the sum of the squares of the Hy norms of its entries.
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The H, norm can also be expressed in terms of the singular values of the transfer
matrix H:

o n 1/2
||H||z=<% / Zai(H(jw))zdw> , (5.22)

where n = min{n,,n, }. Thus, the square of the Hy norm is the total area under
the squared singular value plots, on a linear frequency scale. This is shown in
figure 5.16.

80

70 + E
60 - -
50 - E
40 + g
a'f+a'§+a'§

30+ E

20 E

10 | i

0 5 10 15 20 25 30 35 40
w

Figure 5.16 For a MIMO transfer matrix, || H||3 is proportional to the area
under a plot of the sum of the squares of the singular values of H (shown
here for min{n.,n.} = 3).

5.3.3 Peak Gain
The peak gain of a MIMO system is

A “Hw“oo oo Nw
Willian = S0l — 22825 s (2) dt. (5.23)
e [lwl] o #0 ”w“oo 1<i<n. Jg ng J

For MIMO systems, the peak gain is not the same as the average-absolute gain
(c.f. (5.7)). The average-absolute gain is
A [ Hw||aa

[Hllaagn = sup

= | H” ||k
fwleazto 12]laa e

the peak gain of the LTI system whose transfer matrix is the transpose of H.
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5.34 RMS Gain

The RMS gain of a MIMO system is important for several reasons, one being that it
is readily computed from state-space equations. The RMS gain of a MIMO transfer
matrix is

A
| Hll:ms_gn = [[Hlloo = SUP omax(H(s)),
Rs>0

the Ho, norm of a transfer matrix (c.f. (5.11), the analogous definition for transfer
functions). Thus, ||[H|| < oo if and only if the transfer matrix H is stable. For
stable H, we can express the H,, norm as the maximum of the maximum singular
value over all frequencies:

[H||oo = sup Omax(H (jw)),
w
as shown in figure 5.17. Note that the other singular values do not affect ||H||oo-

10

O N LALAL AL LLA LA LL L LA LLLL A LA LA L L]

N

[e ]

0.1 1 10 100
w

Figure 5.17 The H,, norm of a stable transfer matrix H is the maxi-
mum over frequency of the maximum singular value, o;. The other singular
values, o2,...,0,, do not affect the H,, norm.

5.3.5 Entropy of a System

In this section we describe a measure of the size of a MIMO system, which is not
a norm, but is closely related to the Hy norm and the H,, norm. For v > 0 we
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define the y-entropy of the system with transfer matrix H as

2 oo
A 7 / logdet (I — vy ?H(jw)H(jw)*) dw if [|Hl||oo <

I’Y(H) _% —oo
00 if [[Hlloo 2
(c.f. (5.21)). The vy-entropy can also be expressed in terms of the singular values as
1 [ e . 2 .
— —~*log (1 — (o3 (H f|H]|oo
L) - %/_w; 72 log (1 = (o (H(jw))/7)?) dw i€ [H]loo < 7

00 if | Hl|oo > 7y

(c.f- (5.22)). This last formula allows us to interpret the y-entropy of H as a measure
of its size, that puts a weight —y2log(1 — (¢/7)?) on a singular value o, whereas
the Hy norm uses the weight o2. This weight function is shown in figure 5.18, with
o? shown for comparison.

—y*log (1= (a/7)?)

o

Figure 5.18 The v-entropy of H is a measure of its size that puts a weight
—~*log(1 — (¢/v)?) on a singular value o, whereas the H> norm uses the
weight o2,

Since these two weight functions are close when o; is small compared to v, we
see that

lim \/T,(8) = | H]l. (5.24)
From figure 5.18 we can see that

I,(H) 2 ||H||2, (5.25)
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i.e., the square root of the vy-entropy of a transfer matrix is no smaller than its Hy
norm. We also have the more complicated converse inequality

VI \/ —log(1l — a2) ||H||2, (5.26)

where o = ||H||oo/y < 1. Thus, the relative increase in the square root of the
v-entropy over the Hs norm can be bounded by an expression that only depends
on how close the Ho, norm is to the critical value . For example, if || H||oo < /2
(o £0.5), we have ||H||2 < \/I,(H) < 1.073||H||2, i.e., if v exceeds ||H||o by 6dB
or more, then the square root of the vy-entropy and ||H||2 cannot differ by more
than about 0.6dB. Thus, the H, norm of a transfer matrix must be near v for the
square root of the y-entropy to differ much from the Hs norm.

An important property of the entropy is that it is readily computed using state-
space methods, as we will see in section 5.6.5.

An Interpretation of the Entropy

Recall that the square of the Hy norm of a transfer function H is the power of
its output when it is driven by a white noise. For the case of scalar (i.e., transfer
function) H, we can give a similar interpretation of the y-entropy of H as the average
power of its output when it is driven by a white noise, and a certain random feedback
is connected around it, as shown in figure 5.19.

+
w H z

A

Figure 5.19 The y-entropy of a transfer function H is the average power of
its output z when it is driven by a white noise w and a random feedback A
is connected around it. The values of the random feedback transfer function
A are independent at different frequencies, and uniformly distributed on a
disk of radius 1/v centered at the origin in C.

The transfer function from w to z in figure 5.19, with a particular feedback
transfer function A connected, is H/(1 — AH), so the power of the output signal is

H 2
|,

We now assume that A is random, with A(jw) and A(jv) independent for w # v,
and each A(jw) uniformly distributed on the disk of radius 1/v in the complex
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plane. Then we have

’ = L(H), (5.27)

H

Alll—AH

where E denotes expectation over the random feedback transfer functions A.

Some feedback transfer functions decrease the power in the output, while other
feedback transfer functions increase it; the inequality (5.25) shows that on average,
the power in the output is increased by the feedback. The limit (5.24) shows that
if the feedback is small, then it has little effect on the output power (indeed, (5.26)
shows that the average effect of the feedback on the output power is small unless
the Hy, norm of the feedback is close to the inverse of the Hy, norm of H).

5.3.6 Scaling and Weights

The discussion of section 4.3.5 concerning scalings and weights for norms of vector
signals has important implications for norms of MIMO systems; gains especially are
affected by the scaling used to measure the input and output vector signals. For
example, let us consider the effect of scaling on the RMS gain of a (square) MIMO
system. Let D be a scaling matrix (i.e., diagonal). The D-scaled RMS value of Hw
is ||Hw|| p,rms = || DHW||rms; the D-scaled RMS value of w is ||w||p,rms = || DW||rms-
Thus, the D-scaled RMS gain of H is

|IDHW ||rms |DH D=2 ||smms
sup ————— = Sup ——————
llellrmms #0 ”D'U)”rms ||l cms #0 ||w||1'mS
= |PHD||o,

the H,, norm of the diagonally pre- and post-scaled transfer matrix.
More general transfer matrix weights can be applied, e.g., |[Wpost HWopye||-

5.4 Important Properties of Gains

5.4.1 Gain of a Cascade Connection

An important property of gains is that the gain of the product of two transfer
matrices can be bounded in terms of the gains of the individual transfer matrices:
if || - ||gn denotes any gain, then

[HoHillgn < [|H2|lgn[| H1llgn- (5.28)

This inequality is easily established; it can be seen from figure 5.20. The prop-
erty (5.28) does not generally hold for norms of LTI systems that are not gains. For
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example,
3s
H=———
1T 24543
7, — 3s
27 $2405s5+2

have ||H1||pk_step = 1.18 and ||Ha||pk_step = 1.65, so that || H1||pk_step || H2||pk_step =
1.95, but || HaHy ||pi_step = 2.80 > 1.95.

On the other hand, ||Hi||eo = 3, ||Hz2||cc = 6, and ||H2H1||co = 15.3 < 18, since
the H,, norm is the RMS gain.

H, H, —= z

Figure 5.20 The gain of two cascaded transfer matrices is no larger
than the product of the gains of the transfer matrices, i.e.: |[HzHillgn <
| Hzlgnl| H1 llgn-

5.4.2 Gain of a Feedback Connection

w H, z

H,

Figure 5.21 Two systems connected in a feedback loop.

Consider the feedback connection shown in figure 5.21. Assuming that this feedback
connection is well-posed, meaning that det(I — HyH>) is not identically zero, the
transfer matrix from w to z is

G = (I — HiH,) 'H, = H,(I — HH;)™ . (5.29)

A fact that we will need in chapter 10 is that, provided the product of the gains
of the two transfer matrices is less than one, the gain of G can be bounded. More
precisely, if

| H1 llgn|| Hzlgn < 1 (5.30)
holds, then the feedback connection is well-posed and we have

| Hllgn
Gllen < 5.31
1Glen < T8l Bl (5:81)
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(note the similarity to (5.29)).

The condition (5.30) is called the “small gain” condition, since, roughly speaking,
it limits the gain around the loop in figure 5.21 to less than one. For this reason,
the result above is sometimes called the small gain theorem.

The small gain theorem can be used to establish stability of a feedback connec-
tion, if the gain || - ||gn is such that || H||gn < co implies that H is stable. The RMS
gain, for example, has this property: the small gain condition ||H||s||Hz|leo < 1
implies that the transfer matrix G is stable, that is, all of its poles have negative
real part. Similarly, if the gain || - ||gn is the a-shifted Ho, norm, then the small
gain condition ||H1||co,a||H2||co,e < 1 implies that the poles of G have real parts less
than —a.

The small gain theorem is easily shown. Suppose that the small gain condi-
tion (5.30) holds. The feedback connection of figure 5.21 means
z = Hl(w + H2Z) = le + H1H2z.
Using the triangle inequality,

21l < [|Hyw|| + || Hi Haz]l,

where || - || is the norm used for all signals. Using the definition of gain and the
property (5.28), we have

Izl < |Hillgnllwll + (| HiHz|lgnll2]| £ [|Hxllgnllwl] + [[H1|lgnl| H2|lgall 2],
so that

121l (1 = [[Hllgnl| H2llgn) < [|Hxllgnl|w]l-

Using the small gain condition, we have

[ H1lgn
|Hilgn|| Ha|lgn

Izl < 7= | [[l]- (5.32)

Since (5.32) holds for all signals w, (5.31) follows.

5.5 Comparing Norms

The intuition that different norms for LTI systems should generally agree about
which transfer matrices are “small” or “large” is false. There are, however, some
general inequalities that the norms we have seen must satisfy.
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5.5.1 Some General Inequalities

For convenience we will consider norms of SISO systems, i.e., norms of transfer
functions.

Since || - ||pk_step and || - || are each worst case peak norms over input signal
sets that have peaks no greater than one (a unit step in the first case, and unit
amplitude sinusoids in the second), it follows that these norms will be no larger
than the peak gain of the system,

[ H ||pk_gn > [[H]|oos

| H llpk_gn 2 [[H [|pk_step-

From the definition of the Hankel norm, we can see that it cannot exceed the Lo
gain, which we saw is the H,, norm, so we have

1 H ||nankel < [|H][oo-

It is possible for a system to have a small RMS gain, but a large peak gain.
However, if H has n poles then the peak gain of H can be bounded in terms of the
Hankel norm, and therefore, the RMS gain:

[Hllco < | H|lpkgn < (272 + 1)|[H |[nanker < (272 + 1) H|o- (5.33)

This means that for low order systems, at least, the peak gain, RMS gain, and
Hankel norm cannot differ too much.

5.5.2 Approximating Norms: an Example

Consider the worst case norm described in section 5.1.3, with the amplitude bound
and slew-rate limit each equal to one:

[H|lwe = sup {[Hwlloo | lwlloc <1, [Jt0]loc <1}

Roughly speaking, the bound and slew-rate limit establish a bandwidth limit of
about one for the input signal w. We might therefore suspect that we can approxi-
mate | H||wc by a weighted peak gain, where the weight is some appropriate lowpass
filter with a bandwidth near one:

[ Hl[we = [HW||pk gn-
We will show that this intuition is correct: for W(s) = 1/(2s + 1), we have
[HW ||pk_gn < [|Hlwe < 3| HW||pk_gn (5.34)

for all transfer functions H. Thus, v/3 ||HW ||pk_gn approximates ||H||wc to within
+4.8dB.
To establish (5.34), suppose that wy is a signal with

[wollo =1, [HWwolloo = [[HW|[pk_gn
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(such a wo can be shown to exist). Let w; = Wwp. Then we have

[willo < W llpkgn =1,

and

s
2s+1

=1.
pk_gn

o0

li1]lco = %—Hwo

Therefore w satisfies the amplitude limit | w||oc < 1 and slew-rate limit ||w1]|e < 1,
so we must have ||[Hw1||oo < ||H||we. Since ||Hw:||oo = ||HW||pk_gn, this means that

[ EW [loic_gn < [[H]lwe-

We now establish the right-hand inequality in (5.34). Consider w, such that

lwalloo <1, lhialloe <1, [ Huwallow = [1Hllue
(such a wy can be shown to exist). Define wz by

w3 = 2y + we = W w,.
Then [lwsllo < 2[[th2]lc0 + [lw2llec = 3, and [[HWws|leo = ||[Hwzlloo = [[H]||we-

Hence

[HEWwslloo _ [[H|lwe

HW >
” ”Pk—gn ”w3”oo 3

which establishes the right-hand inequality in (5.34).

This example illustrates an interesting tradeoff in the selection of a norm. While
||H||we may better characterize the “size” of H in a given situation, the approxima-
tion ||HW ||pk_gn (or even ||HW || ; see the previous section) may be easier to work
with, e.g., compute. If |w||c < 1 and ||¥||ee < 1 is only an approximate model of
possible w’s, and the specification ||z||cc < @ need only hold within a factor of two
or so, then

I W ||pk_gn < V3o

would be an appropriate specification.

5.6 State-Space Methods for Computing Norms

The H,, Hankel, and H, norms, and the y-entropy of a transfer matrix are readily
computed from a state-space realization; methods for computing some of the other
norms we have seen are described in the Notes and References. In this section we
assume that

¢ = Az + Buw, z=Cz
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is a minimal realization of the stable transfer matrix H, i.e.,
H(s)=C(sI — A)™'B.

The references cited at the end of this chapter give the generalization of the H,
norm computation method to the case with a feed-through term (z = Cz + Dw).

5.6.1 Computing the Ho Norm

Substituting the impulse matrix h(t) = Ce“*B of H into

|2 = Tr ( / " b At dt)

we have
|H|3 = Tr <BT /oo A"t 0T Ce™ dt B)
)}
= Tr (BT WopsB) , (5.35)
where

[e)
Wobs é / eATtCTCEAt dt
0

is the observability Gramian of the realization, which can be computed by solving
the Lyapunov equation

ATWobs + WobsA + CTC =0 (536)

(see the Notes and References).
The observability Gramian determines the total energy in the system output,
starting from a given initial state, with no input:

z(0)T Wopsz(0) = /000 2(t)T 2(¢) dt,

where ¢ = Az, z = C.
Since Tr(RS) = Tr(SR), the above derivation can be repeated to give an alter-
nate formula

1H]2 = (Tr (CWeonsCT)) "%, (5.37)

where

o ]
Wcontré/ eAtBBTeATtdt
0
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is the controllability Gramian, which can be found by solving the Lyapunov equation

AWcontr + WcontrAT + BBT =0. (538)

The controllability Gramian determines which points in state-space can be reached
using an input with total energy one:

& = Az + Bw, z(0)=0, z(T)=zq4 [ w(t)Tw(t)dt<1,
for some T and w

A
ngc_itrwd <1

Thus, the points in state-space that can be reached using an excitation with total
energy one is given by an ellipsoid determined by Weont:. (See chapter 14 for more
discussion of ellipsoids.)

5.6.2 Computing the Hankel Norm

The Hankel norm is readily computed from the controllability and observability
Gramians via

1/2 172 \\1/?
”H”hankel = (Amax(Wco/ntrWobsWCO/ntr))
= (Amax(I/VobsI/Vcontr))l/2 ) (539)

where Apax(-) denotes the largest eigenvalue. Roughly speaking, the Gramian W
measures the energy that can be “retrieved” in the output from the system state,
and Weont measures the amount of energy that can be “stored” in the system state
using an excitation with a given energy. These are the two “parts” of the mapping
from the excitation to the resulting ring that we mentioned in section 5.2.8; (5.39)
shows how the Hankel norm depends on the “sizes” of these two parts.

5.6.3 Computing the Hoo Norm

There is a simple method for determining whether the inequality specification
|H||oo < 7y is satisfied. Given v > 0 we define the matrix

A -1BBT
M’Y = —’)’_ICTC 7 —AT (5.40)
Then we have
|H|loo < v <= M, has no imaginary eigenvalues. (5.41)

Hence we can check whether the specification |H|| < 7 is satisfied by forming
M, and computing its eigenvalues. The equivalence (5.41) can be used to devise
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an algorithm that computes ||H| . with guaranteed accuracy, by trying different
values of v; see the Notes and References at the end of this chapter.

The result (5.41) can be understood as follows. ||H||o < 7 is true if and only if
for all w € R, 721 — H(jw)* H(jw) is invertible, or equivalently, the transfer matrix

G(s) = (I—7"*H(=s)"H(s))"

has no jw axis poles. We can derive a realization of G as follows. A realization of
H(—5)T (which is the adjoint system) is given by

H(=s)" = (B") (s - (-4"))™" (=C") .

Using this and the block diagram of G shown in figure 5.22, a realization of G is
given by G(s) = Cg(sI — Ag)"'Bg + D¢, where

1

Ag =M,

B
se=[ 7]
Ce=[0 7 'BT ]
Dg=1

Since A¢g = M,,, and it can be shown that this realization of G is minimal, the jw
axis poles of G are exactly the imaginary eigenvalues of M., and (5.41) follows.

+
U )
+

H(—s)" H(s)
vy 2!

Figure 5.22 A realization of G(s) = v*(y*I — H(—s)T H(s))™!. G has no
imaginary axis poles if and only if the inequality specification ||H|e < v

holds.

The condition that M., not have any imaginary eigenvalues can also be expressed
in terms of a related algebraic Riccati equation (ARE),

ATX + XA+~ 'XBBTX +47CTC =0. (5.42)

(Conversely, M, is called the Hamiltonian matriz associated with the ARE (5.42).)
This equation will have a positive definite solution X if and only if M, has no
imaginary eigenvalues (in which case there will be only one such X). If | H|| < 7,
we can compute the positive definite solution to (5.42) as follows. We compute any
matrix T such that
-1 Ain A
roar = e ]
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where Ay, is stable (i.e., all of its eigenvalues have negative real part). (One good
choice is to compute the ordered Schur form of M,; see the Notes and References
at the end of this chapter.) We then partition T" as

Ty, Ti
T = ,
[ To1 Ta2 ]

and the solution X is given by
X =T, T;"

The significance of X is discussed in the Notes and References for chapter 10.

5.6.4 Computing the a-Shifted H,, Norm
The results of the previous section can be applied to the realization
t=(A+al)z+ Bw, z=Cz

of the a-shifted transfer matrix H(s — a). We find that ||H||oc,e < 7y holds if and
only if the eigenvalues of A all have real part less than —a and the matrix

A+al v 'BBT
—~1CTC —AT —aIl

has no imaginary eigenvalues.

5.6.5 Computing the Entropy

To compute the y-entropy of H, we first form the matrix M, in (5.40). If M,
has any imaginary eigenvalues, then by the result (5.41), |H|| > 7 and hence
I,(H) = oo. If M, has no imaginary eigenvalues, then we find the positive definite
solution X of the ARE (5.42) as described above. The ~-entropy is then

I,(H)=~yTr (BTXB). (5.43)
From (5.42), the matrix X = 7X satisfies the ARE
ATX + XA+~ 2XBBTX +CTC =0.

Note that as v — o0, this ARE becomes the Lyapunov equation for the observability
Gramian (5.36), so the solution X converges to the observability Gramian Ws.
From (5.43) and (5.35) we see again that I,(H) — ||H||3 as ¥ — oo (see (5.24) in
section 5.3.5).
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Notes and References

Norms of Signals and Systems for Control System Analysis

The use of norms in feedback system analysis was popularized in the 1960’s by researchers
such as Zames [ZAM66B], Sandberg [SAN64], Narendra [NG64], and Willems [WIL69],
although some norms had been used in control systems analysis before these papers. For
example, the square of the H; norm is referred to as I, in the 1957 book [NGK57];
chapter 7 of the 1947 book [JNP47], written by Philips, is entitled RMS-Error Criterion
in Servomechanism Design.

A thorough reference on norms for signals and systems in the context of control systems
is Desoer and Vidyasagar [DV75]. This book contains general and precise definitions of
many of the norms in this and the previous chapter. Mathematics texts covering many of
the norms we have seen include Kolmogorov and Fomin [KF75] and Aubin [AUB79]. The
bold H in the symbols Hy and H, stands for the mathematician G. H. Hardy.

The observation that the total variation of the step response is the peak gain of a transfer
function appears in Lunze [LuN89].

Singular Value Plots

Singular value plots are discussed in, for example, Callier and Desoer [CD824], Ma-
ciejowski [MAC89], and Lunze [LUN89]. Analytical properties of singular values and nu-
merical algorithms for computing them are covered in Golub and Van Loan [GL89].

The Entropy Interpretation

The simple interpretation of the entropy, as the average square of the Hy norm when a
random feedback is connected around a transfer function, has not appeared before. We do
not know how to generalize this interpretation to the case of a transfer matrix, although
it is likely that there is a similar interpretation.

To prove the result (5.27) we consider an arbitrary h € C, and A a complex random
variable uniformly distributed on the disk of radius 1/y. We then have

2_ﬁ 1/y p2w h
T 0 o 1 —reifh

_J ' log(L—[h]*/4*) R <~
00 |h| >~

h

2
T_ AR rdfdr

d

(the integration over 0 can be evaluated by residues). By integrating over w, the re-
sult (5.27) follows.

Comparing Gains
The result (5.33) is from Boyd and Doyle [BD87].

Small Gain Theorem

The small gain theorem from section 5.4.2 is a standard mathematical result. Applications
of this result (and extensions) to feedback system analysis are discussed in Desoer and
Vidyasagar [DV75] and Vidyasagar [VID78]; see also chapter 10.



NOTES AND REFERENCES 125

State-Space Norm Computations

Using the controllability or observability Gramian to compute H norms is standard;
see for example [FRA87]. The Lyapunov equations that arise are nowadays solved nu-
merically by special methods; see Bartels and Stewart [BS72] and Golub, Nash, and
Van Loan [GNL79]. Tables of formulas for the Hs norm of a transfer function, in terms
of its numerator and denominator coeflicients, can be found in Appendix E2 of Newton,
Gould, and Kaiser [NGKb57]. These tables are based on a method that is equivalent to
solving the Lyapunov equations. (Professor T. Higgins points out that there are several
errors in these tables.)

The result on Hankel norm computation can be found in, e.g., [GLO84, §2.3] and [FRA8T].
The result of section 5.6.3 is from Boyd, Balakrishnan, and Kabamba [BBK89]; see also
Robel [ROB89] and Boyd and Balakrishnan [BB90]. The method for computing the en-
tropy appears in Mustafa and Glover [MG90] and Glover and Mustafa [GM89].

A discussion of solving the ARE can be found in [AM90]. The method of solving the
ARE based on the Schur form is discussed in Laub [LAU79]; see also the articles [AL84,
Do081]. Numerical issues of these and other state-space computations are discussed in
Laub [LAU85].

Computing Some Other Norms

Computing the peak gain or peak-step norm from a state-space description of an LTI
system is more involved than computing the entropy or the H2 or H,, norm. Perhaps
the simplest method is to numerically integrate (i.e., solve) the state-space equations
to obtain the impulse or step response matrix. | H||pk_gn could then be computed by
numerical integration of the integrals in the formula (5.23). Similarly, ||H||pk_step could be
determined directly from its definition and the computed step response matrix.

For other norms, e.g., | H||wc, there is not even a simple formula like (5.23). Nevertheless
it can be computed in several ways; we briefly mention some here. It can be expressed as

[ H|lwe = sup {/ h(t)w(t)dt | |lwlloo < Mampt, [|0]]o0 < Mslew}, (5.44)
0

which is an infinite-dimensional convex optimization problem that can be solved using
the methods described in chapters 13-15. Alternatively, the (infinite-dimensional) dual
problem can be solved:

1 H ||lwe = min  Mampi[|All1 + Mstew
reER
ARy - R

bt / (h(r) = A(r)) dr

1

This dual problem is unconstrained.

The computation of ||H||we. can also be formulated as an optimal control problem. We
include w as an additional state, so the dynamics are

¢=Az+Bw, w=u, z=Cz  z(0)=w(0)=0.
The peak and slew-rate limits on w can be enforced as the control and state constraints

[u()] < Motew,  |w(t)] £ Mampl-
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The objective is then simply z(T") with T free. The solution of this free end-point optimal
control problem (which always occurs as T — oo) yields ||H||we. This optimal control
problem has linear dynamics and convex state and control constraints, so essentially all
numerical methods of solution will find the value ||H||w. (and not some local minimum).
See, for example, the books by Pontryagin [PoN62], Bryson and Ho [BH75, cH.7], and
the survey article by Polak [PoL73].

The Figures of Section 5.2.9

The input signals in figure 5.11 were computed by finely discretizing (with first-order hold)
the optimization problem

10
max / h(10 — t)w(t) dt
[w]|e <1 0

lflo <1

and solving the resulting linear program.
The input signals in figure 5.12 were computed from (5.6) with 7' = 10.

The unit-energy input signals in figure 5.13 give the largest possible square root output en-
ergy for t > 5. These input signals were computed by finding the finite-time controllability
Gramian

contr

5
T T
w é W[O’s] = / eAtBBTeA ¢ dt = Wcontr - ESAWcontreSA .
0

where H(s) = C(sI — A)™'B.
If X is the largest eigenvalue of W/2W,,sW'/2 and z is the corresponding eigenvector,

with ||z]|2 = 1, then the input signal

wlt) = BTeATG-W-1/2, for 0 <t < 5,
0 otherwise,

has unit energy, and drives the system state to W'/2z at ¢t = 5. (It is actually the smallest

energy signal that drives the state from the origin to W'/2z in 5 seconds.) The output for
t>5,

2(t) = Ce* W2,
has square root energy
)‘1/2 — ()\max(WlmWobsz/z))l/z

(c.f. (5.39)).



Chapter 6

Geometry of Design
Specifications

In this chapter we explore some geometric properties that design specifications
may have, and define the important notion of a closed-loop convezx design spec-
ification. We will see in the sequel that simple and effective methods can be
used to solve controller design problems that are formulated entirely in terms of
closed-loop convex design specifications.

6.1 Design Specifications as Sets

‘H will denote the set of all n, x n, closed-loop transfer matrices; we may think
of H as the set of all conceivable candidate transfer matrices for the given plant.
Recall from chapter 3 that design specifications are boolean functions or predicates
on H. With each design specification D; we will associate the set H; of all transfer
matrices that satisfy it:

H;={H € H | H satisfies D;}.

Of course, there is a one-to-one correspondence between subsets of H (i.e., sets
of transfer matrices) and design specifications. For this reason we will also refer to
subsets of H as design specifications. Whether the predicate (e.g., ¢gos(H) < 6%)
or subset ({H | ¢os(H) < 6%}) is meant should be clear from the context, if it
matters at all.

The boolean algebra of design specifications mentioned in chapter 3 corresponds
exactly to the boolean algebra of subsets, with some of the correspondences listed
in table 6.1.

127
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Design specifications Sets of transfer matrices
H satisfies D; H e H,

D, is stronger than Ds H, C Ho

D, is weaker than D, Hi D Hs

Dy A Dy Hi NHy

D, is infeasible Hi=10

D, is feasible Hi#0

D is strictly stronger than Ds | Hy1 C Ha, Hi # Ho

Table 6.1 Properties of design specifications and the corresponding sets of
transfer matrices.

6.2 Affine and Convex Sets and Functionals

In this section we introduce several important definitions.

We remind the reader that H is a vector space: roughly speaking, we have a
way of adding two of its elements (i.e., n, X n,, transfer matrices) and multiplying
one by a real scalar. In a vector space, we have the important concepts of a line
and a line segment.

If H, H € H and ) € R, we will refer to \H + (1—\)H as an affine combination
of H and H. We may think of an affine combination as lying on the line passing
through H and H, provided H # H. If 0 < XA < 1, we will refer to the affine
combination AH + (1 — \)H as a convex combination of H and H. We may think of
a convex combination as lying on the line segment between H and H. The number
) measures the fraction of the line segment that we move from H towards H to
yield \H + (1 — A\)H. This can be seen in figure 6.1.

Definition 6.1: H; C H is affine if for any H, H e Hy, and any A € R, \H +
(1-X)H € H;.

Thus a set of transfer matrices is affine if, whenever two distinct transfer matrices
are in the set, so is the entire line passing through them.

Definition 6.2: H; C H is convex if for any H, H € My, and any X € [0,1],
AH + (1 - M\)H € H;.

Thus a set of transfer matrices is convex if, whenever two transfer matrices are
in the set, so is the entire line segment between them.
These notions are extended to functionals as follows:

Definition 6.3: A functional ¢ on M is affine if for any H, H ¢ H, and any
AER, 9(AH + (1 —N)H) = A¢(H) + (1 — N\)@(H).
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Figure 6.1 The line passing through H and H consists of all affine combi-
nations of H and H, i.e., A\H + (1 — A)H, A € R. The line segment between

H and H consists of all convex combinations of H and H, i.e., \H+(1-\)H
for0 <A< 1.

A functional is affine if the graph of its values along any line in H is a line in
R?; an example is shown in figure 6.2.

Definition 6.4: A functional ¢ on 'H is convex if for any H, H € H, and any
A€10,1], g(AH + (1 = A\ H) < Ap(H) + (1 — A)¢(H).

A functional is convex if the graph of its values along any line segment in H lies
below the line segment joining its values at the ends of the line segment. This is
shown in figure 6.3.

Under very mild conditions we can test convexity of a set or functional by just
checking the case A = 1/2. Specifically, a set H; is convex if and only if whenever
H € Hy and H € H,, the average (H + H)/2 is also in H;. Similarly, a functional
¢ is convex if and only if, for every H and H we have

¢((H + H)/2) < (¢(H) + ¢(H))/2.

Since (H + H)/2 can be interpreted as the midpoint of the line segment between H
and H, this simple test is called the midpoint rule.

6.2.1 Some Important Properties

We collect here some useful facts about affine and convex sets and functionals.
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d(AH + (1 — \)H)

A
Figure 6.2 A functional ¢ is affine if for every pair of transfer matrices H
and H the graph of ¢p(AH + (1 — A\)H) versus A is a straight line passing
through the points (0, ¢(H)), (1, ¢(H)).

")

d(AH + (1 - X)

Figure 6.3 A functional ¢ is convex if for every pair of transfer matrices
H and H the graph of ¢ along the line AH + (1 — A\)H lies on or below a

straight line through the points (0, ¢(H)), (1, ¢(H)), i.e., in the shaded
region.
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o Affine implies convez. If a set or functional is affine, then it is convex: being
affine is a stronger condition than convex. If the functionals ¢ and —¢ are
both convex, then ¢ is affine.

o Intersections. Intersections of affine or convex sets are affine or convex, re-
spectively.

o Weighted-sum Functional. If the functionals ¢1,..., ¢ are convex, and A\; >
0, ..., A > 0, then the weighted-sum functional

¢wt_sum(H) = )‘1¢1(H) +t )‘L¢L(H)

is convex (see section 3.6.1).

o Weighted-maz Functional. If the functionals ¢4,...,¢r are convex, and A\; >
0, ..., A > 0, then the weighted-max functional
¢wt_max(H) = max {)‘1¢1(H)7 teey )‘LQSL(H)}

is convex (see section 3.6.3).

The last two properties can be generalized to the integral of a family of convex
functionals and the maximum of an infinite family of convex functionals. Suppose
that for each a € Z (Z is an arbitrary index set), the functional ¢, is convex. Then
the functional

¢(H) = sup {¢o(H) | a € T}

is convex.

We now describe some of the relations between sets and functionals that are
convex or affine. A functional equality specification formed from an affine functional
defines an affine set: if ¢ is affine and o € R, then

{H | ¢(H) = o}

is affine. Similarly, if ¢ is convex and a € R, then the functional inequality specifi-
cation

{H | ¢(H) < a},

called a sub-level set of ¢, is convex.
The converse is not true, however: there are functionals that are not convex,
but every sub-level set is convex. Such functionals are our next topic.
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6.2.2 Quasiconvex Functionals

Definition 6.5: A functional ¢ on H is quasiconvex if for each a € R, the func-
tional inequality specification {H | ¢(H) < a} is convez.

An equivalent definition of quasiconvexity, that has a form similar to the defi-
nition of convexity, is: whenever H, H € H and )\ € [0, 1],

$(AH + (1 = N)H) < max{¢(H), p(H)}.

From definition 6.4 we can see that every convex functional is quasiconvex.

The values of a quasiconvex functional along a line in H is plotted in figure 6.4;
note that this functional is not convex. A quasiconvex function of one variable is
called unimodal, since, roughly speaking, it cannot have two separate regions where
it is small.

¢(AH + (1 — N\)H)

Figure 6.4 A functional ¢ is quasiconvex if for every pair of transfer ma-
trices H and H the graph of ¢ along the line AH + (1 — \)H lies on or below
the larger of ¢(H) and ¢(H), i.e., in the shaded region.

A positive weighted maximum of quasiconvex functionals is quasiconvex, but a
positive-weighted sum of quasiconvex functionals need not be quasiconvex.

There is a natural correspondence between quasiconvex functionals and nested
families of convex specifications, i.e., linearly ordered parametrized sets of specifica-
tions. Given a quasiconvex functional ¢, we have the family of functional inequality
specifications given by H* = {H | ¢(H) < a}. This family is linearly ordered: H*
is stronger than H” if o < (3.
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Conversely, suppose we are given a family of convex specifications H*, indexed
by a parameter o € R, such that H® is stronger than H? if a < 3 (so the family of
specifications is linearly ordered). The functional

Gtamity (H) 2 inf {a | H € H*} (6.1)

(Ptamiry (H) 2 wifH ¢ H* for all @) simply assigns to a transfer matrix H the index
corresponding to the tightest specification that it satisfies, as shown in figure 6.5.
This functional ¢gamily is easily shown to be quasiconvex, and its sub-level sets are
essentially the original specifications:

H* C {H | dtamiy(H) < a} CH*'e

for any positive e.

Figure 6.5 Five members of a nested family of convex sets are shown.
Such nested families define a quasiconvex function by (6.1); for the given
transfer matrix H, we have ¢amily(H) = 2.

6.2.3 Linear Transformations

Convex subsets of H and convex functionals on H are often defined via linear trans-
formations. Suppose that V is a vector space and L : H — V is a linear function.
If V is a convex (or affine) subset of V, then the subset of H defined by

Hi={H | L(H) eV}

is convex (or affine). Similarly if ¢ is a convex (or quasiconvex or affine) functional
on V, then the functional ¢ on H defined by

¢(H) = ¢(L(H))
is convex (or quasiconvex or affine, respectively).
These facts are easily established from the definitions above; we mention a few
important examples.
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Selecting a Submatrix or Entry of H

A simple but important example is the linear transformation that “selects” a sub-
matrix or entry from H. More precisely, V is the vector space of p x ¢ transfer
matrices and L is given by

L(H)=ETHE,

where E, € R"**P and E,, € R"**%; the columns of E, and FE,, are unit vectors.

Thus L(H) is a submatrix of H (or an entry of H if p = ¢ = 1); the unit vectors in E,

and FE,, select the subsets of regulated variables and exogenous inputs, respectively.
If ¢ is a functional on p x g transfer matrices, a functional ¢ on H is given by

¢(H) = $(L(H)) = $(E; HE,). (6.2)

Informally, ¢ results from applying 9 to a certain submatrix of H; a convex (or
quasiconvex or affine) functional of an entry or submatrix of H yields a convex (or
quasiconvex or affine) functional of H.

To avoid cumbersome notation, we will often describe functionals or specifica-
tions that take as argument only an entry or submatrix of H, relying on the reader
to extend the functional to H via (6.2).

Time Domain Responses

Let V consist of scalar signals on R, and let L be the transformation that maps
a transfer matrix into the unit step response of its i, k entry:

L(H)=s
where, for ¢t > 0,

1 [ Hix(jw) jo
)= [ I et g,
s(t) 27"/—00 o e w

Since L is linear, we see that a convex constraint on the step response of the i,k
entry of a transfer matrix is a convex specification on H.

A similar situation occurs when L maps H into its response to any particular
input signal wpart:

L(H) = Hwpart

where V is the set of all n,-component vector signals. If Z,.. is a convex subset of
V, then the specification

{H | prart € Zspec}

is a convex subset of H.
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6.3 Closed-Loop Convex Design Specifications

Many design specifications have the property that the set of closed-loop transfer
matrices that satisfy the design specification is convex. We call such design speci-
fications closed-loop convez:

Definition 6.6: A design specification D is closed-loop convex if the set of closed-
loop transfer matrices that satisfy D is convex.

One of the themes of this book is that many design specifications are closed-loop
convez.

6.3.1 Open Versus Closed-Loop Formulation

We noted in section 3.1 that it is possible to formulate design specifications in terms
of the (open-loop) controller transfer matrix K, instead of the closed-loop transfer
matrix H, as we have done. In such a formulation, a design specification is a
predicate on candidate controllers, and the feasibility problem is to find a controller
K that satisfies a set of design specifications. Such a formulation may seem more
natural than ours, since the specifications refer directly to what we design—the
controller K.

There is no logical difference between these two formulations, since in sensible
problems there is a one-to-one correspondence between controllers and the closed-
loop transfer matrices that they achieve. The difference appears when we consider
geometrical concepts such as convexity: a closed-loop convex specification will gen-
erally not correspond to a convex set of controllers. In chapters 13-16, we will see
that convexity of the specifications is the key to computationally tractable solution
methods for the controller design problem. The same design problems, if expressed
in terms of the controller K, have specifications that are not convex, and hence do
not have this great computational advantage.

6.3.2 Norm-Bound Specifications

Many useful functionals are norms of an entry or submatrix of the transfer matrix
H. A general form for a design specification is the norm-bound specification

”Hxx - H;cl::S” S a’ (63)

where || - || is some norm on transfer functions or transfer matrices (see chapter 5)
and Hyy is a submatrix or entry of H (see section 6.2.3). We can interpret H3 as
the desired transfer matrix, and the norm || - || used in (6.3) as our measure of the
deviation of H,, from the desired transfer matrix H3%. We often have HIs = 0,
in which case (6.3) limits the size of Hyy.

We now show that the functional

¢(H) = || Hy — HeZ||
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is convex. Let H and H be any two transfer matrices, and let 0 < XA < 1. Now,
using the triangle inequality and homogeneity property for norms, together with
the fact that A and 1 — A are nonnegative, we see that

AH + (1 = A)H) = || AHyx + (1 — A) Hexe — Hoe®|
= |IA(Hxx — Hi®) + (1 — ) (Hox — HE®)|
< A Hux — Ho)l + [|(1 = A) (Hixe — Hee®)|
= M| Hyx — HE®|| + (1 = A) || Hyx — H®||
= A$(H) + (1 — N)¢(H),

so the functional ¢ is convex. Since ¢ is convex, the norm-bound specification (6.3)
is convex. In chapters 8-10 we will see that many specifications can be expressed
in the form (6.3), and are therefore closed-loop convex. (We note that the entropy
functional defined in section 5.3.5 is also convex, although it is not a norm.)

An important variation on the norm-bound specification (6.3) is the specification

| Hxx|| < o0, (6.4)

which requires that an entry or submatrix of H have a finite norm, as measured by
I - ||. This specification is affine, since if Hyx and Hyy each satisfy (6.4) and X € R,
then we have

”/\Hxx + (1 - )‘)f{xxu < |}‘|”Hxx“ + |1 - >‘|||I~'IXX|| < o0,

so that AH,, + (1 — X\)Hyy also satisfies (6.4).

If we use the Hy, norm for || - ||, (6.4) is the specification that Hyx be stable,
i.e., the poles of Hyy have negative real parts. Similarly, if we use the a-shifted H,
norm as || - ||, (6.4) is the specification that the poles of Hyx have real parts less
than —a. These specifications are therefore affine.

6.4 Some Examples

In chapters 7-10 we will encounter many specifications and functionals that are
affine or convex; in most cases we will simply state that they are affine or convex
without a detailed justification. In this section we consider a few typical specifica-
tions and functionals for our standard example plant (see section 2.4), and carefully
establish that they are affine or convex.

6.4.1 An Affine Specification

Consider the specification that the closed-loop transfer function from the reference
input 7 to y, have unity gain at w = 0, so that a constant reference input results in
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Yp = r in steady-state. The set of 2 x 3 transfer matrices that corresponds to this
specification is

Hae = {H | Hy3(0) =1}. (6.5)

We will show that this set is affine. Suppose that H, H € Hg, so that Hy3(0) =
Hy3(0) =1, and A € R. Then the transfer matrix Hy = AH + (1 — A\)H satisfies

Hx13(0) = AHi3(0) + (1 — A)Hi3(0) = A+ (1 — \) =1,

and hence H) € Hqc.-
Alternatively, we note that the specification Hg. can be written as the functional
equality constraint

Haec = {H | ¢dC(H) = 1}’

where ¢q.(H) 2 H,3(0) is an affine functional.

6.4.2 Convex Specifications

Consider the specification D,¢;_eg introduced in section 3.1: “the RMS deviation of
u due to the sensor and process noises is less than 0.1”. The corresponding set of
transfer matrices is

Hact_eff = {H | ¢act_eH(H) < Ol}a

where we defined the functional
1 1/2

¢act_eff(H) é <%/oo (|H21(jw)|25proc(w) + |H22(jw)|2Ssensor(w)) dw) )

and Sproc and Ssens are the power spectral densities of the noises nproc and ngensor,
respectively.

To show that ..t g is a convex functional we first express it as a norm of the
submatrix [Hgl H22] of H:

T 1 0
_ 0 Wproc 0
¢act_eﬁ'(H) - |: :| H|I01 [ 0 Wesensor ] ’

2
where |Wproc(iw)|? = Sproc(w) and |Wisensor(jw)|?> = Ssensor(w). From the results
of sections 6.2.3 and 6.3.2 we conclude that ¢..;_.g is a convex functional, and
therefore H,c;_eg is a convex specification.

As another example, consider the specification D,s introduced in section 3.1:
“the step response overshoot from the command to y, is less than 10%”. We
can see that the corresponding set of transfer matrices, H,s, is convex, using the
argument in section 6.2.3 with ¢ = 1, £ = 3 and the convex subset of scalar signals

V={s:R;y - R| s(t) <1.1fort>0}. (6.6)
This is illustrated in figure 6.6.
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Figure 6.6 The set V in (6.6) is convex, since if the step responses s13 and
313 do not exceed 1.1, then their average, (s13s+ §13)/2, also does not exceed
1.1. By the argument in section 6.2.3, the specification Hos is convex.

6.4.3 A Quasiconvex Functional

We will see in chapter 8 that several important functionals are quasiconvex, for
example, those relating to settling time and bandwidth of a system. We describe
one such example here.
Consider the stability degree of a transfer matrix, defined by
A .

Pstab_deg(H) = max{Rp | p is a pole of H}.
The functional @stab_deg is quasiconvex since, for each o,

{H | ¢stabdeg(H) < o} ={H | [|Hllco,p <00 for g < —a}

(recall that || - ||eo,s is the §-shifted Ho, norm described in section 5.2.7), and we
saw above that the latter specification is affine. @siab_deg is not convex, however:
for most values of A, we have

¢stab_deg()\H + (1 - )\)ﬁ) = max {¢stab_deg(H), ¢stab_deg(ﬂ—)} .

6.5 Implications for Tradeoffs and Optimization

When the design specifications are convex, and more generally, when a family of
design specifications is given by convex functional inequalities, we can say much
more about the concepts introduced in chapter 3.
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6.5.1 Performance Space Geometry

Suppose that in the multicriterion optimization problem described in section 3.5,
the hard constraint Dy,.q and the objective functionals ¢4, ..., ¢ are convex. Then
the region of achievable specifications in performance space,

e {a e R” | Dhara AD A... ADZE s achievable } : (6.7)

is also convex.

To see this, suppose that a and a each correspond to achievable specifications.
Then there are transfer matrices H and H that satisfy Dy..q and also, for each k,
1<k<L,

or(H) < ar,  ¢r(H) < .

Now suppose that 0 < X < 1. The transfer matrix AH + (1 — \) H satisfies the hard
constraint Dy,pq, since Dhparq is convex, and also, for each k, 1 < k < L,

dr(AH + (1 = M) H) < Aag + (1 — Ny,

since the functional ¢y, is convex. But this means that the specification Aa+(1—M\)a
corresponds to an achievable specification, which verifies that A is convex.

An important consequence of the convexity of the achievable region in perfor-
mance space is that every Pareto optimal specification is optimal for the classical
optimization problem with weighted-sum objective, for some nonnegative weights
(c.f. figure 3.8). Thus the specifications considered in multicriterion optimization or
classical optimization with the weighted-sum or weighted-max objectives are exactly
the same as the Pareto optimal specifications.

In the next section we discuss another important consequence of the convexity
of A (which in fact is equivalent to the observation above).

6.6 Convexity and Duality

The dual function ¢ defined in section 3.6.2 is always concave, meaning that —1 is
convex, even if the objective functionals and the hard constraint are not convex. To
see this, we note that for each transfer matrix H that satisfies Dparq, the function
g of X defined by

Ya(A) = —Mid1(H) — -+ — Apor(H)

is convex (indeed, linear). Since —1 can be expressed as the maximum of this family
of convex functions, i.e.,

—(A\) = max {¢yg () | H satisfies Dhara }, (6.8)

it is also a convex function of A (see section 6.2.1).
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The dual function can be used to determine specifications that are not achiev-
able, and therefore represent a limit of performance (recall the discussion in sec-
tion 1.4.1). Whenever A > 0, meaning A € Ri, and a € RY, we have

P(A) > a" X = Dhara A Dg: A...ADg’ is unachievable . (6.9)

To establish (6.9), suppose that a corresponds to an achievable specification, i.e.,
Dhara A Dgi AN A D;’; is achievable. Then there is some transfer matrix H that

satisfies Dparq and d)i(fI ) < a; for each i. Therefore whenever A\ > 0,
PY(A) =min{A\1¢1(H) +--- + ALdr(H) | H satisfies Dpara }
<Moi(H)+ -+ Apgr(H)
< Aai+---+Arag

=aT .

The implication (6.9) follows.

achievable

az
T

RO T W

" "v._unélc_hie"‘v/.ablé._ AN

ax

Figure 6.7 The shaded region corresponds to specifications that satisfy
¥(X) > aT ), and hence by (6.9) are unachievable. The specification D; is
unachievable, but cannot be proven unachievable by (6.9), for any choice of
A. See also figure 3.8.

The specifications that (6.9) establishes are unachievable have the simple geo-
metric interpretation shown in figure 6.7, which suggests that when the region of
achievable specifications is convex, (6.9) rules out all unachievable specifications as
A varies over all nonnegative weight vectors. This intuition is correct, except for a
technical condition. More precisely, when Dy,.q and each objective functional ¢; is
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convex, and the region of achievable specifications in performance space is closed,
then we have:

the specification corresponding to a is achievable
= (6.10)
there is no A > 0 with ¥()) > aT .

The equivalence (6.10) is called the conver duality principle, or a theorem of
alternatives, since it states that exactly one of two alternative assertions must hold.
The geometrical interpretation of the duality principle can be seen from figure 6.8:
(6.10) asserts that every specification is either achievable (i.e., lies in the shaded
region to the upper right), or can be shown unachievable using (6.9) (i.e., lies in
the shaded region to the lower left) for some choice of A.

’ ajdvlieyéi’blg.’f

az
T

P (X) > aTA
’ upachjeva"}gle

ai

Figure 6.8 Unlike figure 6.7, in this figure the region of achievable spec-
ifications is convex, so, by varying A, (6.9) can be made to rule out every
specification that is unachievable.

The convex duality principle (6.10) is often expressed in terms of pairs of con-
strained optimization problems, e.g., minimizing the functional ¢; subject to the
hard constraint and functional inequality specifications for the remaining function-
als ¢2,...,¢r. We define

et 2 min { 6 (1) | H satisfies Dy pq AD2 A... ADGE |, (6.11)

Odual 2 max {Y(A) —asda — - —agdy |A>0, Ay =1}, (6.12)

The optimization problem on the right-hand side of (6.11) is called the primal
problem; the right-hand side of (6.12) is called a corresponding dual problem. The
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convex duality principle can then be stated as follows: if the hard constraint and
the objective functionals are all convex, then we have apy = @gual. (Here we do
not need the technical condition, provided we interpret the min and max as an
infimum and supremum, respectively, and use the convention that the minimum of
an infeasible problem is co.)

For the case when there are no convexity assumptions on the hard constraint
or the objectives, then we still have apri > qqual, but strict inequality can hold, in
which case the difference is called the duality gap for the problem.
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Notes and References

See the Notes and References for chapters 13 and 14 for general books covering the notion
of convexity.

Closed-Loop Convex Specifications
The idea of a closed-loop formulation of controller design specifications has a long history;

see section 16.3. In the early work, however, convexity is not mentioned explicitly.

The explicit observation that many design specifications are closed-loop convex can be
found in Salcudean’s thesis [SAL86], Boyd et al. [BBB&88], Polak and Salcudean [PS89],
and Boyd, Barratt, and Norman [BBN90].

Optimization

Many of the Notes and References from chapter 3 consider in detail the special case
of convex specifications and functionals, and so are relevant. See also the Notes and
References from chapters 13 and 14.

Duality

The fact that the nonnegatively weighted-sum objectives yield all Pareto optimal specifica-
tions is shown in detail in Da Cunha and Polak [CP67], and in chapter 6 of Clarke [CLA83].
The results on convex duality are standard, and can be found in complete detail in, e.g.,
Barbu and Precupanu [BP78] or Luc [Luc89].

A Stochastic Interpretation of Closed-Loop Convex Functionals

Jensen’s inequality states that if ¢ is a convex functional, H € H, and H;toch is any
zero-mean H-valued random variable, then

#(H) < E¢(H + Hstoch), (6.13)
i.e., zero-mean random fluctuations in a transfer matrix increase, on average, the value of

a convex functional. In fact, Jensen’s inequality characterizes convex functionals: if (6.13)
holds for all (deterministic) H and all zero-mean Hggocn, then ¢ is convex.



144 CHAPTER 6 GEOMETRY OF DESIGN SPECIFICATIONS



Part 111

DESIGN SPECIFICATIONS

145






Chapter 7

Realizability and Closed-Loop
Stability

In this chapter we consider the design specifications of realizability and internal
(closed-loop) stability. The central result is that the set of closed-loop transfer
matrices realizable with controllers that stabilize the plant is affine and readily
described. This description is referred to as the parametrization of closed-loop
transfer matrices achieved by stabilizing controllers.

7.1 Realizability

An important constraint on the transfer matrix H € H is that it should be the closed-
loop transfer matriz achieved by some controller K, in other words, H should have
the form P,,, + P, K (I — P,,K)~1P,, for some K. We will refer to this constraint
as realizability:

Huaot = {H | H = Py + PouK(I — Py K) ™' P,,, for some K} . (7.1)

We can think of H,1,11 as expressing the dependencies among the various closed-loop
transfer functions that are entries of H.

As an example, consider the classical SASS 1-DOF control system described in
section 2.3.2. The closed-loop transfer matrix is given by

Py P K PyK
"o 1+ P K 1+ P, K 1+ PK
o PoK K K

1+ P,K 1+PK 1+PK

[ Py(1-T) -T T
-T -T/Py, T/P, |’

147
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where T is the classical closed-loop I/O transfer function. Hence if H is the closed-
loop transfer matrix realized by some controller K, i.e., H € H,p1, then we must
have

Hyy = Hy, (7.2)

PoHyy = Hyy, (7.3)

Hyy — PyHy = Py, (7.4)
Hys = —His, (7.5)

Hys = —Has. (7.6)

It is not hard to show that the five explicit specifications on H given in (7.2-7.6)
are not just implied by realizability; they are equivalent to it. Roughly speaking,
we have only one transfer function that we can design, K, whereas the closed-loop
transfer matrix H contains siz transfer functions. The five constraints (7.2-7.6)
among these six transfer functions make up the missing degrees of freedom.

The specifications (7.2-7.6) are affine, so at least for the classical SASS 1-DOF
controller, realizability is an affine specification. In fact, we will see that in the
general case, H ;b is affine. Thus, realizability is a closed-loop convex specification.

To establish that Hy,p) is affine in the general case, we use a simple trick that
replaces the inverse appearing in (7.1) with a simpler expression. Given any n, X ny
transfer matrix K, we define the n, x n, transfer matrix R by

R=K(I-P,K)™". (7.7)

This correspondence is one-to-one: given any n, X n, transfer matrix R, the n, xn,
transfer matrix K given by

K=(I+RP,) 'R (7.8)

makes sense and satisfies (7.7).
Hence we can express the realizability specification as

Huzo = {H | H = P,y, + P,,RPy,, for some n, xn, R} . (7.9)

This form of H,,p) can be given a simple interpretation, which is shown in figure 7.1.
The transfer matrix R can be thought of as the “controller” that would realize the
closed-loop transfer matrix H if there were no feedback through our plant, i.e., Py, =
0 (see figure 7.1(b)). Our trick above is the observation that we can reconstruct
the controller K that has the same effect on the true plant as the controller R that
operates on the plant with P, set to zero. Variations on this simple trick will
appear again later in this chapter.

From (7.9) we can establish that H,,p is affine. Suppose that H, H € Hupgpr-
Then there are two n, X n, transfer matrices R and R such that

H=Pzw+quRwaa
H=P,, + P,,RP,,.
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I 4+ I

wa R P,

(b)

Figure 7.1 The closed-loop transfer matrix H can be realized by the feed-
back system (a) for some K if and only if it can be realized by the system
(b) for some transfer matrix R. In (b) there is no feedback.

Let A € R. We must show that the transfer matrix Hy = AH + (1 — A\)H is also
realizable as the closed-loop transfer matrix of our plant with some controller. We
note that

H)\ = Pzw + quR/\wa;
where
Ry =AR+(1- )R,

This shows that Hy € Hiizbi-

We can find the controller K that realizes the closed-loop transfer matrix H)
using the formula (7.8) with Ry. If K and K are controllers that yield the closed-
loop transfer matrices H and H , respectively, the controller that realizes the closed-
loop transfer matrix H) is not AK + (1 — \)K; it is

Ky = (A+)B)"(C + D) (7.10)
where

A=I+K(I— Py,K) P,
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B=K(I - P,K) Py, — K(I — PjK) Py,
C=K(-P,K)™,
D=K(—-P,K) ' - K(I—-P,K)™"

The special form of K given in (7.10) is called a bilinear or linear fractional de-
pendence on A. We will encounter this form again in section 7.2.6.

7.1.1 AnExample

We consider the standard plant example of section 2.4. The step responses from the
reference input r to y, and u for each of the controllers K(*) and K(®) of section 2.4
are shown in figures 7.2(a) and (b). Since H,i,b1 is affine, we conclude that every
transfer matrix on the line passing through H® and H®),

AH® 4 (1-XNH®),  XeR,

can be realized as the closed-loop transfer matrix of our standard plant with some
controller. Figures 7.2(c) and (d) show the step responses from r to y, and u of five
of the transfer matrices on this line.

The average of the two closed-loop transfer matrices (A = 0.5) is realized by
the controller Ky 5, which can be found from (7.10). Even though both K (@) and
K®) are 3rd order, Ky 5 turns out to be 9th order. From this fact we draw two
conclusions. First, the specification that H be the transfer matrix achieved by a
controller K of order no greater then n,

for some K with order(K) <n

H=P,,+P,,K(I—-P,K) P,
Hrlzbl,n é {H ‘ + ( 4 ) Y } ’

is not in general convex (whereas the specification Hyi b1, which puts no limit on the
order of K, is convex). Our second observation is that the controller Ky 5, which
yields a closed-loop transfer matrix that is the average of the closed-loop transfer
matrices achieved by the controllers K (®) and K(?), would not have been found by
varying the parameters (e.g., numerator and denominator coefficients) in K(® and
K®),

7.2 Internal Stability

We remind the reader that a transfer function is proper if it has at least as many
poles as finite zeros, or equivalently, if it has a state-space realization; a transfer
function is stable if it is proper and all its poles have negative real part; finally, a
transfer matrix is stable if all of its entries are stable. We noted in section 6.4.1
that these are affine constraints on a transfer function or transfer matrix.
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Figure 7.2 (a) shows the closed-loop step responses from 7 to y, for the
standard example with the two controllers K(® and K(®). (b) shows the step
responses from 7 to u. In (c) and (d) the step responses corresponding to
five different values of A are shown. Each of these step responses is achieved
by some controller.

7.2.1 A Motivating Example

Consider our standard example SASS 1-DOF control system described in section 2.4,
with the controller

36 + 33s
K(s)= ——.
() 10 —s
This controller yields the closed-loop I/O transfer function
T(s) = 33s + 36 33s + 36

s3+10s2+335+36 (s+3)2(s+4)

which is a stable lowpass filter. Thus, we will have y, ~ r provided the reference
signal » does not change too rapidly; the controller K yields good tracking of slowly
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varying reference signals.

If realizability and good tracking of slowly varying reference signals are our
only specifications, then K is a good controller. The potential problem with this
controller can be seen by examining the whole closed-loop transfer matrix,

10— s 335436 33s 4+ 36
H- (s+3)%(s+4) (s+3)2(s+4) (s+3)%(s+4)
- 33s + 36 s%(33s + 36)(10 + s) s%(33s + 36)(10 + s)

B (5+3)2(s+4)  (s+3)2(s+4)(10—3s) (s+3)2(s+4)(10 — s)

The entries Hys; and Hsz, which are the closed-loop transfer functions from the
sensor noise and reference input to u, are unstable: for example, a reference input
with a very small peak can cause the actuator signal to have a very large peak, a
situation that is probably undesirable.

So with the controller K, the I/O transfer function T' is quite benign, even
desirable, but the closed-loop system will probably have a very large actuator signal.
For a classical design approach, in which the requirement that the actuator signal
not be too large is not explicitly stated (i.e., it is side information), this example
provides a “paradox”: the I/O transfer function is acceptable, but the controller is
not a reasonable design.

This example shows the importance of considering all of the closed-loop transfer
functions of interest in a control system, i.e., H, and not just the I/O transfer
function T'. In our framework, there is no paradox to explain: the controller K can
be seen to be unacceptable by examining the whole closed-loop transfer matrix H,
and not just 7.

This phenomenon of a controller yielding a stable I/O transfer function, but with
other closed-loop transfer functions unstable, is called internal instability. The qual-
ifier internal stresses that the problem with the design cannot be seen by examining
the I/O transfer function alone.

Various arguments have been made to explain the “paradox” of this example,
i.e., why our controller K is not an acceptable design. They include:

1. The unstable plant zero at s = 10 is canceled by the controller pole at s = 10.
Such unstable pole-zero cancellations between the plant and controller cannot
be allowed, because a slight perturbation of the plant zero, e.g., to s = 9.99,
will cause the I/O transfer function to become unstable.

2. A state-space description of the closed-loop system will be unstable (it will
have an eigenvalue of 10), so for most initial conditions, the state will grow
larger and larger as time progresses. The unstable mode is unobservable from
Yp, which is why it does not appear as a pole in the I/O transfer function.

These are valid arguments, but in fact, they correspond to different “new”, previ-
ously unstated, specifications on our system. In addition to the specifications of



7.2 INTERNAL STABILITY 153

realizability and stability of the I/O transfer function, (1) is a sensitivity specifica-
tion, and (2) requires that other signals (the components of the state vector) should
not grow too large when the initial conditions are nonzero. Since these specifica-
tions are probably necessary in any real control system, they should be explicitly
included in the specifications.

7.2.2 The Desoer-Chan Definition

Desoer and Chan gave a definition of internal stability of a closed-loop system
that rules out the problem with our example in section 7.2.1 and other similar
pathologies. The definition is:

Definition 7.1: The closed-loop system with plant P and controller K is internally

stable if the four transfer matrices
H,,, = K(I — PyuK) ' Py, (
Huy, = K(I - PpuK)™, (7.12)
Hy,, = (I_PyuK)_IPyu’ (
Hsz = (I_PyuK)_lv (

are stable. In this case we say the controller K stabilizes the plant P.

These transfer matrices can be interpreted as follows. Suppose that 11 and v,
are an input-referred process noise and a sensor noise, respectively, as shown in
figure 7.3. Then the four transfer matrices (7.11-7.14) are the closed-loop transfer
matrices from these noises to w and y. So, roughly speaking, internal stability
requires that a small process or sensor noise does not result in a very large actuator
or sensor signal.

141 P, yu V3

Figure 7.3 Sensor and actuator noises used in the formal definition of
internal stability. K stabilizes P if the transfer matrices from v; and v2 to
u and y are all stable.

The specification of internal stability can be made in our framework as follows.
We must include sensor and actuator-referred process noises in the exogenous input
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signal w, and we must include v and y in the regulated variables vector z, in which
case the four transfer matrices (7.11-7.14) appear as submatrices of the closed-loop
transfer matrix H. Internal stability is then expressed as the specification that
these entries of H be stable, which we mentioned in chapter 6 (section 6.4.1) is an
affine specification.

It seems clear that any sensible set of design specifications should limit the effect
of sensor and process noise on u and y. Indeed, a sensible set of specifications will
constrain these four transfer matrices more tightly than merely requiring stability;
some norm of these transfer matrices will be constrained. So sensible sets of spec-
ifications will generally be strictly tighter than internal stability; internal stability
will be a redundant specification. We will see examples of this in chapter 12: for
the LQG and H,, problems, finiteness of the objective will imply internal stability,
provided the objectives satisfy certain sensibility requirements. See the Notes and
References at the end of this chapter.

7.2.3 Closed-loop Affineness of Internal Stability

‘We now consider the specification that H is the closed-loop transfer matrix achieved
by a controller that stabilizes the plant:

H=P,,+P,K(I-P,K) P, }

for some K that stabilizes P (7.15)

Hstable = {H

Of course, this is a stronger specification than realizability.

Like H;1zb1, Hstable is also affine: if K and K each stabilize P, then for each
A € R, the controller K, given by (7.10) also stabilizes P. In the example of
section 7.1.1, the controllers K (®) and K(P) each stabilize the plant. Hence the five
controllers that realize the five step responses shown in figure 7.2 also stabilize the
plant.

We can establish that Hgiapie is affine by direct calculation. Suppose that con-
trollers K and K each stabilize the plant, yielding closed-loop transfer matrices H
and H , respectively. We substitute the controller K given in (7.10) into the four
transfer matrices (7.11-7.14), and after some algebra we find that

K\(I = PyuK»)"'Py = AK(I — P;uK) ' Py + (1 = VK (I — P, K) "' P,
K\(I = Py Ky)"t = AK(I — Py, K)™* + (1 = \)K(I — P, K)™%,
(I — Py K\) " Py = AI — Py K) ' Py + (1 = A\)(I = Py K) 1P,
(I - Py K\) ' =XM1~ PpK) '+ (1-XNI-P,K)™
Thus, the four transfer matrices (7.11-7.14) achieved by K, are affine combinations
of those achieved by K and K. Since the right-hand sides of these equations are all
stable, the left-hand sides are stable, and therefore K, stabilizes P.

We can use the same device that we used to simplify our description of H,,p1.
The four transfer matrices (7.11-7.14) can be expressed in terms of the transfer
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matrix R given in (7.7):
K(I-P,K) =R, (7.17)
(I — Py K) 'P,, = (I + Py R)Py., (
(I-P,K)'=I+P,R (

Hence we have

RPyua

R,

I+ P,,R,

(I + PyuR)Pyu

Hstable = § Pow + quRwa are stable p . (720)

We will find this description useful.

7.2.4 Internal Stability for a Stable Plant

If the plant P is stable, then in particular Py, is stable. It follows that if R is stable,
then so are RP,y, I + PyyR, and (I + Py, R)P,,. Hence we have

Hstable = {Prw + P.uRPy,, | R stable}. (7.21)

This is just our description of H;izp1, with the additional constraint that R be stable.
Given any stable R, the controller that stabilizes P and yields a closed-loop
transfer matrix H = P,,, + P,,RPy, is

K =(I+RP,) 'R (7.22)

Conversely, every controller that stabilizes P can be expressed by (7.22) for some
stable R.

7.2.5 Internal Stability via Interpolation Conditions

For the classical SASS 1-DOF control system (see section 2.3.2), the specification of
internal stability can be expressed in terms of the I/O transfer function 7', although
the specification is not as simple as stability of 7" alone (recall our motivating
example). We have already noted that a closed-loop transfer matrix H that is
realizable has the form

HZ[PO(l—T) -T T ]

T ' _-T/P, T/P,
| Po 0 O —Py -1 1
—[ 0 0 o]*T[ 1 —1P 1P, ] (7.23)

where T is the I/O transfer function. We will describe Hstaple as the set of transfer
matrices of the form (7.23), where T satisfies some additional conditions.
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Let p1, ..., pn be the unstable poles of Py (i.e., the poles of Py that have nonneg-
ative real part) and let z,..., z, be the unstable zeros of P, (i.e., the zeros of P,
that have nonnegative real part); we will assume for simplicity that they are distinct
and have multiplicity one. Let » denote the relative degree of Py, i.e., the difference
between the degrees of its numerator and its denominator. Then a transfer matrix
H is achievable with a stabilizing controller if and only if it has the form (7.23),
where T satisfies:

1. T is stable,

2 T(py) =+ =T(pa) =1,

3. T(z1) =---=T(2m) =0, and

4. the relative degree of T is at least r.

These conditions are known as the interpolation conditions (on T'; they can also
be expressed in terms of S or other closed-loop transfer functions). The interpolation
conditions can be easily understood in classical control terms. Condition 2 reflects
the fact that the loop gain Py K is infinite at the unstable plant poles, and so we
have perfect tracking (T" = 1) at these frequencies. Conditions 3 and 4 reflect the
fact that there is no transmission through Py at a frequency where P, has a zero,
and thus 7' = 0 at such a frequency. (Internal stability prohibits an unstable pole
or zero of Py from being canceled by a zero or pole of K.)

The interpolation conditions are also readily understood in terms of our descrip-
tion of Hstable given in (7.20). Substituting the plant transfer matrix for the 1-DOF
control system (2.10) into (7.20) and using R = T'/ Py we get:

Hstable = {H of form (7.23) | T, T/P,, (1 —T)P, are stable}. (7.24)

Assuming T is stable, T'/ Py will be stable if T' vanishes at z1,. .., 2, and in addition
T has relative degree at least that of Py; in other words, T'/ P, is stable if conditions
1, 3, and 4 of the interpolation conditions hold. Similarly, (1 — T")Pp will be stable
if T is stable and 1 — T vanishes at pi,...,pn (i.e., conditions 1 and 2 of the
interpolation conditions hold).

The interpolation conditions are the earliest description of Hsiaple, and date
back at least to 1955 (see the Notes and References at the end of this chapter for
details).

7.2.6 General Free Parameter Representation

In the general case there is a free parameter description of the set of closed-loop
transfer matrices achievable with stabilizing controllers:

Hstable = {11 + T2 QT35 | Q is a stable n, X n, transfer matrix }, (7.25)
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where T3, T3, and T3 are certain stable transfer matrices that depend on the plant.
Q is referred to as the parameter in (7.25), not in the sense of a real number that is
to be designed (e.g., the integrator time constant in a PI controller), but rather in
the sense that it is the free parameter in the description (7.25). We saw a special
case of this form already in the example of the stable plant—in that case, P,.,, P,
and P,,, are possible choices for 77, T> and T3, respectively.

The controller that stabilizes the plant and yields closed-loop transfer matrix
H =T; + T>QT3 has the linear fractional form

Ko =(4A+BQ)'(C+DQ) (7.26)

where A, B, C, D are certain stable transfer matrices related to T7, T, and T3.
Thus the dependence of K¢ on Q is bilinear (c.f. equation (7.10)).

It is not hard to understand the basic idea behind the free parameter represen-
tation (7.25) of the set of achievable closed-loop transfer matrices (7.20), although
a complete derivation is fairly involved (see the Notes and References at the end of
this chapter).

We consider the subspace of n, X n, transfer matrices given by

§={S |8, Pu.S, SPy., Py SPy, are stable}.

The basic idea is that an S € S must have the appropriate zeros that cancel the
unstable poles of Py,. These zeros can be arranged by multiplying a stable transfer
matrix on the left and right by appropriate stable transfer matrices D and D:

S = {DQD | Q is stable}.

D and D are not unique, but any suitable choice has the property that if @ is stable,
then each of DQD, P,,DQD, DQDP,,, and P,, DQDP,,, are stable. We shall not
derive the form of D and D.

By comparing (7.20) and (7.25) we see that one possible choice for T and T3
in (7.25) is

T> = P,,D
Ts = DP,,,.
T; can be taken to be any closed-loop transfer matrix achieved by some stabilizing

controller. The references cited at the end of this chapter contain the complete
details.

7.3 Modified Controller Paradigm

The descriptions of Hgiaple given in the previous sections can be given an interpre-
tation in terms of modifying a given nominal controller that stabilizes the plant.
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Given one controller K, that stabilizes the plant, we can construct a large fam-
ily of controllers that stabilize the plant, just as the formula (7.10) shows how to
construct a one-parameter family of controllers that stabilize the plant.

The construction proceeds as follows:

e We modify or augment the nominal controller K., so that it produces an
auxiliary output signal e (of the same size as y) and accepts an auxiliary input
signal v (of the same size as u) as shown in figure 7.4. This augmentation is
done in such a way that the closed-loop transfer matrix from v to e is zero
while the open-loop controller transfer matrix from y to u remains Kpom-

e We connect a stable n, X n, transfer matrix ) from e to v as shown in
figure 7.5, and collect K, om and @ together to form a new controller, K.

Knom

o
e

H., = 0 closed loop

Figure 7.4 The nominal controller K;om is augmented to produce a signal
e and accept a signal v. The closed-loop transfer function from v to e is 0.

The intuition is that K should also stabilize P, since the @ system we added
to Kpom is stable and “sees no feedback”, and thus cannot destabilize our system.
However, @ can change the closed-loop transfer matrix H. To see how ) affects the
closed-loop transfer matrix H, we define the following transfer matrices in figure 7.4:

e U is the closed-loop transfer matrix from w to z,
e U, is the closed-loop transfer matrix from v to z,

e Uj is the closed-loop transfer matrix from w to e.
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Knom

Figure 7.5 Modification of nominal controller Kyom with a stable transfer
matrix Q.

Since the transfer matrix from v to e in figure 7.4 is zero, we can redraw figure 7.5
as figure 7.6. Figure 7.6 can then be redrawn as figure 7.7, which makes it clear
that the closed-loop transfer matrix H resulting from our modified controller K is
simply

H =U; + U,QUs, (727)

which must be stable because @, Uy, U; and Uj are all stable.

It can be seen from (7.27) that as @ varies over all stable transfer matrices, H
sweeps out the following affine set of closed-loop transfer matrices:

Hmep = {U1 + U2QUs | Q stable}.

Of course, Hmep C Mstable- This means that a (possibly incomplete) family of

stabilizing controllers can be generated from the (augmented) nominal controller
using this modified controller paradigm.

If the augmentation of the nominal controller is done properly, then the modified
controller paradigm yields every controller that stabilizes the plant P, in other
words, Hmcep = Hstable- In this case, Uy, Us, and Uz can be used as T3, Ty, and T3
in the free parameter representation of Hgiaple given in equation (7.25).
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&

Figure 7.6 Figure 7.5 redrawn.

w U; z

Us Q Us

Figure 7.7 Figure 7.6 redrawn.

7.3.1 Modified Controller Paradigm for a Stable Plant

As an example of the modified controller paradigm, we consider the special case of
a stable plant (see section 7.2.4). Since the plant is stable, the nominal controller
K,om = 0 stabilizes the plant.

How do we modify the zero controller to produce e and accept v? One obvious
method is to add v into u, and let e be the difference between y and Py, u, which
ensures that the closed-loop transfer matrix from v to e is zero, as required by the
modified controller paradigm. This is shown in figure 7.8.

From figure 7.8 we see that

Ul :Pzw,
U2 =qu7
Us = P,

To apply the second step of the modified controller paradigm, we connect a stable
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v e

Figure 7.8 One method of extracting e and injecting v when the plant is
stable.

w —— — Z
P
U Yy
! Z | Kpom =0 5
o+ |
| Py, A"
Lo Q e
W K :

Figure 7.9 The modified controller paradigm, for a stable plant, using the
augmented controller shown in figure 7.8.
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Q as shown in figure 7.9. so that the closed-loop transfer matrix is
H=U; +U;QUs.

Thus the set of closed-loop transfer matrices achievable by the modified controller
shown in figure 7.9 is

Hmep = {Pzw + P.uQPy | Q stable} .

The expression here for Hmcp is the same as the expression for Hgiapie in equa-
tion (7.21) in section 7.2.4. So in this case the modified controller paradigm gener-
ates all stabilizing controllers: any stabilizing controller K for a stable plant P can
be implemented with a suitable stable  as shown in figure 7.9.

The reader can also verify that the connection of ) with the augmented nominal
controller yields K = (I + QPy,) 'Q—exactly the same formula as (7.22) with Q
substituted for R.

7.4 A State-Space Parametrization

A general method of applying the modified controller paradigm starts with a nom-
inal controller that is an estimated-state feedback. The estimated-state-feedback
controller is given by

u=—Kn, (7.28)

where K, is some appropriate matrix (the state-feedback gain) and & is an estimate
of the component of z due to u, governed by the observer equation

& = Api + Byu + Legi(y — Cy2), (7.29)

where L. is some appropriate matrix (the estimator gain). The transfer matrix of
this controller is thus

Knom(s) = - sfb(SI - AP + Bustb + LestCy)_lLest-

Kom will stabilize P provided K, and Leg; are chosen such that Ap — B, Kgg,
and Ap — Lt Cy are stable, which we assume in the sequel.

To augment this estimated-state-feedback nominal controller, we inject v into
u, before the observer tap, meaning that (7.28) is replaced by

u=—-Ki +v, (7.30)

and therefore the signal v does not induce any observer error. For the signal e we
take the output prediction error:

e=y—Cy2. (7.31)
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Figure 7.10 The modified controller paradigm as applied to a nominal
estimated-state-feedback controller Knom. v is added to the actuator signal
u before the observer tap, and e is the output prediction error. With the
stable @ realization added, the modified controller is called an observer-
based controller.
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This is shown in figure 7.10.

The requirement that the closed-loop transfer matrix from v to e be zero is
satisfied because the observer state error, * — &, is uncontrollable from v, and
therefore the transfer matrix from v to  — & is zero. The transfer matrix from v
to e is Cy times this last transfer matrix, and so is zero.

Applying the modified controller paradigm to the estimated-state-feedback con-
troller yields the observer-based controller shown in figure 7.10. The observer-based
controller is just an estimated-state-feedback controller, with the output prediction
error processed through a stable transfer matrix () and added to the actuator signal
before the observer tap.

In fact, this augmentation is such that the modified controller paradigm yields
every controller that stabilizes the plant. Every stabilizing controller can be real-
ized (likely nonminimally) as an observer-based controller for some choice of stable
transfer matrix Q.

From the observer-based controller we can form simple state-space equations for
the parametrization of all controllers that stabilize the plant, and all closed-loop
transfer matrices achieved by controllers that stabilize the plant.

The state-space equations for the augmented nominal controller are, from (7.29—

7.31),

3;3 = (AP - Bustb - Lesto’y)j + Lesty + Bu'v (732)
u=—Kpl+v (7.33)
e=y— Cyi. (7.34)

The state-space equations for the closed-loop system with the augmented con-
troller are then found by eliminating v and y from (7.32-7.34) and the plant equa-
tions (2.19-2.21) of section 2.5:

z=Apxr — By K& + By,w + Byv

a;:' = Lestny + (AP — B, K, — Lestcfy):fz + LestDyww + Byv
z2=0,2z — D, K& + D,yw + D, v

e = Cyz — Cy& + Dy, w.

The transfer matrices 77, T, and T3 can therefore be realized as

Ti(s) Ta(s -
[ T;gs; 2é ) ] = Cr(sI — Ar)~'Br + Dr, (7.35)
where
A — AP _Bustb
= LestCy AP - Bustb - LestCy
By, B,
BT B [ LestDyw Bu :|



7.5 SOME GENERALIZATIONS OF CLOSED-LOOP STABILITY 165

_ Cz _Dzustb
=[G ]

Dzw Dzu
o=l o B )

If Q has state-space realization

Tg = AQiEQ + Bge (7.36)
v = CQ:L‘Q + Dge, (737)
then a state-space realization of the observer-based controller can be found by elim-

inating e and v from the augmented controller equations (7.32-7.34) and the Q
realization (7.36-7.37):

é = (AP - BuKSfb - LestCy - BuDQCy)ﬁ

TQ = —BQCyJA} + AQwQ + By (7.39)
u=—(Ksm + DQCy)i‘ + Cozg + Dqy (7.40)
so that
K(s) = Cx(sI — Ax) 'Bk + Dk, (7.41)
where
A — Ap — ByKm, — LestCy — ByDoCy B,Cqg
o —BqCy Aq
_ Lest + BuDQ
Bre= [ Bq ]
Ckx =[ —Ku — DoCy Cq ]
Dg = Dg.

Some algebra verifies that the closed-loop transfer matrix H given by (2.27) of
section 2.5 does indeed equal T7 + T5QT5.

7.5 Some Generalizations of Closed-Loop Stability

So far, our discussion in this chapter has been built around the notion of a stable
transfer function, i.e., a transfer function for which each pole p satisfies Rp < 0. We
saw in chapter 5 that stability is equivalent to several other important properties of a
transfer function, e.g., finiteness of its peak or RMS gain. In fact, the material in this
chapter can be adapted to various generalized notions of stability. The references
discuss these ideas in a general setting; we will describe a specific example in more
detail.
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Instead of stability, we consider the requirement that each pole of a transfer
function should satisfy p < —0.1 and |Sp| < —Rp. We will call such transfer
functions G-stable (G stands for generalized). In classical terminology, G-stability
guarantees a stability degree and a minimum damping ratio for a transfer function,
as illustrated in figure 7.11.

S(p)

R(p)

Figure 7.11 A transfer function is G-stable if its poles lie in the region
to the left. In classical control terminology, such transfer functions have a
stability degree of at least 0.1 and a damping ratio of at least 1/ V2. All
of the results in this chapter can be adapted to this generalized notion of
stability.

We say that a controller K G-stabilizes the plant P if every entry of the four
transfer matrices (7.11-7.14) is G-stable (c.f. definition 7.1). It is not hard to show
that Hg.stable, the specification that the closed-loop transfer matrix is achievable
by a G-stabilizing controller, is affine; in fact, we have

RP,,,
R,

I+ PR,

(I + PyuR)Pyu

Hg-stable = Pzw + quRwa are g-stable y

which is just (7.20), with “G-stable” substituted for “stable”.

For the SASS 1-DOF control system, the specification Hg_stable can be expressed
in terms of the interpolation conditions described in section 7.2.5, with the following
modifications: condition (1) becomes “T" is G-stable”, and the list of poles and zeros
of Py must be expanded to include any poles and zeros that are G-unstable, i.e., lie
in the right-hand region in figure 7.11.
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There is a free parameter representation of Hg_stable:
Hgstable = {T1 + T2QT5 | Q is a G-stable n, x n, transfer matrix },

which is (7.25) with “G-stable” substituted for “stable”. This free parameter rep-
resentation can be developed from state-space equations exactly as in section 7.4,
provided the state-feedback and estimator gains are chosen such that Ap — B, K,
and Ap — L Cy are G-stable, i.e., their eigenvalues lie in the left-hand region of
figure 7.11.
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Notes and References

Realizability

Freudenberg and Looze [FL88] refer to some of the realizability constraints (e.g., S +
T = 1 in the classical 1-DOF control system) as algebraic constraints on closed-loop
transfer functions. In contrast, they refer to constraints imposed by stability of T' and the
interpolation conditions as analytic.

Internal Stability

Arguments forbidding unstable pole-zero cancellations can be found in any text on classical
control, e.g. [0GA90, P606—-607]. For MAMS plants, finding a suitable definition of a zero
is itself a difficult task, so this classical unstable cancellation rule was not easily extended.
An extensive discussion of internal stability and state-space representations can be found
in Kailath [KA180, P175] or Callier and Desoer [CD824].

Desoer and Chan’s definition appears in [DC75]. Their definition has been widely used
since, e.g., in [FRA87, P15-17] and [VID85, P99-108].

Parametrization for Stable Plants

The parametrization given in (7.21) appears for example in the articles [ZaM81], [DC814],
[BD86], and chapter 8 of Callier and Desoer [CD824A]. In process control, the parametriza-
tion is called the internal model principle, since the controller K in figure 7.9 contains a
model of Py,; see Morari and Zafirou [MZ89, cH.3].

Parametrization via Interpolation Conditions

An early version of the interpolation conditions appears in Truxal’s 1955 book [TRUb5,
P308-309]. There he states that if P, has an unstable zero, so should the closed-loop I/O
transfer function 7. He does not mention unstable plant poles, and his reasoning is not
quite right (see [BBN90]).

The first essentially correct and explicit statement of the interpolation conditions appears
in a 1956 paper by Bertram on discrete-time feedback control [BER56]. He states:

In summary, for [the classical SASS 1-DOF control system], the following
design restrictions must be considered.

e Any zeros of the plant on or outside the unit circle in the z-plane must
be contained in [T'(z)].

e Any poles of the plant on or outside the unit circle in the z-plane must
be contained in [1 — T'(2)].

He does not explicitly state that these conditions are not only necessary, but also sufficient
for closed-loop stability; but it is implicit in his design procedure.

Another early exposition of the interpolation conditions can be found in chapter 7 of
Ragazzini and Franklin’s 1958 book [RF58, p157-158]. The equivalent interpolation
conditions for continuous-time systems first appear in a 1958 paper by Bigelow [B1c58].

A recent paper that uses the interpolation conditions is Zames and Francis [ZF83]. Inter-
polation conditions for MAMS plants appear in [AS84].
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Parametrization for MAMS Plants

The results on parametrization of achievable closed-loop transfer matrices in the multiple-
actuator, multiple-sensor case depend on factorizations of transfer matrices. Early treat-
ments use factorization of transfer matrices in terms of matrices of polynomials; see
e.g., [Ros70] and [WoL74]; extensive discussion appears in [KA180]. The first parametriza-
tion of closed-loop transfer matrices that can be achieved with stabilizing controllers ap-
pears in Youla, Jabr, and Bongiorno’s articles on Wiener-Hopf design [YJB76, YBJ76].
For discrete-time systems, the parametrization appears in the book by Kucera [KucT79].

A more recent version of the parametrization uses factorization in terms of stable trans-
fer matrices, and appears first in Desoer, Liu, Murray and Saeks [DLMS80]. The book
by Vidyasagar [VID85, CH.3,5] contains a complete treatment of the parametrization of
achievable closed-loop transfer matrices in terms of stable factorizations. A state-space
parametrization can be found in Francis [FRA87, cH.4] or Vidyasagar [VID85].

Parametrization Using Observer-Based Controller

The observer-based controller parametrization was first pointed out by Doyle [DoY84]; it
also appears in Anderson and Moore [AM90, §9.2], Maciejowski [MAc89, §6.4], and a
recent article by Moore, Glover, and Telford [MGT90].

Why We Hear So Much About Stability

We mentioned in section 7.2.2 that any sensible set of design specifications will constrain
the four critical transfer matrices more tightly than merely requiring stability. For example,
the specifications may include specific finite limits on some norm of the four critical transfer
matrices, such as

[Huvilloo < @11,  [[Huvslloo < @12, [[Hysslloo < @21,  [[Hywalloo < @22, (7.42)
whereas internal stability only requires that these norms be finite:
[ Hurr lloo < 00, || Huvslloo < 00, [[Hyuylloo < 00, || Hyus|loo < o0. (7.43)

In any particular problem, a design in which these transfer matrices are extremely large but
stable is just as unacceptable as a design in which one or more of these transfer matrices
is actually unstable. So in any particular problem, the “qualitative” (affine) specification
of internal stability (7.43) will need to be replaced by a stronger “quantitative” (convex
but not affine) specification such as (7.42).

We see so much discussion about the qualitative specification of internal stability for
historical reasons. In Newton, Gould, and Kaiser [NGK57, P21] we find

In the classical view, a feedback control problem could be identified almost
always as a stability problem. To the early workers in the field, the problem
of assuring stability was nearly always the foremost consideration. ... [A bad
controller] caused the system to exhibit sustained oscillations of the output
even though the input was quiescent. This phenomenon, often called hunting,
so plagued the control engineer that even to the present time [1957] it has all
but dwarfed the many other aspects of the feedback control problem.

In Black [BLA34] we find



170 CHAPTER 7 REALIZABILITY AND CLOSED-LOOP STABILITY

It is far from a simple proposition to employ feedback in this way because of
the very special control required of phase shifts in the amplifier and circuits,
not only throughout the useful frequency band but also for a wide range of
frequencies above and below this band. Unless these relations are maintained,
singing will occur, usually at frequencies outside the useful range. Once hav-
ing achieved a design, however, in which proper phase relations are secured,
experience has demonstrated that the performance obtained is perfectly reli-
able.



Chapter 8

Performance Specifications

In this chapter we consider in detail performance specifications, which limit the
response of the closed-loop system to the various commands and disturbances
that may act on it. We show that many of these performance specifications are
closed-loop convex.

We organize our discussion of performance specifications by their meaning or pur-
pose (in the context of controller design), and not by the mathematical form of
the constraints. In fact we shall see that performance specifications with different
meanings, such as a limit on errors to commands, a minimum acceptable level of
regulation, and a limit on actuator effort, can be expressed in similar forms as lim-
its on the size of a particular submatrix of the closed-loop transfer matrix H. For
this reason our discussion of these types of specifications will become briefer as the
chapter progresses and the reader can refer back to chapter 5 or other specifications
that have a similar form.

To facilitate this organization of performance specifications by meaning, we par-
tition the exogenous input vector w as follows:

We I n. commands
w=| wq I nqa disturbances
Wetc other components of w

The n. components of w. are the command, reference, or set-point signals—the
“input” in classical control terminology. The nq components of wq are the dis-
turbance or noise signals. The vector signal wei. contains all remaining exogenous
inputs—some of these signals will be discussed in chapter 10.

We partition the regulated variables:

Ze I n. commanded variables
Za ] na  actuator signals

z= o .
Zo I no other critical signals
Zetc other components of z

171
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The n. components of z. are the regulated variables that the commands w. are
intended to control or regulate—the “output” in classical control terminology. The
n, components of z, are the actuator signals, which we remind the reader must be
included in z in any sensible formulation of the controller design problem. The n,
components of z, are other critical signals such as sensor signals or state variables.
The vector signal ze;. contains all remaining regulated variables.

We conformally partition the closed-loop transfer matrix H:

Zc Hcc Hcd * w
c
Za _ Hac Had * wq
Zo Hoc Hod *
Wetc
Zete * * *

The symbol * is used to denote a submatrix of H that is not used to formulate
performance specifications (some of these submatrices will be used in chapter 10).
In the next few sections we consider specifications on each of the other submatrices
of H. We remind the reader that a convex or affine specification or functional on a
submatrix of H corresponds to a convex or affine specification or functional on the
entire matrix H (see section 6.2.3).

8.1 Input/Output Specifications

In this section we consider specifications on H,., the closed-loop transfer matrix
from the command or set-point inputs to the commanded variables, i.e. the variables
the commands are intended to control. In classical control terminology, H. consists
of the closed-loop I/O transfer functions. Of course, it is possible for a control
system to not have any command inputs or commanded variables (n. = 0), e.g. the
classical regulator.

The submatrix H.. determines the response of the commanded variables z. to
the command inputs w, only; z. will in general also be affected by the disturbances
(wq) and the other exogenous input signals (wetc) (these effects are considered in the
next section). Thus, the signal H..w, is the noise-free response of the commanded
variables. In this section, we will assume for convenience that wq = 0, wete = 0,
so that z. = H.w.. In other words, throughout this section z. will denote the
noise-free response of the commanded variables.

8.1.1 Step Response Specifications

Specifications are sometimes expressed in terms of the step response of H,., espe-
cially when there is only one command signal and one commanded variable (n. = 1).
The step response gives a good indication of the response of the controlled variable
to command inputs that are constant for long periods of time and occasionally
change quickly to a new value (sometimes called the set-point). We first consider
the case n. = 1. Let s(t) denote the step response of the transfer function H..
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Asymptotic Tracking

A common specification on H is

lim s(t) = Hee(0) =1,

88— 00

which means that for w. constant (and as mentioned above, wg = 0, wete = 0),
z.(t) converges to w. as t — 0o, or equivalently, the closed-loop transfer function
from the command to the commanded variable is one at s = 0. We showed in
section 6.4.1 that the specification

Hasympt_trk = {H | Hcc(o) = 1}

is affine, since the functional

¢(H) = Hee(0)

is affine.
A strengthened version of asymptotic tracking is asymptotic tracking of order
k: H..(0) =1, Hc(g)(O) =0, 1 < 7 < k. This specification is commonly encountered

for k = 1 and k = 2, and referred to as “asymptotic tracking of ramps” or “zero

steady-state velocity error” (for k = 1) and “zero steady-state acceleration error”
(for k = 2). These higher order asymptotic tracking specifications are also affine.

Overshoot and Undershoot

We define two functionals of H..: the overshoot,
A
¢05(Hcc) = Sups(t) -1,
>0
and the undershoot,
A
Gus(Hee) = sup —s(t).
t>0

Figure 8.1 shows a typical step response and the values of these functionals.
These functionals are convex, so the specifications

Heos 2 {H | ¢os(Hee) < a},
Hus 2 {H | ¢us(Hee) < a}

are convex: for example, if each of two step responses does not exceed 10% overshoot
(a = 0.1) then neither does their average (see section 6.4.2 and figure 6.6).
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Figure 8.1 A typical step response s and its overshoot (¢os) and under-
shoot (¢us). The asymptotic tracking specification Hasympt_tric Tequires that
the step response converge to one as t — co.

The functionals ¢.s and ¢, are usually used together with the asymptotic track-
ing constraint Hasympt_t:k; otherwise we might use the relative overshoot and relative
undershoot defined by

sup s(t)/Hc.(0) — 1 if H..(0) > 0,
T ALY (t)/Hee(0) (0)

400 if He.(0) <0,

¢ (H ) A igg _s(t)/Hcc(O) if Hcc(o) > 0,

e o0 if Ho.(0) < 0.

It is less obvious that the specifications
A
Hros = {H | ¢ros(Hcc) < Ol}, (81)
A
7-ll'us = {H | ¢rus(Hcc) S a} (82)

are convex. To see that the relative overshoot constraint H,.s is convex, we rewrite
it as

Hros = {H | Hec(0) >0, s(t) — (14 a)He(0) <0 for all t > 0}.

If H, H € Hyos and 0 < X < 1, then Hy = AH + (1 — \)H satisfies Hy.(0) > 0,
and for each ¢ > 0 we have s(t) — (1 + &) Hx.(0) < 0. Hence, Hy € Hyos-
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Since the functional inequality specifications (8.1-8.2) are convex for each a,
the relative overshoot and relative undershoot functionals are quasiconvez; they are
not, however, convex. If one step response, s(t), has a relative overshoot of 30%,
and another step response §(¢) has a relative overshoot of 10%, then their average
has a relative overshoot not exceeding 30%; but it may exceed 20%, the average
of the two relative overshoots. An example of two such step responses is shown in
figure 8.2.

2.5} i
(s+3)/2

1.5

0.5 4

0 1 2 3 4 5 6 7 8 9 10

Figure 8.2 The relative overshoot of the step responses s and § are 30%
and 10% respectively. Their average, (s + §)/2, has a relative overshoot of
23%. This example shows that relative overshoot is not a convex functional
of H. It is, however, quasiconvex.

Rise Time and Settling Time
There are many definitions of rise time and settling time in use; we shall use
rise(Hoe) 2 inf{T | s(t) > 0.8 for ¢t > T},
bsettte(Hee) 2 inf{T | |s(t) — 1| < 0.05 for t > T},

as illustrated in figure 8.3. The functional ¢, is usually used together with the
asymptotic tracking specification Hasympt_trk; We can also define relative or normal-
ized rise time.

The functional inequality specifications

A
Hrise = {H | ¢rise(Hcc) S Tmax}a
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1.4

1.2+ E

0.8} "

s(t)

¢rise g‘/(ﬁsettle
0 1 2 3 4 5 6 7 8 9 10
t
Figure 8.3 The value of the rise-time functional, ¢rise, is the earliest time
after which the step response always exceeds 0.8. The value of the settling-
time functional, @sestie, is the earliest time after which the step response is
always within 5% of 1.0.

Hsettle é {H | ¢settle(Hcc) S Tmax}

are convex: if two step responses each settle to with 5% within some time limit
Tiax, then so does their average. Thus, the rise-time and settling-time functionals
Prise and @settle are quasiconvex, i.e.,

(brise()‘Hcc + (1 - )‘)ﬂ—cc) S max{¢rise(Hcc)a ¢rise(ﬂcc)}
for all 0 < A <1, but we do not generally have

¢rise(>‘Hcc + (1 - )‘)ﬁcc) S Agbrise(Hcc) + (1 - A)Qbrise(ﬁcc)a

so they are not convex. Figure 8.4 demonstrates two step responses for which this
inequality, with A = 0.5, is violated.

We mention that there are other definitions of rise-time functionals that are not
quasiconvex. One example of such a definition is the time for the step response to
rise from the signal level 0.1 (10%) to 0.9 (90%):

b10—00(Hee) 2 inf{t | s(t) > 0.9} —inf{t | s(t) > 0.1}.

While this may be a useful functional of H,. in some contexts, we doubt the utility
of the (nonconvex) specification ¢19_9o(Hce) < Tmax, Which can be satisfied by
a step response with a long initial delay or a step response with very large high
frequency oscillations.
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1.2

0 1 2 3 4 5 6 7 8 9 10

Figure 8.4 The rise times of the step responses s and § are 5.0 and 0.8
seconds respectively. Their average, (s+35)/2, has a rise time of 3.38 > 5.8/2
seconds. This example shows that rise time is not a convex functional of H,
although it is quasiconvex.

General Step Response Envelope Specifications

Many of the step response specifications considered so far are special cases of general
envelope constraints on the step response:

Henv = {H | Smin(t) < 5(t) < Smax(t) forallt >0}, (8.3)

where $pmin(t) < Smax(t) for allt > 0. An example of an envelope constraint is shown
in figure 8.5. The envelope constraint He,, is convex, since if two step responses lie
in the allowable region, then so does their average.

We mention one useful way that a general envelope constraint He,, can be
expressed as a functional inequality specification with a convex functional. We
define the mazimum envelope violation,

¢max_env_viol(Hcc) é Sl>1P maXx {S(t) - Smax(t)a Smin(t) - S(t), 0} .
t>0

The envelope specification Hen, can be expressed as

Henv = {H | ¢max-env_viol(Hcc) S 0 }

General Response-Time Functional

The quasiconvex functionals ¢rise and @Psets1e are special cases of a simple, general
paradigm for measuring the response time of a unit step response. Suppose that we
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1.2

0.8

0.6 -

s(t)

o2l 1/ (s1+s2)/2 ]

. / / Smin

—0.2 . . . . . . . . .
0 01 02 03 04 05 06 07 08 0.9 1

t

Figure 8.5 General envelope specification on a step response. The two step
responses s1 and sz satisfy this constraint; their average (shown in dashed
line) also satisfies the envelope constraint.

have upper and lower bounds for a general envelope constraint, spyax(t) and spyin(t).
Suppose that spyax(t) does not increase, and spmin(t) does not decrease, for increasing
t. For each T > 0, we consider the time-scaled envelope specification

Smin(t/T) < 8(t) < Smax(t/T) for all ¢ > 0. (8.4)

(8.4) defines a nested family of convex specifications, parametrized by 7. For T' =1
we have the original envelope specification with bounds sp,;, and spax; for T > 1
we have a weaker specification, and for 7' < 1 we have a stronger specification;
roughly speaking, 7" is the normalized response time. We define the generalized
response-time functional as

bgrt(Hoe) 2 inf {T | spmin(t/T) < 8(£) < Smax(t/T) for all t>0}.
This construction is shown in figure 8.6. The comments at the end of section 6.2.2
show that ¢g;¢ is quasiconvex.

Step Response Interaction

We now consider the case where there are multiple commands (and multiple com-
manded variables) so that Hc. is an n. X n. transfer matrix, where n, > 1. Its
diagonal entries are the transfer functions from the command inputs to their associ-
ated commanded variables, which may be required to meet the various specifications
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1.6 —

. — Smax(t/0.1)
14 V¥ el 8max(t/0.2)

Smin (t/0.4)_

0.7 08 0.9 1

Figure 8.6 A step response is shown together with the envelopes smin(t/T)
and smax(t/T) for three values of T, where smin(t) = 1 — 1.2exp —t and
Smax(t) = 1 + exp—t. For T = 0.2 the step response just lies inside the
envelopes, so the value of ¢g,¢ is 0.2.

discussed above, e.g., limits on overshoot or rise time. The off-diagonal entries of
H_. are the transfer functions from the commands to other commanded variables,
and are called the command interaction transfer functions. It is generally desir-
able that these transfer functions be small, so that each command input does not
excessively disturb the other commanded variables.

Let s(t) denote the step response matrix of Hc.. One mild constraint on com-
mand interaction is asymptotic decoupling:

Hasympt_depl = {H ‘ H.(0) = tli)rglo s(t) is diagonal } (8.5)
This specification ensures that if the commands are constant, then the effect on
each commanded variable due to the other commands converges to zero: there is
no steady-state interaction for constant commands.

A stronger specification that limits command interaction is an envelope con-
straint on each entry of s(t),

Hmimo_env = {H | Smin(t) < 8(t) < Smax(t) forallt >0}, (8.6)

where Smin(t) and smax(t) are matrices, and the inequalities in (8.6) are component
by component. The envelope specification Hyimo_env 1S CONvVex.

An example of Hmimo_env is shown in figure 8.7, along with a step matrix s(t)
that meets it. Of course, the responses shown in figure 8.7 are for steps applied to
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Figure 8.7 Design specifications requiring the decoupling of responses to
step commands.

the inputs one at a time. Figure 8.8 shows the response of the commanded variables
to a particular command signal that has a set-point change in w; at ¢ = 0.5 and
then a set-point change in ws at ¢ = 2.0. The perturbation in z; right after ¢ = 0.5
and the perturbation in z; right after ¢ = 2.0 are due to command interaction.
The specification Hmimo_env limits this perturbation, and guarantees that after the
set-point change for 22, for example, the effect on z; will fade away.

An extreme form of Hmimo_env iS to require that the off-diagonal step responses
be zero, or equivalently, that H.. be diagonal. This is called exact or complete
decoupling:

Hacpt = {H | H, is diagonal }.

This specification forbids any command interaction at all, regardless of the com-
mand signals. Hqcp1 is affine.
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0 0.5 1 1.5 2 2.5 3 3.5 4

Figure 8.8 An example of command interaction in a two-input, two-output
system. The individual step responses of the system are shown in figure 8.7.
Output 2; tracks a step change in the command signal w;. However, z;
is perturbed by a step change in the command signal w». Similarly, 22 is
perturbed by a step change in w;.

Miscellaneous Step Response Specifications

Other specifications often expressed in terms of the step response of H. include
monotonic step response and I/O slew-rate limits. The monotonic step response
constraint is

Hmono_sr = {H | s(t) is nondecreasing for all t > 0}
={H | h(t)>0 forallt>0}

where h(t) is the impulse response of H.. Thus, Hmono_sr Tequires that the com-

manded variable move only in the direction of the new set-point command in re-

sponse to a single abrupt change in set-point. Hyono_sr 1S a stricter specification

than requiring that both the undershoot and overshoot be zero. Hmono_sr is convex.
A related specification is a slew-rate limit on the step response:

— [h(t)] < Myew forall t > o}.

d
slew_sr — H i
Hq1 { ‘ & s(t)

Response to Other Inputs

We close this section by noting that the response of z. to any particular command
signal, and not just a unit step, can be substituted for the step response in all of
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the specifications above. This specific input tracking requirement is convex.

For example, we may require that in response to the particular command signal
W¢ = Wpgm, shown in figure 8.9, the commanded variable z. lies in the envelope

shown. wpger, might represent an often repeated temperature cycle in an industrial
oven (the mnemonic abbreviates “program”). The specification

Hpgm trk = {H | || HecWpgm — Wpgmlloo <30},

shown in figure 8.9, requires that the actual temperature, z., always be within 30°C
of the commanded temperature, we.
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Figure 8.9 An example of a temperature command signal that might be

used in a plastics process. Powder is slowly melted, and then sintered for
3 hours. It is then rapidly cooled through the melt point. The envelope
constraints on the actual temperature require the temperature error to be
less than 30°C.

8.1.2 Tracking Error Formulation

Step response specifications constrain the response of the system to specific com-
mands: a step input at each command. By linearity and time-invariance, this
constrains the response to commands that are constant for long periods and change
abruptly to new values, which is sometimes a suitable model for the commands that
will be encountered in practice. In many cases, however, the typical command sig-
nals are more diverse—they may change frequently in a way that is not completely
predictable. This is often the case in a command-following system, where the goal
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is to have some system variables follow or track a continuously changing command
signal.

In the tracking error formulation of I/O specifications, we define the tracking

error as €k 2 ze—w,: the difference between the actual response of the commanded
variables and the commands, as shown in figure 8.10.

1 - 1
I | 1
1 + t €trk
We : 4 Zc
1
w wa —_— —l_ﬁ Za z
Wete —T—>> N —l = Zo
1 P —————=> Zetc
! 1
! 1
u ; " Yy
! 1
1 1
! 1
I_P_) _______________________ 1
K

Figure 8.10 An architecture for expressing I/O specifications in terms of
the tracking error ey = 2z — we.

We will assume that ey is available as a part of z, and Hyy will denote the
submatrix of H that is the closed-loop transfer matrix from the commands w, to
the tracking errors e . A general tracking error specification has the form

A
7-[trk = {H | ”Htrk”trk_err S «x }a (87)

i.e., the closed-loop transfer matrix from commands to tracking error should be
small, as measured with the norm || - ||trk_err- Using any of the norms from chapter 5
allows a wide variety of I/O specifications to be formed from the general tracking
error specification Hy,x, all of which are convex. We will briefly list some of these
specifications and their interpretations.

RMS Mistracking Limit

One simplified model of the command signal is that it is a stochastic process with a
known power spectrum Sc,q. Of course this model is quite crude, and only intended
to capture a few key features of the command signal, such as size and bandwidth:
the command signal may in fact be generated by a human operator. If we accept
this model, and take the RMS value as our measure of the size of the tracking
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error, the general tracking specification (8.7) can be expressed as the weighted H
norm-bound

Hems ek = {H | |HuaW|2 <}, (8.8)

where W is a spectral factor of Scmda: Semd(w) = W (jw)* W (jw).

Worst Case RMS Mistracking Limit

We may reduce our a priori assumptions about the command signal even further,
by assuming that we do not know the spectrum, but know only a maximum W 4-
weighted RMS value for the command signal w., where W 4 is some appropriate
weight. If our measure of the size of the tracking error e,y is the worst case Wip-
weighted RMS value it might have, where Wi,y is some appropriate weight, then the
appropriate norm in the general tracking error specification (8.7) is the weighted
H,, norm:

Hhinf_trk é {H | ”WtrkHtrchmd”oo <a } (89)

For n. = 1 (meaning the weights are scalar, and the maximum singular value of the
transfer function is simply its magnitude), this specification can also be cast in the
more classical form:

Hhint_trk = {H | [Hik(Jw)| < lirk(w), Hirx is stable } (8.10)
where
a
lirk(w) = - —.
) = e Ge) W ()

The classical interpretation is that lix(w) is a frequency-dependent limit on the
tracking error transfer function, and the specification (8.10) ensures that the “com-
mand to tracking error transfer function is small at those frequencies where the
command has significant energy”. An example is shown in figure 8.11.

Worst Case Peak Mistracking Limit

Another specific form that the general tracking error specification (8.7) can take is
a worst case peak mistracking limit:

Hotetek = {H | || Horkllpk_gn < @} - (8.11)

This specification arises as follows. We use an unknown-but-bounded model of the
command signals: we assume only

lwelloo < M. (8.12)
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Figure 8.11 Upper bounds on frequency response magnitudes are convex.
The bound l(w) on the tracking error transfer function ensures that the
tracking error transfer function is below —20dB at frequencies below 10Hz,
and rolls off below 1Hz. Two transfer functions Hi,x and Hy, that satisfy
the specification (8.10) are shown, together with their average. Of course,
the magnitude of (Hi.ix + ﬁt,k) /2 is not the average of the magnitudes of
Hi and I;Ttrk, although it is no larger than the average.

Our measure of the tracking error is the worst case peak (over all command signals
consistent with (8.12)) of the tracking error ey:

|letrk]|oo < My whenever w, satisfies (8.12) .

This constraint is precisely (8.11), with oo = My /M.

Since most plants are strictly proper, ||Hi|/pk_gn Will usually be at least one.
This can be seen from the block diagram in figure 8.10: a step change in the
command input w. will produce an immediate, equal sized change in the tracking
error. After some time, the closed-loop system will drive the tracking error to a
smaller value. For this reason, the specification (8.11) may not be useful.

A useful variation on this worst case peak tracking error limit is to assume more
about the command signals, for example, to assume a maximum slew rate as well
as a maximum peak for the command signal. In this case the appropriate norm in
the general tracking error limit (8.7) would be the worst case norm || - ||wc, from
section 5.2.4.

For example, consider the temperature response envelope shown in figure 8.9.
Provided the system achieves asymptotic tracking of constant commands, so that
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Hi,(0) = 0, we can ignore the offset in the command signal. Since ||w. — 250||oc <
150°C and ||[t¢||cc < 300°C/Hr, we can specify

Mok ek stew = {H | ||Hizk||we < 30°C}, (8.13)

where we take M,m, = 150°C and Mjew = 300°C/Hr in the definition of the
norm || - ||wc (see section 5.2.4). The specification (8.13) is tighter than the envelope
specification in figure 8.9: the specification (8.13) requires a peak tracking error of
no more than 30°C for any command input that is between 100°C and 400°C, and
slew limited by 300°C/Hr, while the specification in figure 8.9 requires the same
peak tracking error for a particular input that is between 100°C and 400°C, and
slew limited by 300°C/Hr.

8.1.3 Model Reference Formulation

An extension of the tracking error formulation consists of specifying a desired closed-
loop I/O transfer matrix Hyer_des, called the reference or model transfer matrix,
and the goal is to ensure that H.. = Hper_ges- Instead of forming the tracking error
as ek = 2. — Wwe, we form the model reference error emre = Ze — Hyer_desWc: the
difference between the actual response z. and the desired response, Hyer_gesw.. This
is shown in figure 8.12. Note that the tracking error is just the model reference error
when the model transfer matrix is the identity.
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Figure 8.12 An architecture for expressing I/O specifications in terms of
the error from a desired transfer matrix Hief_des-

We will assume that the model reference error e is contained in z. Let Hpre
denote the submatrix of H that is the closed-loop transfer matrix from the command
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signal w. to the model reference error ey,.. In the model reference formulation of
I/0O specifications, we constrain Hy,,. to be small in some appropriate sense:

A
Hmre = {H | ”Hmre”mre <a } (814)

The general model reference error specification (8.14) can take a wide variety of
forms, depending on the norm used; we refer the reader to section 8.1.2 for a partial
list, and chapter 5 for a general discussion.

8.2 Regulation Specifications

In this section we consider the effect on z. of wq only, just as in the previous
sections we considered the effect on z. of the command inputs only. The response
of commanded variables to disturbances is determined by the closed-loop submatrix
H_q; regulation specifications require that H.q be “small”. It is not surprising, then,
that regulation specifications can usually be expressed in the form of norm-bound
inequalities, i.e.,

”Hcd“reg <a, (8.15)

where || - ||reg iS Some appropriate norm that depends, for example, on the model
of the disturbances, how we measure the size of the undesired deviation of the
commanded variables, and whether we limit the average or worst case deviation.

In the following sections we describe a few specific forms the general regulation
specification (8.15) can take. Because these specifications have a form similar to
I/0O specifications such as limits on tracking error or model reference error, we will
give a briefer description. For convenience we shall assume that wq is a scalar
disturbance and w, is a single commanded variable, since the extension to vector
disturbance signals and regulated variables is straightforward.

8.2.1 Rejection of Specific Disturbances

The simplest model for a disturbance is that it is constant, with some unknown
value. The specification that this constant disturbance be asymptotically rejected
at z. is simply

Hasympt_rej = {H | HCd(O) = 0} .

This specification has the same form as the asymptotic decoupling specification (8.5)
(and is therefore closed-loop affine), but it has a very different meaning. The speci-
fication Hasympt_rej can be tightened by limiting the step response of H.q to lie in a
given envelope, as in the command response specifications discussed in section 8.1.
For example, we may require that the effect of a unit step input at wq on z, should
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decay to no more than 0.05 within some given time T;¢;. Such a specification en-
sures that the closed-loop system will counteract the effects of a rapidly applied (or
changed) constant disturbance on the commanded variable.

In most cases, however, disturbances cannot be so easily described. In the next
few sections we discuss specifications that limit the effect of disturbances about
which less is known.

8.2.2 RMS Regulation

A common model for a disturbance is a stochastic process with a known power
spectral density Sgis;- The specification

A
Hems reg = {H | |[HeaW||2 < a}, (8.16)

where W is a spectral factor of Sgiss, limits the RMS deviation of the commanded
variable (due to the disturbance) to be less then a. This specification has exactly
the same form as the RMS mistracking limit (8.8): a weighted Hy norm-bound.

The power spectral density of the disturbance is rarely known precisely; Sgist
is usually meant to capture only a few key features of the disturbance, perhaps its
RMS value and bandwidth. The power spectral density

202 Whw
Sdist(w) = w2 + wgwa
for example, might be used to model a disturbance with an RMS value a and a
bandwidth wyy,.

8.2.3 Classical Frequency Domain Regulation

We may not be willing to model the disturbance with a specific power spectral
density. Instead, we may model wq as having an unknown power spectral density,
but some given maximum RMS value. A limit on the worst case RMS response of
2. can be expressed as the H,, norm-bound

A
Hhinfreg = {H | |[[Hedlloo < @ },

which limits the RMS gain of the closed-loop transfer function H.q. Often, this
specification is modified by frequency domain weights, reflecting the fact that either
a maximum possible weighted-RMS value for the disturbance is assumed, or a limit
on some weighted-RMS value of the commanded variable must be maintained. Such
a frequency-weighted H,, norm-bound can be cast in the more classical form:

Hhinfreg = {H | |[Hea(jw)| £ lreg(w), Heq is stable }. (8.17)
The classical interpretation is that l,eg(w) is a frequency-dependent limit on the
disturbance to commanded variable transfer function, and the specification (8.17)

ensures that the “disturbance to commanded variable transfer function is small at
those frequencies where the disturbance has significant energy”.
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8.2.4 Regulation Bandwidth

The classical frequency domain regulation specification (8.17) is often expressed as
minimum regulation bandwidth for the closed-loop system. One typical definition
of the regulation bandwidth of the closed-loop system is

Gow(Hea) 2 sup {Q | |Hea(jw)| < 0.1 for all w < Q},

which is the largest frequency below which we can guarantee that the disturbance
to commanded variable transfer function is no more than —20dB, as shown in
figure 8.13.
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Figure 8.13 The value of the regulation bandwidth functional, ¢, is
the largest frequency below which the disturbance to commanded variable
transfer function, H.q, is no more than —20dB.

The minimum bandwidth specification

Hmin_bw é {H | ¢bw(Hcd) Z Qmin}

is convex, since it is a frequency-dependent bound on the magnitude of H, so
the bandwidth functional ¢y is quasiconcave, meaning that —¢@py is quasiconvex.
Alternatively, we note that the inverse of the regulation bandwidth, i.e., 1/¢dpw,
is quasiconvex. The inverse bandwidth 1/¢yy can be interpreted as a regulation
response time.

A generalized definition of bandwidth, analogous to the generalized response
time, is given by

Gebw(Hea) Z sup {Q | |Hea(jw)] < M(w/9) for all w},
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where M (w) is a non-decreasing frequency-dependent magnitude bound.

8.2.5 Worst Case Peak Regulation

If we model the disturbance as unknown-but-bounded, say, ||wd|lco < Mg, and
require that the worst case peak deviation of the commanded variable due to wyq is
less than Mpax pk reg, %-€-,

|Heawd|loo £ Mmax_pk_reg Whenever ||wg|loco < Mgy,

then we can specify the peak-gain bound

A
Hpk_dis = {H | ”-Hcd”pk_gn < Mmax_pk_reg/Md}-

8.3 Actuator Effort

In any control system the size of the actuator signals must be limited, i.e.,
”u“act S Mact
for some appropriate norm || - ||act and limit Mpc;. Reasons include:

e Actuator heating. Large actuator signals may cause excessive heating, which
will damage or cause wear to the system. Such constraints can often be
expressed in terms of an RMS norm of u, possibly with weights (see sec-
tion 4.2.2).

e Saturation or overload. Exceeding absolute limits on actuator signals may
damage an actuator, or cause the plant P to be a poor model of the system
to be controlled. These specifications can be expressed in terms of a scaled or
weighted peak norm of u.

e Power, fuel, or resource use. Large actuator signals may be associated with
excessive power consumption or fuel or resource use. These specifications are
often expressed in terms of a scaled or weighted average-absolute norm of w.

e Mechanical or other wear. Excessively rapid changes in the actuator signal
may cause undesirable stresses or excessive wear. These constraints may be
expressed in terms of slew rate, acceleration, or jerk norms of u (see sec-
tion 4.2.8).

These limits on the size of u can be enforced by limiting in an appropriate way
the size of H,. and H,q, the closed-loop transfer matrices from the command and
disturbance signals to the actuator. For example, if the command signal is modeled
as a stochastic process with a given power spectral density, then a weighted H
norm-bound on H,. will guarantee a maximum RMS actuator effort due to the
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command signal. If the command signal is modeled as unknown-but-bounded, and
the peak of the actuator signal must be limited, then the actuator effort specification
is a limit on the peak gain of H,.. These specifications are analogous to many we
have already encountered in this chapter.

We mention one simple but important distinction between a limit on the size of
u and the associated limit on the size of H,. (or H,q). We will assume for simplicity
that the command and actuator signals are scalar, and the disturbance is negligible.
Suppose that we have the constraint

ullo <1 (8.18)

on our actuator signal (perhaps, an amplifier driving a DC motor saturates), and
our command signal is constant for long periods of time, and occasionally changes
abruptly to a new set-point value between —1 and 1. We can ensure that (8.18)
holds for all such command signals with the closed-loop convex design specification

2||Hac”pk_step S 1. (819)

This specification ensures that even with the worst case full-scale set-point changes,
from —1 to 1 and vice versa, the peak of the actuator signal will not exceed one.
By linearity, the specification (8.19) ensures that a set-point change from —0.6 to
0.4 will yield an actuator signal with ||u|| < 0.6. Roughly speaking, for such a
set-point change we are only making use of 60% of our allowable actuator signal
size; this may exact a cost in, say, the time required for the commanded variable to
converge to within 0.01 of the final value 0.4.

This is illustrated in figure 8.14, which shows two command signals and the
associated actuator signals in a control system that satisfies the specification (8.19).
The command signal w in figure 8.14(a) is one of the worst case, full-scale set-
point changes, and causes the actuator signal u, shown in figure 8.14(b), to nearly
saturate. The command % in figure 8.14(c), however, results in the actuator signal
in figure 8.14(d), which uses only 48% of the allowable actuator capability.

8.4 Combined Effect of Disturbances and Commands

So far we have treated command inputs and disturbances separately; the specifica-
tions we have seen constrain the behavior of the closed-loop system when one, but
not both, of these exogenous inputs acts. As a simple example, assume that the
system has a single command input, a single disturbance, and a single actuator, so
that n. = nqg = n, = 1. Consider the two specifications

Henv = {H | Smin(t) < 5(t) < Smax(t) forallt >0},
Hrms_act = {H | ”Had”2 S 1}

The first specification requires that the step response from w. to z. lie inside the
envelope given by $min and Smax, as in figure 8.5. This means that the commanded
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Figure 8.14 The specification (8.19) ensures that the actuator signal mag-
nitude will not exceed one during set-point changes in the range —1 to 1.
The input w in (a) shows a set-point change that drives the actuator sig-
nal, shown in (b), close to its limit. Because of linearity, smaller set-point
changes will result in smaller actuator effort: the set-point change  in (c)
produces the actuator signal @ in (d), which only uses 48% of the available
actuator effort.
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variable z. will lie in the given envelope when a step input is applied to w. and the
disturbance input is zero. The second specification requires that the RMS value of
the actuator u be less than one when white noise is applied to wq and the command
input is zero. If a unit step command input is applied to w. and a white noise is
applied to wq simultaneously, the response at z. is simply the sum of the responses
with the inputs acting separately. It is quite likely that this z. would not lie in the
specified envelope, because of the effect of the disturbance wgq; similarly the RMS
value of u would probably exceed one because of the constant component of the
actuator signal that is due to the command.

This phenomenon is a basic consequence of linearity. These separate specifica-
tions often suffice in practice since each regulated variable may be mostly dependent
on either the command or disturbances. For example, in a given system the distur-
bance may be small, so the component of the actuator signal due to the disturbance
(i.e., Haqwq) may be much smaller than the component due to the command (i.e.,
H,.w.); therefore an actuator effort specification that limits the size of H,. will
probably acceptably limit the size of u, even though it “ignores” the effect of the
disturbance.

We can also describe this phenomenon from a more general viewpoint. Each
specification we have considered so far is a specification on some submatrix of H
that does not contain all of its columns, and therefore considers the effects of only a
subset of the exogenous inputs. In contrast, a specification on a submatrix of H that
contains all of its columns will consider the effects of all of the exogenous inputs,
acting simultaneously. For example, the RMS actuator effort specification Hyms_act
involves only the submatrix H,q, and does not consider the effect of the command
on the RMS value of the actuator signal. On the other hand, the specification

A
Hrms_act_cmb = {H ‘ \/”Hadllg +Hac(0)2 <1 }7

which is a specification on the bigger submatrix [Ha. Haa] of H, correctly guarantees
that the RMS value of u will not exceed one when the command is a unit step and
the disturbance is a white noise (and, we should add, wete = 0).

This discussion suggests that a general actuator effort specification should really
limit the size of the transfer matrix [H,. Ha,q]. Limiting the sizes of H,. and Haq
separately will, of course, limit the size of [H,. H,q); this corresponds to a prior
allocation of actuator effort between regulation and command-following tasks.

In cases where different types of models for the commands and disturbances are
used (or indeed, different types of models for different components of either), it
can be difficult or cumbersome to formulate a sensible specification on the bigger
submatrix of H. Returning to our example, let us form a specification on the
response of z. that considers both a unit step at w. (a particular signal) and a
white noise at wq (a stochastic process). A possible form for such a specification
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might be

Heny_cmb = {H | Prob (smin(t) < 2e(t) < smax(t) for 0 < t < 10) > 0.90},

where 2z, = H..w. + Heqwg, w, is a unit step, and wq is a white noise. Roughly
speaking, the specification Heny_cmp requires at least a 90% probability that the
envelope constraint H.y,, be satisfied over the first ten seconds. Hepny_cmp limits the
effect the (stochastic) disturbance can have during a command step input; however,
we do not know whether Henv_cmb 1S cOnvex.



Chapter 9

Differential Sensitivity
Specifications

In this chapter we consider specifications that limit the differential sensitivity
of the closed-loop transfer matrix with respect to changes in the plant. For
certain important cases, these specifications are closed-loop convex. The most
general specification that limits differential sensitivity of the closed-loop system
is, however, not closed-loop convex.

In the previous chapter we considered various specifications that prescribe how the
closed-loop system should perform. This included such important considerations
as the response of the system to commands and disturbances that may affect the
system. In this chapter and the next we focus on another extremely important
consideration: how the system would perform if the plant were to change.

Many control engineers believe that the primary benefits of feedback are those
considered in this chapter and the next—robustness or insensitivity of the closed-
loop system to variations or perturbations in the plant. From another point of
view, the performance of a control system is often limited not by its ability to meet
the performance specifications of the previous chapter, but rather by its ability to
meet the specifications to be studied in this chapter and the next, which limit the
sensitivity or guarantee robustness of the system.

There are several general methods that measure how sensitive the closed-loop
system is to changes in the plant:

e Differential sensitivity: the size of the derivative of H with respect to P.

e Worst case perturbation: the largest change in H that can be caused by a
certain specific set of plant perturbations.

e Margin: the smallest change in the plant that can cause some specification to
be violated.

195
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In this chapter we consider the first method; the other two are discussed in the next
chapter.

9.1 Bode’s Log Sensitivities

9.1.1 First Order Fractional Sensitivity

H. Bode was the first to systematically study the effect of small changes in closed-
loop transfer functions due to small changes in the plant. He considered the I/O
transfer function T' of the SASS 1-DOF control system (see section 2.3.2),

_ PBK

1+ PK’

He noted that for any frequency s,

ore) JTG) 1 _
OPy(s) /PO(S) =TT REKE ) 9.1)

which gave the name and symbol S to the classical sensitivity transfer function.
We thus have a basic rule-of-thumb for the 1-DOF control system,

6T'(s) _ 0Py(s)

00 =5 2

(~ means equal to first order), which we interpret as follows: the fractional or
relative change in the I/O transfer function is, to first order, the sensitivity transfer
function times the fractional change in Py. For example, and roughly speaking, at
a frequency w with |S(jw)| = 0.1, a ten percent change in the complex number
Py(jw) yields a change in T'(jw) of only (and approximately) one percent.

An important consequence of (9.2) is that a design specification that limits the
first order fractional change in the I/O transfer function with respect to fractional
changes in Py can be expressed as an equivalent closed-loop convez specification that
limits the size of the sensitivity transfer function. For example, the specification
‘5T(?w) < 0.05 ‘M for w < Whw, (9.3)

T(jw) Po(jw)
(< means < holds to first order), which limits the first order fractional change in T’
to no more than 5% of the fractional change in P, for frequencies less than wy,, is
equivalent to the design specification

|S(jw)| <0.06  for w < whw, (9.4)

which is closed-loop convex.
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The precise meaning of (9.3) is

6T (jw) /6P0(jw)

8Py (jw)—0 T(jw) |/ Po(jw)

In many cases, the limit in (9.5) is rapidly approached, i.e., the first order approxi-
mation to the fractional change in T accurately predicts the actual fractional change
in T due to a (non-differential) change in Py. We will see two examples of this in
sections 9.1.3 and 9.1.4.

=|S(jw)| £0.05 for w < wWhy-. (9.5)

9.1.2 Logarithmic Sensitivity

We can express (9.1) as
_ 0OlogT(s)
S(s) = Olog Py(s)

For this reason S(s) is called the logarithmic sensitivity of T with respect to Py.
We must be careful about what (9.6) means. By log T'(s) we mean

log T(s) =log|T'(s)| + 7/T(s) (9.7)

(9.6)

where /T'(s) is a phase angle, in radians, of T'(s). Whereas log |T'(s)| is unambiguous
and well-defined for all s for which T'(s) # 0, the phase angle /T'(s) is ambiguous:
it is only defined to within an integer multiple of 27. On any simply-connected
region in the complex plane on which T'(s) # 0, it is possible to make a selection
of particular phase angles in (9.7) at each s in such a way that /T'(s) is continuous
on the region, and in fact logT'(s) is analytic there. When this process of phase
selection is applied along the imaginary axis, it is called phase unwrapping.

In particular, if T'(sp) # 0, then in some small disk around T'(s) in the complex
plane, we can define logT'(s) (i.e., choose the phase angles) so that it is analytic
there. Moreover any two such definitions of log T'(s) will differ by a constant multiple
of 277, and therefore yield the same result in the partial derivative in (9.6), evaluated
at sg. A similar discussion applies to the expression log Py(s): while it need not
make sense as an unambiguous function of the complex variable s over the whole
complex plane, the result in (9.6) will nevertheless be unambiguous.

The real part of (9.7), which is the natural log of the magnitude, has an uncom-
mon unit in engineering, called nepers. One neper is the gain that corresponds to a
phase angle of one radian, and is approximately 8.7dB. In more familiar units, one
decibel corresponds to about 6.6 degrees of phase.

(9.2) can be expressed more completely as

8log|T'(s)| ~ RS(s)blog|Po(s)| — IS(s)6LPy(s) (9.8)
86/T(s) ~ IS(s)blog|Po(s)| + RS (s)6LPy(s). (9.9)

These formulas show the first order change in the magnitude and phase of the I/O
transfer function caused by magnitude and phase variations in Py.
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9.1.3 Example: Gain Variation
Our first example concerns a change in gain, i.e.
0Po(s) = aPy(s), (9.10)
so that
dlog Py(jw) ~ a.
Hence from (9.8-9.9) we have

0log|T(jw)| ~ aRS(jw), (9.11)
0/T(jw) ~ aSS(jw). (9.12)

It follows, for example, that the closed-loop convex specification
ERS(](U()) =0

guarantees that the magnitude of the I/O transfer function at the frequency wy is
first order insensitive to variations in a.

To give a specific example that compares the first order deviation in |T'(jw)| to
the real deviation, we take the standard example plant and controller K(®) described
in section 2.4, and consider the effect on |T'(jw)| of a gain perturbation of a = 25%,
which is about 2dB. Figure 9.1 shows:

Pt (jw) K@ (jw)
1+ P§td(jw)K (@) (jw)

bl

(o) =

which is the nominal magnitude of the I/O transfer function;

1.25 P34 (jw) K@) (jw)
1+ 1.25 P54 (jw) K () (jw)

)

7= o = |

which is the actual magnitude with the 25% gain increase in P§td; and

|T#PP™% (jw)| = |T(jw)| exp <0.25% (1 n Pgtd(ji)K(a)(jw)>) ) (9.13)

which is the magnitude of the perturbed I/O transfer function predicted by the first
order perturbation formula (9.11). For this example, the first order prediction gives
a good approximation of the perturbed magnitude of the I/O transfer function,
even for this 2dB gain change in Pgtd.
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Figure 9.1 When P§'? is replaced by 1.25P5', the I/O transfer function’s
magnitude changes from |T| to |TP*™*|. |T°PP*¥| is a first order approxima-
tion of |TP"*| computed from (9.13). In this example the effect of a plant
gain change as large as 25% is well approximated using the differential sen-
sitivity.

9.14 Example: Phase Variation
In this example we study the effects on T of a phase variation in Py, i.e.,
Py (jw) + §Po(jw) = e7°) Py (jw).
In this case we have, from (9.8-9.9),
0log |T(jw)| =~ —0(w)SIS(jw), (9.14)
0/T(s) ~ O(w)RS(jw). (9.15)

To guarantee that |T'(jwy)| is, for example, first order insensitive to phase variations
in Py(jwp), we have the specification

S5 (jwo) =0,

which is closed-loop affine.

We now consider a specific example that compares the actual effect of a phase
variation in Py to the effect predicted by the first order perturbational analy-
sis (9.14). As above, our plant is the standard example described in section 2.4,
together with the same controller K(*). The specific perturbed Pstd is

i5—s

P§ti(s) + 8P5(s) =
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so that the phase perturbation is

O(w) =2 (tan_1 Y tan~! ﬂ) ,
10 5

which is plotted in figure 9.2. The maximum phase shift of —38.9° corresponds to
about 6dB of gain variation (see the discussion in section 9.1.2).
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Figure 9.2 A specific phase shift in P§*?.

Figure 9.3 shows the nominal magnitude of T', the actual perturbed magnitude
caused by the phase shift in P§*d, and the perturbed magnitude predicted by the
first order analysis,

()] = [ exp (=009 praGgogey ) )

9.1.5 Other Log Sensitivities

We have seen that the logarithmic sensitivity of the I/O transfer function 7' is given
by another closed-loop transfer function, the sensitivity S. Several other important
closed-loop transfer functions have logarithmic sensitivities that are also closed-loop
transfer functions. Table 9.1 lists some of these.

From the top line of this table we see that a specification such as

‘ dlog S(jw)

<2 forw < Wy, 1
Blog Po(jo) or w < wp (9.17)
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Figure 9.3 When the phase factor (10 — s)/(10 + s) in P§*® is replaced
by (5 —5)/(5 + s), the magnitude of the I/O transfer function changes from
|T| to |TP°™|. |T°PP™*| is a first order approximation of |T?°"*| computed
from (9.16).

I Olog H
O0log Py
1 —PK
1+ PK | 1+ PK
K —-PK
1+ PK | 1+ PK
Py 1
1+ PK | 1+ BhK
PyK 1
1+ P K | 1+ BK

Table 9.1 The logarithmic sensitivity of some important closed-loop trans-
fer functions are also closed-loop transfer functions. In the general case,
however, the logarithmic sensitivity of a closed-loop transfer function need
not be another closed-loop transfer function.
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is equivalent to the closed-loop convex specification

—Po(jw)K (jw)
- - <2 for w < wWhy- 9.18
1+ Py(jw)K (jw) (818)
In (9.17) we might interpret —S as the command input to tracking error transfer
function, so that the specification (9.17), and hence (9.18), limits the logarithmic
sensitivity of the command input to tracking error transfer function with respect to
changes in Py.

9.2 MAMS Log Sensitivity

It is possible to generalize Bode’s results to the MAMS case. We consider the
MAMS 2-DOF control system (see section 2.3.4), with I/O transfer matrix

T = (I + P Ky) ' RK,.

If the plant is perturbed so that Py becomes Py + § Py, we have
T 46T = (I + (P + 6Py)Ky) ' (Po + 6Po)K,

Retaining only first order terms in § P, we have

6T ~ (I + PoK3) 6Py K, — (I + PyK;) 6Py Kz(I + PoKy) ' P K,
= (I + PoKy) '6Py(I + K3Py) 'K,
= S6Py(I + K3Py) 'K, (9.19)

where S = (I + PyKy)~! is the (output-referred) sensitivity matrix of the MAMS
2-DOF control system.
Now suppose that we can express the change in Py as

8Py = 6P p,.

We can interpret § PS¢ as an output-referred fractional perturbation of Py, as shown
in figure 9.4. Then from (9.19) we have

8T ~ S6PFPy(I + KyPo)™ 'K, = S6PE°T,
so that
§T =~ §TT>T,
where
6T ~ S§Pfrec, (9.20)

This is analogous to (9.2): it states that the output-referred fractional change in
the I/O transfer matrix T is, to first order, the sensitivity matrix S times the
output-referred fractional change in Fp.



9.2 MAMS LOG SENSITIVITY 203

6 Pgrac

Figure 9.4 An output-referred fractional perturbation of the transfer ma-
trix Pp. In the SASS case, 6 Py = 6 log P,.

The design specification,
Omax (0T (jw)) < 0.01  for w < Whw, Tmax(6PF*(jw)) < 0.20,  (9.21)

which limits the first order fractional change in T to 1% over the bandwidth wpy,
despite variations in Py of 20%, is therefore equivalent to the closed-loop convex
specification

omax(S(jw)) <0.05 for w < why-. (9.22)

We remind the reader that the inequality in (9.21) holds only to first order in
§Pfrac: its precise meaning is

frac( ;
m Omax (0T3¢ (jw)) < 0.01
§Pg—0 Omax (6 P2 (jw)) ~ 0.20

for w < wpy.

9.2.1 Cruz and Perkins’ Comparison Sensitivity

Cruz and Perkins gave another generalization of Bode’s log sensitivity to the MAMS
2-DOF control system using the concept of comparison sensitivity, in which the
perturbed closed-loop system is compared to an equivalent open-loop system.

The open-loop equivalent system consists of Py + § Py driven by the unperturbed
actuator signal, as shown at the top of figure 9.5. For 6P, = 0, the open-loop
equivalent system is identical to the closed-loop system shown at the bottom of
figure 9.5. For § Py nonzero, however, the two systems differ. By comparing the first
order changes in these two systems, we can directly see the effect of the feedback
on the perturbation 6 F;.

The transfer matrix of the open-loop equivalent system is

T = (Py + 6Po)(I + K3Py) 'K,
so that

6T°' = §Py(I + K3Pp) 'K,
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:0 + K Py Yo |
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: 0 + K P0+6P0 + yp

Figure 9.5 In the open-loop equivalent system, shown at top, the actuator
signal u drives Py+6 Po, so there is no feedback around the perturbation § P.

The benefit of feedback can be seen by comparing the first order changes in
ole pert

the transfer matrices from 7 to yp © and y5°, respectively (see (9.23)).

Comparing this to the first order change in the I/O transfer matrix, given in (9.19),
we have

6T ~ S6T°". (9.23)

This simple equation shows that the first order variation in the I/O transfer
matrix is equal to the sensitivity transfer matrix times the first order variation in
the open-loop equivalent system. It follows that the specification (9.22) can be
interpreted as limiting the sensitivity of the I/O transfer matrix to be no more than
5% of the sensitivity of I/O transfer matrix of the open-loop equivalent system.

9.3 General Differential Sensitivity

The general expression for the first order change in the closed-loop transfer matrix
H due to a change in the plant transfer matrix is

§H ~ 6P,y + 6P, K(I — Py K) 'Pyy + P,y K(I — Py K)“16P,, (9.24)
+ P,,K(I — PpyK) 6Py K(I — Py K) ' P,,.
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The last term shows that 9H/0P,, (which is a complicated object with four indices)
has components that are given by the product of two closed-loop transfer functions.
It is usually the case that design specifications that limit the size of 0H/0P,,, are
not closed-loop convex, since, roughly speaking, a product can be made small by
making either of its terms small.

9.3.1 AnExample

Using the standard example plant and controller K(®), described in section 2.4, we
consider the sensitivity of the I/O step response with respect to gain variations in
Pstd. Since §Pgtd = aP§td, the sensitivity

A 0s(t)
sa(t) = Oa

a=0

is simply the unit step response of the transfer function

PgtdK(a)
(1 +PgtdK(a))2

= ST. (9.25)

This transfer function is the product of two closed-loop transfer functions, which is
consistent with our general comments above.

In figure 9.6 the actual effect of a 20% gain reduction in P§*¢ on the step response
is compared to the step response predicted by the first order perturbational analysis,

SAPPIOX(¢) = 5(t) — 0.254(¢),

with the controller K (®), The step response sensitivity with this controller is shown
in figure 9.7. For plant gain changes between +20%, the first order approximation
to the step response falls in the shaded envelope s(t) & 0.254(¢).

We now consider the specification

|sa(1)] < 0.75, (9.26)

which limits the sensitivity of the step response at time ¢ = 1 to gain variations in
Pstd. We will show that this specification is not convex.

The controller K(® yields a closed-loop transfer matrix H(®) with s&a)(l) =
0.697, so H(®) satisfies the specification (9.26). The controller K(*) yields a closed-
loop transfer matrix H(® with s((xb)(l) = 0.702, so H®) also satisfies the specifica-
tion (9.26). However, the average of these two transfer matrices, (H® + H(®))/2,
has a step response sensitivity at t = 1 of 0.786, so (H®) + H(*))/2 does not satisfy
the specification (9.26). Therefore the specification (9.26) is not convex.
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Figure 9.6 When P§'? is replaced by 0.8P§*¢, the step response changes
from s to sP°**. The first order approximation of s*°™ is given by s*PP***(t) =
s(t) — 0.254(2).

1.6 T T T T T T T T T

0 1 2 3 4 5 6 7 8 9 10

Figure 9.7 The sensitivity of the step response to plant gain changes is
shown for the controller K(®. The first order approximation of the step
response falls in the shaded envelope when P§t¢ is replaced by aPst9, for
0.8<a<l2.
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9.3.2 Some Convex Approximations

In many cases there are useful convex approximations to specifications that limit
general differential sensitivities of the closed-loop system.
Consider the specification

|sa(t)] <0.75  for ¢t >0, (9.27)

which limits the sensitivity of the step response to gain variations in Py. This
specification is equivalent to

”ST”pk_step S 075,

which is not closed-loop convex. We will describe two convex approximations for
the nonconvex specification (9.27).
Suppose

Smin(t) < 8(t) < Smax(t) fort >0 (9.28)

is a design specification (see figure 8.5). A weak approximation of the sensitivity
specification (9.26) (along with the step response specification (9.28)) is that a
typical (and therefore fixed) step response satisfies the specification:

|STeyp |l < 0.75,

pk_step —

where T}y, is the transfer function that has unit step response

Smin (t) + Smax (t)
2 .

styp(t) =

A stronger approximation of (9.27) (along with the step response specifica-
tion (9.28)) requires that the sensitivity specification be met for every step response
that satisfies (9.28):

max { || Sv||oo | Smin(t) < v(t) < Smax(t) for ¢ > 0} < 0.75.

This is an inner approximation of (9.27), meaning that it is tighter than (9.27).
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Notes and References

Feedback and Sensitivity

The ability of feedback to make a system less sensitive to changes in the plant is discussed
in essentially every book on feedback and control; see Mayr [May70] for a history of
this idea. An early discussion (in the context of feedback amplifiers) can be found in
Black [BLA34], in which we find:

... by building an amplifier whose gain is deliberately made, say 40dB higher
than necessary, and then feeding the output back on the input in such a
way as to throw away the excess gain, it has been found possible to effect
extraordinary improvement in constancy of amplification ... By employing
this feedback principle, amplifiers have been built and used whose gain varied
less than 0.01dB with a change in plate voltage from 240V to 260V [whereas]
for an amplifier of conventional design and comparable size this change would
have been 0.7dB.

For a later discussion see Horowitz [HOR63, CH3|. A concise discussion appears in chapter
1, On the Advantages of Feedback, of Callier and Desoer [CD824].

Differential Sensitivity

Bode [BoD45] was the first to systematically study the effect of small (differential) changes
in closed-loop transfer functions due to small (differential) changes in the plant. On page
33 of [BoD45] we find (with our corresponding notation substituted),

The variation in the final gain characteristic [T'] in dB, per dB change in the
gain of [P], is reduced in the ratio [S].

A recent exposition of differential sensitivity can be found in chapter 3 of Lunze [LUN89)].

Comparison Sensitivity

The notion of comparison sensitivity was introduced by Cruz and Perkins in [CP64];
see also the book edited by Cruz [CRUT3]. The idea of an open-loop equivalent system,
however, is older. In [NGK57, §1.7], it is called the equivalent cascade configuration of
the control system. Recent discussions of comparison sensitivity can be found in Callier
and Desoer [CD824A, cH1] and Anderson and Moore [AM90, §5.3].

Sensitivity Specifications that Limit Control System Performance

The idea that sensitivity or robustness specifications can limit the achievable control system
performance is explicitly expressed in, e.g., Newton, Gould, and Kaiser [NGK57, P23]:

Control systems often employ mechanical, hydraulic, or pneumatic elements
which have less reproducible behavior than high quality electric circuit ele-
ments. This practical problem often causes the control designer to stop short
of an optimum design because he knows full well that the parameters of the
physical system may deviate considerably from the data on which he bases
his design.

A more recent paper that raised this issue, in the context of regulators designed by state-
space methods, is Doyle and Stein [DS81].



Chapter 10

Robustness Specifications via
Gain Bounds

In this chapter we consider robustness specifications, which limit the worst case
variation in the closed-loop system that can be caused by a specific set of plant
variations. We describe a powerful method for formulating inner approximations
of robustness specifications as norm-bounds on the nominal closed-loop transfer
matrix. These specifications are closed-loop convex.

In the previous chapter we studied the differential sensitivity of the closed-loop
system to variations in the plant. Differential sensitivity analysis often gives a
good prediction of the changes that occur in the closed-loop system when the plant
changes by a moderate (non-vanishing) amount, and hence, designs that satisfy
differential sensitivity specifications are often robust to moderate changes in the
plant. But differential sensitivity specifications cannot guarantee that the closed-
loop system does not change dramatically (e.g., become unstable) when the plant
changes by a non-vanishing amount.

In this chapter we describe robustness specifications, which, like differential sen-
sitivity specifications, limit the variation in the closed-loop system that can be
caused by a change or perturbation in the plant. In this approach, however,

e the sizes of plant variations are explicitly described, e.g., a particular gain
varies +1dB,

e robustness specifications limit the worst case change in the closed-loop system
that can be caused by one of the possible plant perturbations.

By contrast, in the differential sensitivity approach,

e the sizes of plant variations are not explicitly described; they are vaguely
described as “small”,

209
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o differential sensitivity specifications limit the first order changes in the closed-
loop system that can be caused by the plant perturbations.

Robustness specifications give guaranteed bounds on the performance deterio-
ration, even for “large” plant variations, for which extrapolations from differential
sensitivity specifications are dubious. Offsetting this advantage are some possible
disadvantages of robustness specifications over differential sensitivity specifications:

e It may not be possible to model the actual variations in the plant in the
precise way required by robustness specifications. For example, we may not
know whether to expect a £1dB or a £0.5dB variation in a particular gain.

e It may not be desirable to limit the worst case variation in the closed-loop
system, which results in a conservative design. A specification that limits the
typical variations in the closed-loop system (however we may define typical)
may better capture the designer’s intention.

Robustness specifications are often not closed-loop convex, just as the most gen-
eral specifications that limit differential sensitivity are not closed-loop convex. We
will describe a general small gain method for formulating convex inner approxima-
tions of robustness specifications; the Notes and References for this chapter describe
some of the attempts that have been made to make approximations of robustness
specifications that are less conservative, but not convex. Since we will be describ-
ing convex approzimations of robustness specifications, we should add the following
item to the list of possible disadvantages:

e The small gain based convex inner approximations of robustness specifications
can be poor approximations. Thus, designs based on these approximations
can be conservative.

This topic is addressed in some of the references at the end of this chapter.

In the next section we give a precise and general definition of a robustness
specification, which may appear abstract on first reading. In the remainder of this
chapter we describe the framework for small gain methods, and then the small
gain methods themselves. The framework and methods are demonstrated on some
simple, specific examples that are based on our standard example SASS 1-DOF
control system described in section 2.4. These examples continue throughout the
chapter.

10.1 Robustness Specifications

10.1.1 Some Definitions

In this section we give a careful definition of a robustness specification; we defer until
the next section examples of common robustness specifications. Roughly speaking,
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a robustness specification requires that some design specification D must hold, even
if the plant P is replaced by any PP from a specified set P of possible perturbed
plants.

Let us be more precise. Suppose that P is any set of (n, + ny,) x (n, + ny)
transfer matrices. We will refer to P as the perturbed plant set, and its elements as
perturbed plants. Let D denote some design specification, i.e., a boolean function
on n, X n, transfer matrices, and let K denote any n, X n, transfer matrix.

Definition 10.1: We say D holds robustly for K and P if for each PP € P, D
holds for the transfer matriz PEe™ + PR K (I — PR K )~ PPert,

In words, the design specification D holds robustly for K and P if the controller
K connected to any of the perturbed plants PP*** € P yields a closed-loop system
that satisfies D. Definition 10.1 is not, by itself, a design specification: it is a
property of a controller and a set of transfer matrices. Note also that definition 10.1
makes no mention of the plant P.

Once we have the concept of a design specification holding robustly for a given
controller and perturbed plant set, we can define the notion of a robustness speci-
fication, which will involve the plant P.

Definition 10.2: The robustness specification Do, formed from D, P, and P is
given by:

Diob : D holds robustly for K and P,
for every K that satisfies
H=P,, + P, K(I — P, K) 'Py,. (10.1)

Thus a robustness specification is formed from a design specification D, a per-
turbation plant set P, and the plant P. The reader should note that D, is indeed
a design specification: it is a boolean function of H. We can interpret D, as fol-
lows: if H satisfies Do and K is any controller that yields the closed-loop transfer
matrix H (when connected to P), the closed-loop transfer matrix that results from
connecting K to any PP®™* € P will all satisfy D.

A sensible formulation of the plant will including signals such as sensor and
actuator noises and the sensor and actuator signals (recall chapter 7). In this case
the controller K is uniquely determined by a closed-loop transfer matrix H that
is realizable, since (I — Py, K )~! will appear as a submatrix of H, and we can
determine K from this transfer matrix. In these cases we may substitute “the K”
for “every K” in the definition 10.2.

In many cases, P € P, and P consists of transfer matrices that are “close” to P.
In this context P is sometimes called the nominal plant. In this case the robustness
specification D}, requires that even with the worst perturbed plant substituted for
the nominal plant, the design specification D will continue to hold.
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If the design specification D is Dgiaple, i-€., closed-loop stability (see chapter 7),
we call D, the robust stability design specification associated with P and P.

Throughout this chapter, P is understood, so the robustness specification will
be written

Drob (Pa D)

The robust stability specification associated with the perturbed plant set P will be
denoted

Drob_stab (P) é Drob (Pa Dstable)-

10.1.2 Time-Varying and Nonlinear Perturbations

It is possible to extend the perturbed plant set to include time-varying or nonlinear
systems, although this requires some care since many of our basic concepts and
notation depend on our assumption 2.2 that the plant is LTI. Such an extension
is useful for designing a controller K for a nonlinear or time-varying plant P=oml»,
The controller K is often designed for a “nominal” LTI plant P that is in some
sense “close” to pnerlin, pnonlin i then considered to be a perturbation of P.

In this section we briefly and informally describe how we may modify our frame-
work to include such nonlinear or time-varying perturbations. In this case the per-
turbed plant is a nonlinear or time-varying system with n,, + n, inputs and n, +n,
outputs. The perturbed closed-loop system, obtained by connecting the controller
between the signals y and u of the perturbed plant, is now also nonlinear or time-
varying, so the perturbed closed-loop system cannot be described by an n, X n,,
transfer matrix, as in (10.1). Instead, the closed-loop system is described by the
nonlinear or time-varying closed-loop operator that maps w into the resulting z.

A design specification will simply be a predicate of the closed-loop system. The
only predicate that we will consider is closed-loop stability, which, roughly speaking,
means that z is bounded whenever w is bounded (the definition of closed-loop
stability given in chapter 7 does not apply here, since it refers to the transfer matrix
H). The reader can consult the references given at the end of this chapter for precise
and detailed definitions of closed-loop stability of nonlinear or time-varying systems.

The robust stability specification Dyop_stab Will mean that when the (LTI) con-
troller K, which is designed on the basis of the (LTI) plant P, is connected to any
of the nonlinear or time-varying perturbed plants in P, the resulting (nonlinear or
time-varying) closed-loop system is stable.

10.2 Examples of Robustness Specifications

In this section we consider some examples of robustness specifications, organized
by their associated plant perturbation sets. Most of these robustness specifications
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are not convex, but later in this chapter we describe a general method of forming
convex inner approximations of these specifications.

10.2.1 Finite Plant Perturbation Sets
A simple but important case occurs when P is a finite set:

P={Py,...,Px}. (10.2)

Neglected Dynamics

Recall from chapter 1 that P may be a simple (but not very accurate) model of
the system to be controlled. Our perturbed plant set might then be P = {Pc™Plx}
where P°™P* is a complex, detailed, and accurate model of the system to be con-
trolled. In this case, the robustness specification D, guarantees that the controller
we design using the simple model P, will, when connected to P°™PX, satisfy the
design specification D.

As a specific example, suppose that our plant is our standard numerical example,
the 1-DOF controller described in section 2.4, with plant

P4 0 0| Pt
] = 0 0 0| 1
—-pPgtd -1 1] —Pgt

Pzw qu
P_|:Py’w Pyu

The more detailed model of the system to be controlled might take into account a
high frequency resonance and roll-off in the system dynamics and some fast sensor
dynamics, neither of which is included in the plant model P:

P(;:mplx 0 0 P(;:mplx
pemplx — 0 0 0 1
_P(;:mplesens _Hsens 1 | _Pgmplesens
where
PStd(s) 1
Pcmplx = 0 Hsens = -
o (s) 1 +1.25(s/100) + (s/100)2’ (s) 1+ s/80
This is shown in figure 10.1 below (c.f. figure 2.11).
For this example, the perturbed plant set is
P = {Pcmplx}‘ (103)

The robust stability specification Dyopb_stab that corresponds to (10.3) requires
that the controller designed on the basis of the nominal plant P will also stabilize the
complex model P°™P* of the system to be controlled. Roughly speaking, Diob_stab
requires that the system cannot be made unstable by the high frequency resonance
and roll-off in the system dynamics and the dynamics of the sensor, which are
ignored in the model P.
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U Nproc Yp  Tsensor
T — K ¢ I Pgmplx ) I Hgens [

Figure 10.1 The controller K, which is designed on the basis of the model
Pt is connected to a more detailed model of the system to be controlled,
PP The model P™P™ includes a high frequency resonance and roll-off

in P{™P'* and the sensor dynamics (1 + s/80) 7.

Failure Modes

The perturbed plants in (10.2) may represent different failure modes of the system to
be controlled. For example, P; might be a model of the system to be controlled after
an actuator has failed (i.e., P; is P, but with the column associated with the failed
actuator set to zero). In this case the specification of robust stability guarantees
that the closed-loop system will remain stable, despite the failures modeled by
P,...,Py.

10.2.2 Parametrized Plant Perturbations

In some cases the perturbed plant set P can be described by some parameters that
vary over ranges:

P={P?"(a) | L1 <01 <Ui,..., Ly < o <Up}.

In this case we often have P € P; the corresponding parameter is called the nominal
parameter:

P = Ppert (anom).

Parametrized plant perturbation sets can be used to model several different
types of plant variation:

e Component tolerances. A single controller K is to be designed for many
plants, for example, a manufacturing run of the system to be controlled. The
controller is designed on the basis of a nominal plant; the parameter variations
represent the (slight, one hopes) differences in the individual manufactured
systems. Designing a controller that robustly achieves the design specifications
avoids the need and cost of tuning each manufactured control system (see
section 1.1.5).
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o Component drift or aging. A controller is designed for a system that is well
modeled by P, but it is desired that the system should continue to work if or
when the system to be controlled changes, due to aging or drift in its compo-
nents. Designing a controller that robustly achieves the design specifications
avoids the need and cost of periodically re-tuning the control system.

e Externally induced changes. The system to be controlled may be well mod-
eled as an LTT system that depends on an external operating condition, which
changes slowly compared to the system dynamics. Examples include temper-
ature induced variations in a system, and the effects of varying aerodynamic
pressure on aircraft dynamics. Designing a controller that robustly achieves
the design specifications can avoid the need for a gain-scheduled or adaptive
controller. (See the Notes and References in chapter 2.)

e Model parameter uncertainty. A parametrized perturbed plant set can model
uncertainty in modeling the system to be controlled (see section 1.1.2). In
a model developed from physical principles, the a; may represent physical
parameters such as lengths, masses, and heat conduction coefficients, and
the bounds L; and U; are then minimum and maximum values that could
be expected to occur. In a black box model derived from an identification
procedure, the «; could represent transfer function coefficients, and the L;
and U; might represent the 90% confidence bands for the identified model.

Example: Gain Margins

Gain margin specifications are examples of classical robustness specifications that
are associated with a parametrized plant perturbation set. We consider the classical
1-DOF controller, with perturbed plant set described informally by

P2 (s5) = aPy(s), L<a<U.
More precisely, we have the perturbed plant set
aPo 0 0 OAPO
P = 0 0 0 1 L<a<Uy, a™™m =1, (10.4)
—aPO -1 1 | —aPO
where 0 < L<1<U.
The specification of robust stability with the perturbed plant set (10.4) is de-
scribed in classical terms as a positive gain margin of 201log,, UdB and a negative
gain margin of 20log,, LdB.

As an example we will use later, the robustness specification that requires gain
margins of +4dB and —3.5dB is given by

Dia_ssdbgm:  Drobstab(P) with L = 0.668, U = 1.585, (10.5)
with the plant perturbation set (10.4).




216 CHAPTER 10 ROBUSTNESS SPECIFICATIONS VIA GAIN BOUNDS

Example: Pole Variation

The parameter vector @ may determine pole or zero locations in the plant. As a
specific example, consider the perturbed plant set for the standard 1-DOF example
of section 2.4, described informally by

la-s
s2a+s’

PPt (s) = 5<a<15, o™ =10. (10.6)
Some of these phase variations in P§t? are shown in figure 10.2.
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Figure 10.2 The perturbed plants described by (10.6) consist of a phase
shift in P§*: shown here are the phase shifts for o — ™™ = +1, +3, +5.
(c.f. figure 9.2, which shows a particular phase shift.)

The robust stability specification D;op_stab is a strengthening of the stability
specification Dgiaple: Drob_stap requires that the controller stabilize not only the
plant P, but also the perturbed plants (10.6). Dyop_stab can be thought of as a type
of phase margin specification.

10.2.3 Unknown-but-Bounded Transfer Function Perturbations

It is often useful to model the uncertainty in the plant (as a model of the system
to be controlled) as frequency-dependent errors in the frequency responses of its
entries. Such plant perturbation sets can be used to account for:

e Model uncertainty. The plant transfer functions may inaccurately model the
system to be controlled because of measurement or identification errors. For
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example, the transfer functions of the system to be controlled may have been
measured at each frequency to an accuracy of 1%, or these measurements
might be repeatable only to 1%.

e High frequency parasitic dynamics. A model of the system to be controlled
may become less accurate at high frequencies because of unknown or unmod-
eled parasitic dynamics. Moreover these parasitic dynamics may change with
time or other physical parameters, and so cannot be confidently modeled. In
electrical systems, for example, we may have small stray capacitances and
(self and mutual) inductances between conductors; these parasitic dynamics
can change significantly when the electrical or magnetic environment of the
system is changed.

In state-space plant descriptions, the addition of high frequency parasitic dy-
namics is called a singular perturbation, because the perturbed plant has more
states than the plant.

Since these plant perturbation sets cannot be described by the variation of a
small number of real parameters, they are sometimes called nonparametric plant
perturbations.

There are some subtle distinctions between intentionally neglected system dy-
namics that could in principle be modeled, and parasitic dynamics that cannot be
confidently modeled. For example, a model of a mechanical system may be devel-
oped on the assumption that a drive train is rigid, an assumption that is good at
low frequencies, but poor at high frequencies. If the high frequency dynamics of this
drive train could be accurately modeled or consistently measured, then we could
develop a more accurate (and more complex) model of the system to be controlled,
as in section 10.2.1. However, it may be the case that these high frequency dynam-
ics are very sensitive to minor physical variations in the system, such as might be
induced by temperature changes, bearing wear, and so on. In this case the drive
train dynamics could reasonably be modeled as an unknown transfer function that
is close to one at low frequencies, and less close at high frequencies.

Example: Relative Uncertainty in Py

We consider again our standard SASS 1-DOF control system example. Suppose we
believe that the relative or fractional error in the transfer function Py (as a model of
the system to be controlled) is about 20% at low frequencies (say, w < 5), and much
larger at high frequencies (say, up to 400% for w > 500). We define the relative

€rror as
pert
Prel_err é PO - PO
0 - )
Py

so that
ngert — (1 + Pgel_err)PO. (107)
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Our plant model uncertainty can be described by a frequency-dependent limit on
the magnitude of P*-*") e.g.,

”Pgel_err/Wrel_err”oo < 1, (108)

where

1+5/10

, 10.9
1+ 5/200 (10.9)

Wrel_err(s) =0.2

We interpret |Wrel_err(jw)|, which is plotted in figure 10.3, as the maximum relative
error in Py(jw). We say that PEe-*™ is an unknown-but-bounded transfer function.
One interpretation is shown in figure 10.4.

10 - .
3
3
-
G
2
0.1 L L [ R B A L L PR T B A A L L FE R B i
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w

Figure 10.3 From (10.8), |Wiei_err(jw)| is the maximum relative error in
Py(jw). This represents a relative error of 20% at low frequencies and up

to 400% at high frequencies.

The perturbed plant set for this example is thus

ngert 0 0 P(g)ert
P = 0 0 0 1 | 5" [ Weelers|| . <19, (10.10)
_Pg)ert -1 1 ‘ _Pg)ert

where PP*™" is given by (10.7).
We note for future reference two robustness specifications using the perturbed
plant set (10.10). The first is robust stability, Dyob_stab, and the second is the
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S(Py" (jw))

R(P™ (jw))

Figure 10.4 The complex transfer function PP*"*(jw) is shown versus fre-
quency w. Circles that are centered at the nominal plant transfer function,
Py(jw), with radius |Wrel_er: (jw)Po(jw)| are also shown. (10.7) and (10.8)
require that the perturbed plant transfer function, PP, must lie within
the region enclosed by these circles.

stronger specification that these plant perturbations never cause the RMS gain
from the reference input to the actuator signal to exceed 75:

Drob (P, IT/Pollec < 75) (10.11)

(T'/ Py is the transfer function from the reference input to the actuator signal).

10.2.4 Neglected Nonlinearities
Example: Actuator Saturation

A common nonlinearity encountered in systems to be controlled is saturation of the
actuator signals, shown in figure 10.5. This system is described by

[ Z ] = pli» [ Zsat ] : (10.12)
ui(t) = S; Sat(u;(t)/S:), i=1,...,n,, (10.13)
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where PU" is an LTI system and the unit saturation function Sat : R — R is
defined by

A a la|] <1
Sat(a) = 1 a>1 (10.14)
-1 a< -1

S; is called the saturation threshold of the ith actuator: if the magnitude of each
actuator signal is always below its saturation threshold, then the system is LTI,
with transfer matrix P2,

sat

_/— . plin
[

Figure 10.5 A system to be controlled consists of the LTI system PU?,
driven by a saturated actuator signal, u***. The block diagram for the
saturation nonlinearity shows its graph.

One approach to designing a controller for this nonlinear system is to define the
LTI plant P = PY" and consider the saturation as a nonlinear perturbation of P.
Thus we consider the perturbed plant set consisting of the single nonlinear system
given by (10.12-10.13):

P = {prentin}, (10.15)

By designing an LTI controller for P that yields robust stability for (10.15), we
are guaranteed that when the controller is connected to the nonlinear system to
be controlled, the resulting nonlinear closed-loop system will at least be stable. If
the actuator signals only occasionally exceed their thresholds, then the closed-loop
transfer matrix H can give a good approximation of the behavior of the nonlinear
closed-loop system. (Another useful approach, also based on the idea of considering
the saturators as a perturbation of an LTI plant, is described in the Notes and
References.)

We should also mention the describing function method, a heuristic approach
that is often successful in practice. Roughly speaking, the describing function
method approximates the effect of the saturators as a gain reduction in the ac-
tuator channels: such perturbations are handled via gain margin specifications. Of
course, gain margin specifications do not guarantee that the nonlinear closed-loop
system is stable.
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10.3 Perturbation Feedback Form

In many cases the perturbed plant set P can be represented as the nominal plant
with an internal feedback, as shown in figure 10.6. When the internal feedback A is
zero, we recover the nominal plant P; each perturbed plant in P corresponds to a
particular feedback A € A, where A is a set of transfer matrices of the appropriate
size.

[ e
w = 2
EPpert(A) E

Figure 10.6 Each perturbed plant is equivalent to the nominal plant mod-
ified by the internal feedback A.

We will call A the feedback perturbation. The perturbed plant that results from
the feedback perturbation A will be denoted PP***(A), and A will be called the
feedback perturbation set that corresponds to P:

P = {ppert(A) | A€ A}. (10.16)

The symbol A emphasizes its role in “changing” the plant P into the perturbed
plant PPert,

The input signal to the perturbation feedback, denoted ¢, can be considered an
output signal of the plant P. Similarly, the output signal from the perturbation
feedback, denoted p, can be considered an input signal to the plant P. Throughout
this chapter we will assume that the exogenous input signal w and the regulated
output signal z are augmented to contain p and ¢, respectively:

w = ’ z = ’
p q
where @ and Z denote the original signals from figure 10.6. This is shown in fig-
ure 10.7.

To call p an exogenous input signal can be misleading, since this signal does
not originate “outside” the plant, like command inputs or disturbance signals, as
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Figure 10.7 The plant P showing p as part of the exogenous input signal
w and q as part of the regulated output signal z. By connecting the feedback
perturbation A between ¢ and p, we recover the perturbed plant PP**(A).

the term exogenous implies. We can think of the signal p as originating outside the
nominal plant, as in figure 10.6.

To describe a perturbation feedback form of a perturbed plant set P, we give
the (augmented) plant transfer matrix

Py | Psy | Ps
P=| P | Pop | Pou |,
Pyu? Pyp Pyu

along with the set A of perturbation feedbacks. Our original perturbed plant can
be expressed as

P, ].(10.17)

PPert(A)=[Pf”|PZ] [Psp

-1
Pyy ‘Pyu Pyp ]A(I_Pqu) [ Fao

The perturbation feedback form, i.e., the transfer matrix P in (10.17) and the
set A, is not uniquely determined by the perturbed plant set P. This fact will be
important later.

When P contains nonlinear or time-varying systems, the perturbation feedback
form consists of an LTI P and a set A of nonlinear or time-varying systems. Roughly
speaking, the feedback perturbation A represents the extracted nonlinear or time-
varying part of the system. We will see an example of this later.

10.3.1 Perturbation Feedback Form: Closed-Loop

Suppose now that the controller K is connected to the perturbed plant PPe™*(A),
as shown in figures 10.8 and 10.9.
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A

Figure 10.8 When the perturbed plant set is expressed in the perturbation
feedback form shown in figure 10.6, the perturbed closed-loop system can be
represented as the nominal plant P, with the controller K connected between
y and u as usual, and the perturbation feedback A connected between g and

p.
w — — Z
w H z
b q
A

Figure 10.9 The perturbed closed-loop system can be represented as the
nominal closed-loop system with feedback A connected from g (a part of z)
to p (a part of w). Note the similarity to figure 2.2.
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By substituting (10.17) into (2.7) we find that the transfer matrix of the per-
turbed closed-loop system is

Hpert(A) = H:g + H:, A(I - quA)_lHqﬁ,, (10.18)
where

H:y = Pz + PouK(I — PpuK) ' Pyy ( )
Hs, = Py + P K(I — Py K)"'Py, (10.20)
Hys = Py + PquK (I = PypK) ™' Pys ( )
Hgp =Pqp+Pun(I_PyuK)_1Pyp- ( )

Note the similarities between figures 10.9 and 2.2, and the corresponding equa-
tions (10.18) and (2.7). Figure 2.2 and equation (2.7) show the effect of connect-
ing the controller to the nominal plant to form the nominal closed-loop system;
figure 10.9 and equation (10.18) show the effect of connecting the feedback per-
turbation A to the nominal closed-loop system to form the perturbed closed-loop
system.

We may interpret

HP"'(A) — Hzg = HzpA(I — HypA) ' Hyy (10.23)

as the change in the closed-loop transfer matrix that is caused by the feedback
perturbation A. We have the following interpretations:

e H;; is the closed-loop transfer matrix of the nominal system, before its ex-
ogenous input and regulated output were augmented with the signals p and

q.

e H,y is the closed-loop transfer matrix from the original exogenous input signal
w to q. If Hyy is “large”, then so will be the signal g that drives or excites
the feedback perturbation A.

e H;, is the closed-loop transfer matrix from p to the original regulated output
signal Z. If Hj, is “large”, then so will be the effect on Z of the signal p, which
is generated by the feedback perturbation A.

e H,, is the closed-loop transfer matrix from p to g. We can interpret Hg, as
the feedback seen by A, looking into the nominal closed-loop system.

Thus, if the three closed-loop transfer matrices H;p, Hgy, and Hyp, are all “small”,
then our design will be “robust” to the perturbations, i.e., the change in the closed-
loop transfer matrix, which is given in (10.23), will also be “small”. This vague idea
will be made more precise later in this chapter.
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10.3.2 Examples of Perturbation Feedback Form

In this section x will denote a transfer function that we have already given elsewhere.
In this way we emphasize the transfer functions that are directly relevant to the
perturbation feedback form.

Neglected Dynamics

Figure 10.10 shows one way to represent the perturbed plant set P = {PcmPlx}
described in section 10.2.1 in perturbation feedback form. In this block diagram,
the perturbation feedback A acts as a switch: A = 0 yields the nominal plant;
A = I turns on the perturbation, to yield the perturbed plant Pc™Px,

This perturbation feedback form is described by the augmented plant

* K % Pe(rlr) 0 *
Pz | Pyp | Psu * x x| O 0 *
Puo | Py | P | = | P59 0 O] O 0 [P |, (10.24)
Pys | Py | Pyu ped 1 0| P& 0 | P
x % x| =P% PR | «
where
P(l)(s) _ —1.25(s/100) — (s/100)? P(z)(s) _ —s/80
1+ 1.25(s/100) + (s/100)2’ 1+ 5/80°
and the feedback perturbation set
A ={I}. (10.25)
When the controller is connected, we have
[ PdSs -T T
Hqﬂ) = i PgtdS S T ] 3 (10.26)
I (1) _p(2)
Hzp = (If‘;" S (21)%"T , (10.27)
_Perr T/Pgtd _Perr T/Pgtd
[ —PYT TP

Gain Margin: Perturbation Feedback Form 1

The perturbed plant set for the classical gain margin specification, given by P
in (10.4), can be expressed in the perturbation feedback form shown in figure 10.11.
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nproc yp Nsensor T
+ + T ,\L' + \l+
b + Po +  F + = Y
. —1.25(s/100) — (s/100)* | |
1+ 1.25(s/100) + (5/100)2
¢ A p (/100) + (s/100)
—s/80
L ] ||
1+ s/80

Figure 10.10 Perturbation feedback form for the perturbed plant set that
consists of the single transfer matrix P°™P**, The feedback perturbation A
acts as a switch: A = 0 yields the nominal plant; A = I yields the perturbed
plant Pe™Plx,

This perturbation feedback form is described by the augmented plant

P P | P |' * * *x| Py |* '|
Zw Zp Zu
Pois | Pop | P | = X x x 0 x ) (10.29)
5 1P [P 0 0 0] 0 |1
yw | “yp | Ty *x *x *| =Py | x
and the perturbation feedback set
A=[L-1,U-1], (10.30)

which is an interval. Thus, the feedback perturbations are real constants, or gains.
Informally, the perturbation A causes Py to become (1 + A)Py.

For this perturbation feedback form, the transfer matrices Hyy, Hzp, and Hyp
are given by

Hygy=|-T -T/P T/PR ], (10.31)
H;, = [ Ij"q‘? ] , (10.32)

Hy, = -T. (10.33)
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TMproc Yp Tsensor T
U ' : P, ‘ : :
+ + 0 + - y

q p
Figure 10.11 One possible perturbation feedback form for the classical

gain margin specification.

Gain Margin: Perturbation Feedback Form 2

The same perturbed plant set, (10.4), can be described in the different perturbation
feedback form shown in figure 10.12, for which

p. | P. | P |' * * x| Py | * '|

z o M * x *| 0 |%
Peo | Py | Pou | = |51 11 (10.34)
Py | Pyp | Fyu * * K| =Py | x

(only one entry differs from (10.29)), and
A=[1-1/L,1-1/U], (10.35)

which is a different interval than (10.30). For this perturbation feedback form, A
represents a constant that causes Py to become Py/(1 — A).

TNproc Yp TNsensor

N N

p q

Figure 10.12 Another perturbation feedback form for the classical gain
margin specification.

For this second perturbation feedback form, the transfer matrices Hgy;, Hzp, and
H,, are given by

Hyg=[-T -T/Py, T/P |, (10.36)
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PoS ] , (10.37)

= |
-T
Hy = 8. (10.38)

Only H,, differs from its corresponding expression for the previous perturbation
feedback form.

Pole Variation

In some cases, a plant pole or zero that depends on a parameter can be expressed
in perturbation feedback form. As a specific example, figure 10.13 shows one way
to express the specific example described in section 10.2.2 in perturbation feedback
form.

Figure 10.13 The variation in the phase shift of Py, described by (10.6),
can be represented as the effect of a varying feedback gain A inside the
plant.

Here we have

_ s -

* * | 10 *
P:y | Psp | Psu * * * 0 *
Py | Pop | P =] 2 0 0 -1 2 (10.39)

2 2
Pyi | Py | Pyu s2(s + 10) s+10 | s?(s+10)
—s
i * L ey * ]

with feedback perturbation set
A =[5, 5]. (10.40)
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The closed-loop transfer matrices are given by

2 2 -2
H,g = s T T |, 10.41
1 | s2(s+10) s—100 s-—10 (10.41)
- s
s
s+ 10
Hy= | J , (10.42)
T
| s —10
2 1
Hp=—— T - (10.43)

52 — 100 s+10°

(The reader worried that these transfer matrices may be unstable should recall
that the interpolation conditions of section 7.2.5 require that 7'(10) = 0; similar
conditions guarantee that these transfer matrices are proper, and have no pole at
s=0.)

Relative Uncertainty in Py

The plant perturbation set (10.10) can be expressed in the perturbation feedback
form shown in figure 10.14, for which

Psi | Prp | Pru |- : : : Wre16mPo : -|
Py | Pop | Pou | = 0 0O 0 1|’ (10:44)
Pyg | Pyp | Pyu * * x| —WielerrPo | *
and
A={A]Ale <1}, (10.49)

In this case the feedback perturbations are normalized unknown-but-bounded trans-
fer functions, that cause the transfer function Py to become (1 + Wyel_errA)FPp.

For this perturbation feedback form, the transfer matrices Hgy, Hzp, and Hgp
are given by

Hy=[-T -T/P T/P ], (10.46)

H; = [ Wre“e"P"j‘? ] : (10.47)
— V¥Vrel_err

Hyp = ~Wiel_en: T (10.48)

Saturating Actuators

We consider the perturbed plant set (10.15) which consists of the single nonlinear
system {P°lin}, This can be expressed in perturbation feedback form by express-
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nproc yp Tsensor T
U : P, : : : Yy
+ + 0 + -
W rel_err

q p

Figure 10.14 A perturbation feedback form for the plant perturbation
set (10.10).

ing each saturator as a straight signal path perturbed by a dead-zone nonlinearity,
Dz(a) 2a- Sat(a),

as shown in figure 10.15.

12'] ——

+ Plin
{ . .,

_— - - —-— — = = ] - A

N

I
:
I
(P
I
I
|

Figure 10.15 The nonlinear system shown in figure 10.5 is redrawn as
the nominal plant, which is LTI, connected to A”°* ", which is a dead-zone
nonlinearity.

This perturbation feedback form is described by the augmented plant

Pso | Pop | Pru |- P | —P | P ]
Pqu") Pqp Pqu = 0 0 I , (1049)
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and A = {Ar°nlin} ' where p = Amln(g) is defined by

In this case the feedback perturbation A™°"i" js 3 memoryless nonlinearity.

For this perturbation feedback form, the transfer matrices Hgy, Hsp, and Hy,
are given by

Hu = K(I - PJRK)™ ‘P, (10.51)
Hz, = —PiX(I - KPp)7, (10.52)
Hg = —KPpi(I - KPp)™". (10.53)

10.4 Small Gain Method for Robust Stability

10.4.1 A Convex Inner Approximation

We consider a perturbed plant set P that is given by a perturbation feedback form.
Suppose that the norm || - ||¢n is a gain (see chapter 5). Let M denote the maximum
gain of the possible feedback perturbations, i.e.,

M = sup ||Al|gn- (10.54)
AcA

M is thus a measure of how “big” the feedback perturbations can be.
Then from the small gain theorem described in section 5.4.2 (equations (5.29-
5.31) with H; = A and Hy = Hgp) we know that if

| HgpllgnM < 1 (10.55)

then we have for all A € A,

M

A(I-HpA) | < e
” ® ”gn 1- M”Hq:n”gn
From (10.23) we therefore have

M||Hzp||gn|| Hgw | gn
1- M“qu”gn

| HP™8(A) = Hza |, < for all A € A. (10.56)

We will refer to the closed-loop convex specification (10.55) as the small gain condi-
tion (for the perturbation feedback form and gain used). (10.55) and (10.56) are a
precise statement of the idea expressed in section 10.3.1: the closed-loop system will
be robust if the three closed-loop transfer matrices Hzp,, Hyy, and Hg, are “small
enough”.



232 CHAPTER 10 ROBUSTNESS SPECIFICATIONS VIA GAIN BOUNDS

It follows that the closed-loop convex specification on H given by

[ Hapllgn < 1/M, (10.57)

[ Hzpllgn < 00, (10.58)

| Hgi llgn < o0, (10.59)

| Hza|lgn < oo, (10.60)
implies that

|HP"||gn < 00 forall A€ A, (10.61)
i.e., the robustness specification formed from the perturbed plant set P and the
specification ||H||gn < oo holds. If the gain || - ||gn is finite only for stable transfer

matrices, then the specification (10.57-10.60) implies that HP®** is stable, and thus
the specification (10.57-10.60) is stronger than the specification of robust stability.
In this case, we may think of the specification (10.57-10.60) as a closed-loop convex
specification that guarantees robust stability.

As a more specific example, the RMS gain (Ho, norm) || - ||« is finite only for
stable transfer matrices, so the specification ||Hgp||c < 1/M, along with stability
of Hsp, Hg, and Hjzy (which is usually implied by internal stability), guarantees
that the robust stability specification D;op_stap holds for H.

The specification (10.57-10.60) can be used to form a convex inner approxi-
mation of a robust generalized stability specification, for various generalizations of
internal stability (see section 7.5), by using other gains. As an example, consider
the a-shifted Ho, norm, which is finite if and only if the poles of its argument have
real parts less than —a. If the specification (10.57-10.60) holds for this norm, then
we may conclude that the feedback perturbations cannot cause the poles of the
closed-loop system to have real parts equal to or exceeding —a. (We comment that
changing the gain used will generally change M, and will give a different specifica-
tion.)

Since the small gain condition (10.55) depends only on M, the largest gain of
the feedback perturbations, it follows that the conclusion (10.56) actually holds for
a set of feedback perturbations that may be larger than A:

A = (A | [Allgs < M} 2 A.
By using different perturbation feedback forms of a perturbed plant set, and
different gains that are finite only for stable transfer matrices, the small gain condi-

tion (10.55) can be used to form different convex inner approximations of the robust
stability specification.

10.4.2 An Extrapolated First Order Bound

It is interesting to compare (10.56) to a corresponding bound that is based on a
first order differential analysis. Since

A(I - HpA) T~ A
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(recall that ~ means equals, to first order in A), the first order variation in the
closed-loop transfer matrix is given by

Hpert (A) - Hi’lf) = ipAHqﬁ'; (1062)
(c.f. the exact expression given in (10.23)). If we use this first order analysis to
extrapolate the effects of any A € A, we have the approximate bound

[ HP™(A) = Hza ||, § M| Hzpllgnl| Hya llgn (10.63)

gn ~

(c.f. the small gain bound given in (10.56); < means that the inequality holds to
first order in A).

The small gain bound (10.56) can be interpreted as the extrapolated first order
differential bound (10.63), aggravated (increased) by a term that represents the
“margin” in the small gain condition, i.e.

1

. (10.64)
1- M”qu”gn

Of course, the small gain bound (10.56) is correct, whereas extrapolations from the
first order bound (10.63) need not hold.

Continuing this comparison, we can interpret the term (10.64) as representing
the higher order effects of the feedback perturbation A, since

1

=1+ (M| Hypllgn) + (M|[Hypllgn)® + (M||Hgp|lgn)® + -+ -
T = L M Ha ) + M o)’ + (M| Hopllen)* +

The bound (10.63), which keeps just the first term in this series, only accounts for
the first order effects.

It is interesting that the transfer matrix Hgp,, which is important in the small gain
based approximation of robust stability, has no effect whatever on the first order
change in H, given by (10.62). Thus Hyp, the feedback “seen” by the feedback
perturbation, has no first order effects, but is key to robust stability.

Conversely, the transfer matrices H;, and Hgy, which by (10.62) determine the
first order variation of H with respect to changes in A, have little to do with robust
stability. Thus, differential sensitivity of H, which depends only on Hys and Hjp,
and robust stability, which depends only on H,,, measure different aspects of the
robustness of the closed-loop system.

10.4.3 Nonlinear or Time-Varying Perturbations

A variation of the small gain method can be used to form an inner approximation
of the robust stability specification, when the feedback perturbations are nonlinear
or time-varying. In this case we define M by

| Aw][sig

M = sup { —_—
llwllsig

Ac A, ||w|sig > 0} (10.65)
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where || - ||sig denotes the norm on signals that determines the gain || - ||gn.

With this definition of M (which coincides with (10.54) when each A € A is
LTT), the specification (10.57-10.60) implies robust stability. In fact, a close analog
of (10.56) holds: for all A € A and exogenous inputs @, we have

||2Pert - 2||sig < a”w”Sig’

where

_ MHzpllgnl Hoa llgn
1- M“qu”gn

Thus, we have a bound on the perturbations in the regulated variables that can be
induced by the nonlinear or time-varying perturbations.

10.4.4 Examples

In this section we apply the small gain method to form inner approximations of
some of the robust stability specifications that we have considered so far. In a
few cases we will derive different convex inner approximations of the same robust
stability specification, either by using different perturbation feedback forms for the
same perturbed plant set, or by using different gains in the small gain theorem.

Neglected Dynamics: RMS Gain

‘We now consider the specification of internal stability along with the robust stability
specification for the perturbation plant set (10.3), i.e., Drob_stab N Dstable. We will
use the perturbation feedback form given by (10.24-10.25). The specification that
H:y, Hgy, and Hj, are stable is weaker than Dsiaple, 5o we will concentrate on
the small gain condition (10.57). No matter which gain we use, M is one, since A
contains only one transfer matrix, the 2 x 2 identity matrix.

We first use the RMS gain, i.e., the Ho, norm || - ||, which is finite only for
stable transfer matrices. The small gain condition is then

-PHT —TPY

[ Heplloo = pWs _7p® <L (10.66)

The closed-loop convex specification (10.66) (together with internal stability) is
stronger than the robust stability specification D,op_stap With the plant perturba-
tion set (10.25) (together with internal stability): if (10.66) is satisfied, then the
corresponding controller also stabilizes Pc™Px,

We can interpret the specification (10.66) as limiting the bandwidth of the
closed-loop system. The specification (10.66) can be crudely considered a frequency-
dependent limit on the size of T'; since Pe(rlr) and Pe(f,) are each highpass filters, this
limit is large for low frequencies, but less than one at high frequencies where Pe(rlr) and
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P have magnitudes nearly one, e.g., w > 100. Thus, (10.66) requires that |T'(jw)|
is less than one above about w = 100; in classical terms, the control bandwidth is
less than 100rad/sec. Figure 10.16(a) shows the actual region of the complex plane
that the specification (10.66) requires 7'(205) to lie in; figure 10.16(b) shows the

same region for 7°(2007).

2 2
1f 1t
3 ST
< S
2o N 0 (ZZZ)
& g
& 7
-1t —1}
-2 -2
—2 —1 0 1 2 -2 —1 0 1 2
RT'(207) RT'(2007)

(a) (b)
Figure 10.16 The specification (10.66) requires T'(jw) to lie in the shaded
region (a) for w = 20, and (b) for w = 200.

Neglected Dynamics: Scaled RMS Gain

We now apply the small gain method to the same example, using the same pertur-
bation feedback form, substituting a scaled H, norm for the H,, norm used above

(see section 5.3.6). We use the scaling
20
o=[5 1)
and the associated scaled gain,

—-PO1 _orp®
PMs/;2 —TP®

||DquD_1||°o =

This norm is finite only for stable transfer matrices, so the small gain condition

-PQ)T  —2TP{)
Pe(rlr)S/2 —TPe(r2r) <1, (10.67)
together with internal stability, is stronger than the robust stability specification
Drob_stab With the plant perturbation set (10.25) (together with internal stability).
Like the specification (10.66), the specification (10.67) can be thought of as limiting

the bandwidth of the closed-loop system.
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Figure 10.17(a) shows the actual region of the complex plane that the spec-
ification (10.67) requires T'(205) to lie in; figure 10.17(b) shows the same region
for T'(2005); comparing these figures to figures 10.16(a) and 10.16(b), we see that
the two inner approximations of robust stability given by (10.66) and (10.67) are
different: neither is stronger than the other.

2= =

ST (2005)
[=)

3T (205)

—2 -1 0 1 2
RT(205) RT'(2005)
(a) (b)
Figure 10.17 The specification (10.67) requires T'(jw) to lie in the shaded
region (a) for w = 20, and (b) for w = 200. The boundaries of the regions
from figure 10.16, for the specification (10.66), are shown with a dashed

line.

Gain Margin: Perturbation Feedback Form 1

We now consider the gain margin specification, using the RMS gain in the small
gain theorem, with the perturbation feedback form given by (10.29-10.30). The
maximum of the RMS gains of the perturbations is

M = max{||L — 1||so, |U = 1|jeo} = max{l — L, U —1}.

For this perturbation feedback form, Hg, = —T, so the small gain condition is

1 1
T||loo <1/M = min{ ————, —— ».
T <100 = min{ 1, 2}
For the specific gain margins of +4dB and —3.5dB, i.e., the robustness specifica-
tion (10.5), the convex inner approximation is

170 < 1.71. (10.68)

The closed-loop convex specification (10.68) is stronger than the gain margin
specification (10.5).
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Gain Margin: Perturbation Feedback Form 2

We now use the second perturbation feedback form for the gain margin problem,
given by (10.34-10.35). For this perturbation feedback form, we have

M =max{1/L -1, 1-1/U},

and Hy, = S, so the small gain condition is

L U

For the specific gain margins of +4dB, —3.5dB, we have

IS]lo0 < 2.02. (10.70)

The closed-loop convex specification (10.70) is a different inner approximation
of the gain margin specification (10.5) than (10.68).
Thus we have

”T”oo < 1.711 = D+4,—3.5db_gm, ”S“oo <202 = D+4,—3.5db_gma

but neither of the convex specifications on the left-hand sides is stronger than the
other. We can contrast the two specifications by expressing (10.70) as ||1 — T'||eo <
2.02: see figure 10.18.

3 : : :
|1 — T(jw)| < 2.02
2L i
1l i
3
= o i
&
&
1L i
2L i
_3 .
-2 -1 0 1 2 3 4

RT (jw)
Figure 10.18 The specifications (10.68) and (10.70) require the complex
number T'(jw) to lie in the indicated circles at each frequency w.
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A Generalized Gain Margin

We consider again the perturbed plant set for the gain margin specification, but
tighten our robustness specification to require that the perturbed closed-loop system
should have a stability degree that exceeds a > 0, i.e., the poles of HP** should have
real parts less than —a. To form a convex inner approximation of this robustness
specification, we apply the small gain method to the perturbation feedback form
given by (10.34-10.35) and the a-shifted Ho, norm. For this norm (indeed, for any
gain) we find that

M =max{1/L—1, 1—1/U},

just as for the unshifted H., norm.
The convex inner approximation is then: Hzy, Hzp,, and Hgy (given in (10.36—
10.38)) have stability degrees exceeding a (i.e., finite || - ||oo,o norms) and

. L U
15|00 < mm{ﬁ, m} -
For the specific generalized gain margin of +4dB, —3.5dB, with a minimum stability

degree of 0.2, we have the convex inner approximation

IS]l00,0.2 < 2.02. (10.71)

Pole Variation

We now consider the perturbed plant set (10.6) from section 10.2.2. We will form
the small gain condition using the perturbation feedback form (10.39-10.40), and
the RMS gain. The maximum RMS gain of the feedback perturbations is 5, so we
have the approximation

2
S
s§2 — 100 s+10||

< 1/5. (10.72)

We can interpret this closed-loop convex specification as follows. The weighting
on T is a bandpass filter, whose peak magnitude is 0.1, at w = 10. The specifica-
tion (10.72), roughly speaking, constrains 7" for frequencies near w = 10.

Relative Uncertainty in Py

We will use the perturbation feedback form (10.44) described above, with the RMS
gain. In this case we have M = 1, so the small gain condition becomes the weighted
H, norm specification

”Wrel_errT”oo <1 (1073)

This requires that the magnitude of T' lie below the frequency-dependent limit
1/|Wrel_err(jw)|, as shown in figure 10.19.
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Figure 10.19 A convex inner approximation of robust stability with the
relative plant uncertainty (10.7) requires that the magnitude of T lie below
the frequency-dependent limit 1/|Wiel_err(jw)].

Saturating Actuators

We consider the perturbed plant set (10.15), with the perturbation feedback form
given by (10.49) and (10.50). We will use the RMS gain or Ho, norm. From
formula (10.65) we find that M = 1, since the RMS value of the dead-zone output
is less than the RMS value of its input, and for large constant signals, the two RMS
values are close. The small gain condition for robust stability is thus

|KP(I — KP2) oo < 1. (10.74)

Thus, if the closed-loop convex specification (10.74) is satisfied, then an LTI
controller designed on the basis of the linear model P! will at least stabilize the
nonlinear system that includes the actuator saturation.

10.5 Small Gain Method for Robust Performance

10.5.1 A Convex Inner Approximation

A variation of the small gain method can be used to form convex inner approxima-
tions of robustness specifications that involve a gain bound such as

|Hzallgn < o,
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where H;y; is some entry or submatrix of H (c.f. robust stability, which involves
the gain bound ||Hzp||co < 00).

Throughout this section, we will consider the robustness specification that is
formed from the perturbed plant set P and the RMS gain bound specification

[Hzalloo < 1. (10.75)

We will refer to this robust performance specification as Diob_pers. We will also
assume that the perturbed plant set P is described by a perturbation feedback
form for which the maximum RMS gain of the feedback perturbations is one, i.e.,
M =1 in (10.54).

The inner approximation of D;ob_pers is

5 2

<1 10.76
qu’[y qu ( )

oo

Like the inner approximation (10.57-10.60) of the robust stability specification
Drob_stab, We can interpret (10.76) as limiting the size of Hj,, Hyy, and Hgy.

Let us show that (10.76) implies that the specification (10.75) holds robustly,
i.e.,

|Hz + HzpA (I — HypA) ™ Hyglloo < 1 for all A € A. (10.77)

Assume that (10.76) holds, so that for any signals @ and p we have

B (1 079
where
[ z H:; H;: 0
-q]=[Hqu7 qu][p]'
The inequality (10.78) can be rewritten
120 7ms + N1l Ems < 10 ]I5ms + 1Plms- (10.79)

Now assume that p = Aq, where A € A, so that these signals correspond to
closed-loop behavior of the perturbed system, i.e.,

5= (Hzo+ Hep (T = HypA) ™ Hyg) (10.80)
Since ||A|loo < 1, we have

[Pllms < [lg|rms- (10.81)
From (10.79-10.81) we conclude that

Zllems = || (s + Hap (I = Hyp )™ Hya )

rms

< || rms-
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Since this holds for any w, (10.77) follows.

Doyle has interpreted the specification (10.76) as a small gain based robust
stability condition (10.55) for a perturbed plant set that includes an unknown-but-
bounded transfer matrix connected from Z to @w. This “performance loop” is shown
in figure 10.20.

If the condition (10.76) holds, then the closed-loop system in figure 10.20 is
robustly stable for all A with ||A]|s < 1. In particular, the closed-loop system in
figure 10.20 will be robustly stable for all A of the form

< A 0
A:[O Aperf],

holding robustly for all A with ||Al|e < 1.

with ||Allee < 1 and ||AP*™||, < 1. This is equivalent to the specification (10.75)

w Z
w H z
b q
: A ;
: Aperf E
‘A |

_____________

Figure 10.20 Doyle’s performance loop connects a feedback AP®™ from
the critical regulated variable Z back to the critical exogenous input w. If
the resulting system is robustly stable (with ||AP*|l < 1 and [|A]je <
1), then the original system robustly satisfies the performance specification
[Hswlloo < 1.

10.5.2 An Example

We consider the plant perturbation set (10.10), i.e., frequency-dependent relative
uncertainty in the transfer function Py, and the robustness specification (10.11)
which limits the RMS gain from the reference input to the actuator signal to be less
than or equal to 75, for all possible perturbations.
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Applying the method above yields the convex specification

T/ 75P0 - rel_errT
H[ T/ 75P0 - rel_errT :|Hoo < 1’ (1082)

which guarantees that the robust performance specification holds.
The inner approximation (10.82) can be simplified by factoring T' out of the
matrix, and assuming 7T’ is stable, in which case it is equivalent to

i ([ TR0 i) )

= |T(jw)| V2 (|Wrelere (jw)|? + |1/ (75P (jw))[?) < 1 for w € R.

Hence, (10.82) is equivalent to the specification that T be stable and satisfy the
frequency-dependent magnitude limit

1
|T(jw)| < for w € R, (10.83)

V2 (Wrelex:(jw)[? + [1/(T5Po (w))[?)

which is plotted in figure 10.21. The reader should compare the specification (10.83)
0 (10.73), which guarantees robust stability, and is also plotted in figure 10.21.
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Figure 10.21 If the closed-loop transfer function T is stable and its magni-
tude lies below the limit shown, then the relative uncertainty in Py cannot
cause the perturbed closed-loop transfer function from reference input to
actuator signal to have RMS gain exceeding 75. The dotted limit shows the
previously determined bound that guarantees closed-loop stability despite
the relative uncertainty in Py (see figure 10.19). The dashed line is the
bound imposed by the performance specification ||T/Po|lec < 75. For this
example, the specification of robust stability and nominal performance is
not much looser than the small gain based inner approximation of robust
performance.
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Notes and References

Comparison with Differential Sensitivity
In [LuN89, P48-49], Lunze states:

Sensitivity is a local property that describes how strongly the system perfor-
mance is affected by very small perturbations around a given nominal point d.
No information about the amount of perturbations is used. However, as many
properties depend continuously on the parameter vector a, extrapolations can
be made from very small to finite deviations. Therefore, sensitivity analysis
yields guidelines for the attenuation of severe parameter perturbation and,
hence, the achievement of robustness. But sensitivity analysis alone cannot
ensure this robustness because the range of validity of the results is not known.

(See also table 3.1 in [LUN89, P49].)

The distinction between parametrized and other perturbed plant sets is not as clear as it
might seem. In [BoY86], it is observed that robust stability specifications with unknown-
but-bounded transfer function perturbations can be recast as robust stability specifications
with parametrized plant perturbation sets. (There does not appear to be any advantage
in doing so.)

Relation to Classical Control Ideas

Many of the small gain based approximations of robustness specifications that we have
seen can be interpreted as limiting the magnitude of T' or S. The idea that a closed-loop
system with “large” T or S can be very sensitive to changes in Py is well-known in classical
control; the specification ||T'||c < M is called an M-circle constraint. Horowitz [HOR63,
P148] states

.. .1t is not necessarily a useful practical system, if the locus [of L] passes very
close to the —1 point. In the first place, a slight change of gain or time constant
may sufficiently shift the locus so as to lead to an unstable system. In the
second place, the closed-loop system response has 1 + L for its denominator.
At those frequencies for which L is close to —1, 1 + L is close to zero, leading
to large peaking in the system frequency response.

A classical interpretation of the small gain specification ||S||cc < « is that the Nyquist
plot maintains a distance of at least 1/ from the critical point —1 (see [BBN90]).

For a discussion of singular perturbations of control systems, see Kokotovic, Khalil, and
O'Reilly [KKO86].

Small Gain Methods

Small gain methods are discussed in the books by Desoer and Vidyasagar [DV75] and
Vidyasagar [VID78]. In most discussions the method is used to establish stability despite
nonlinear and time-varying perturbations.

The small gain theorem for linear A is a basic result of Functional Analysis, often attributed
to Banach; see, e.g., Kantorovich and Akilov [KA82, P154]. Its use in the analysis of
feedback systems was introduced by Zames [ZAM664].
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Many papers that discuss robustness specifications and small gain approaches are reprinted
in the volume edited by Dorato [DOR87]; see also the recent books by Lunze [LUN89, CH.8]
and Maciejowski [MAc89, §3.10].

Conservatism of Small Gain Methods

Since the small gain method yields inner approximations of robustness specifications, it is
natural to ask how “conservative” these approximations can be. Doyle, Wall, Stein, Chen,
and Desoer [DWS82, DS81, CD82B] observed that for the special case when

A={A||Allc <M},
the small gain condition for robust stability, i.e.,
| Haplloo < 1/M,

is exactly equivalent to the robust stability specification, and not just an approximation.
In such cases, therefore, the specification of robust stability is closed-loop convex. Thus
in our example of robust stability despite relative uncertainty in Py, the small gain condi-
tion (10.73) is the same as the robust stability specification.

In other cases the approximation can be arbitrarily conservative; see for example the papers
by Doyle [DoY82, DoY78] and Safonov and Doyle [SD84]. These papers suggest various
ways this conservatism can be reduced, for example, by choosing an optimally-scaled norm
for the small gain theorem. (We saw in our unmodeled plant dynamics example that scaling
can affect the inner approximation produced by the small gain method.) But limits on the
optimally-scaled gain are not closed-loop convex.

In these papers, Doyle introduces the structured singular value; if the structured singular
value is substituted for the norm-bound in the small gain theorem, then there is no con-
servatism for robust stability problems with certain types of feedback perturbation sets.
Specifications that limit the structured singular value are, however, not closed-loop convex.

Small Gain Theorem and Lyapunov Stability

Many of the specifications that we have encountered in this chapter have the form of a
(possibly weighted) Ho, norm-bound on Hg,. If such a specification is satisfied, then
we can compute the positive definite solution X of the ARE (5.42) as we described in
section 5.6.3. This matrix provides a Lyapunov function, V(z) = 2T Xz, that proves that
robust stability holds. See [BBK89] and [WIL73].

Circle Theorem

Several of the small gain robustness specifications that we encountered can be interpreted
as instances of the circle criterion, developed by Zames [ZAM66B], Sandberg [SAN64], and
Narendra and Goldwyn [NG64]. Multivariable versions were developed by Safonov and
Athans [SAF80, SA81] and others. Part III of the collection edited by MacFarlane [MACT79]
contains reprints of many of these original articles.

Boyd, Barratt, and Norman [BBN90] show that a general circle criterion specification is
closed-loop convex.
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About the Examples

The gain margin specification has been completely analyzed by Tannenbaum in [TAN80]
and [TAN82]; his analysis shows that it is not closed-loop convex; indeed, the set of transfer
matrices that satisfy a gain margin specification need not be connected.

The convex inner approximation (10.71) of the generalized gain margin, which limits the
shifted Ho, norm of S, is a special form of a generalized circle theorem (Moore [M0068]).

The robust performance specification example turns out to be closed-loop convex, since it
can be shown to be equivalent to

[Weel_err (Jw)T (jw)| + |(1/75)T (jw)/Po(jw)| <1 for all w.

In fact, for the 1-DOF control system, most robust performance specifications that are
expressed in terms of weighted Ho, norm-bounds also turn out to be closed-loop convex.
Another example is described in Francis [FRA88], and discussed in Boyd, Barratt and
Norman [BBN90].

Robust Performance Method

This method was introduced by Doyle in [DoYy82, Dov78], and is discussed in Ma-
ciejowski [Mac89, §3.12].

Describing Function Method

The describing function method is described in [GV68] and [VID78, cH4]. Several mod-
ifications can make the describing function method nonheuristic; see, e.g., Mees and
Bergen [MB75].

An Extension of the Saturating Actuators Example

We saw that it may be possible to design an LTT controller for a plant that is linear except
for saturating actuators, in such a way that we can guarantee that the resulting nonlinear
closed-loop system is stable, by requiring the specification (10.74) to be met. In this section
we briefly describe an extension of this idea that has been very useful in practice, and is
interesting because the method effectively synthesizes a nonlinear controller.

The control system architecture is shown in figure 10.22. The nonlinear controller K="
consists of a two-input, one-output LTI system, with its output saturated and fed back to
its first input; the output is identical to the signal that drives P'®.

We redraw this control system as shown in figure 10.23, and consider the dead-zone non-
linearity as a perturbation. We augment our design specifications with the small gain
condition ||[Hgp|le < 1; any resulting design is guaranteed to yield a stable nonlinear
closed-loop system. (Indeed, by our comments above, we can produce a Lyapunov func-
tion that proves stability of the closed-loop system.)

This scheme is discussed in, for example, Astrom and Wittenmark [AW90], and Morari
and Zafirou [MZ89, §3.2.3].
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Figure 10.22 The nonlinear controller K™°*!® consists of a two-input, one-
output LTI system, with its output saturated and fed back to its first input
(this is the signal that drives P"®).

Klin

Figure 10.23 The saturators in figure 10.22 are treated as a dead-zone
nonlinearity perturbation to a linear system.
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Chapter 11

A Pictorial Example

The sets of transfer matrices that satisfy specifications are generally infinite-
dimensional. In this chapter we consider our standard example described in
section 2.4 with an additional two-dimensional affine specification. This allows us
to visualize a two-dimensional “slice” through the various specifications we have
encountered. The reader can directly see, for this example, that specifications we
have claimed are convex are indeed convex.

Recall from section 2.4 that H®), H®) and H(°) are the closed-loop transfer ma-
trices resulting from the three controllers K (®, K®) and K(¢) given there. The
closed-loop affine specification

Hslice = {H | H=0oaH® +8H®) + (1 -a—-3)H for some a, § € R}

requires H to lie on the plane passing through these three transfer matrices. The
specification Hgjice has no practical use, but we will use it throughout this chapter
to allow us to plot two-dimensional “slices” through other (useful) specifications.

Figure 11.1 shows the subset —1 < a < 2, —1 < 8 < 2 of Hglice- Most plots that
we will see in this chapter use this range. Each point in figure 11.1 corresponds to
a closed-loop transfer matrix; for example, H(®) corresponds to the point a = 1,
B = 0, H®) corresponds to the point a = 0, 8 = 1, and H(® corresponds to the
point a = 0, 8 = 0. Also shown in figure 11.1 are the points

0.6H® +03H® +01H® and —0.2H® —06H® +1.8H,

Each point in figure 11.1 also corresponds to a particular controller, although we
will not usually be concerned with the controller itself. The controller that realizes
the closed-loop transfer matrix

aH® + gH®) 4 (1 - a - B)HE

can be computed by two applications of equation (7.10) from chapter 7.

249
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Figure 11.1 Each point (e, 3) corresponds to a closed-loop transfer matrix
H that lies in the plane through H®), H®) and H.

Many of the figures in this chapter show level curves of functionals on Hgj;ce,
i.e.,

{lo BT | ¢ (aH® +BH® +(1-a-HHO) =7}

For quasiconvex functionals this set might not be a connected curve, so we define
the level curve to be the boundary of the convex set

{lo A7 | ¢ (al® +H® +(1-a-B)H®) <7}

In most cases these two definitions agree.

11.1  1/O Specifications
11.1.1 A Settling Time Limit

The step responses from the reference input r to y, for the three closed-loop systems
are shown in figure 11.2. Figure 11.3 shows the level curves of the reference r to yj,
settling-time functional @getite, i-€.,

buetste (B +BHE +(1—a - B)H)). (11.1)

Recall from section 8.1.1 that dgett1e, and therefore (11.1), are quasiconvex. From
figure 11.3 it can be seen that the level curves bound convex subsets.
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0 1 2 3 4 5 6 7 8 9 10

Figure 11.2 The step responses from the reference input, 7, to plant out-
put, yp, for the closed-loop transfer matrices H® H® and H©,

1.5

—-0.5}

-1 . h
-1 -0.5 0 0.5 1 1.5 2

a

Figure 11.3 Level curves of the step response settling time, from the
reference 7 to yp, given by (11.1).
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11.1.2 Some Worst Case Tracking Error Specifications

We now consider the tracking error. For our example, the tracking error transfer
function is given by

H13—1

(we have not set up our example with the tracking error explicitly included in
the regulated variables). Figure 11.4 shows the level curves of the weighted peak
tracking error, i.e.,

A a c
(Ppk_trk(a) ﬂ) = HW (aH:fS) +ﬂH§]§) + (1 —a-— ﬁ)H§3) - ]‘)

11.2
g’ (112

where the weight is
W(s)=——.
(5) = 5

(We use the symbol ¢ to denote the restriction of a functional to a finite-dimensional
domain.) Recall from section 8.1.2 that the weighted peak tracking error is a convex
functional of H, and therefore ¢k ¢k is a convex function of o and 3. From
figure 11.4 it can be seen that the level curves bound convex subsets.

Figure 11.5 shows the level curves of the peak tracking error, for reference inputs
bounded and slew-rate limited by 1, i.e.,

|oB + 8D + (1 - a - pHE -1 (11.3)

wcC

In section 6.3.2 we showed that a function of the form (11.3) is convex; as expected,
the level curves in figure 11.5 bound convex subsets of Hgjice-
In section 5.5.2 we showed that, for any transfer function H,

[HW |[pk_gn < [|H]lwe < 3|HW ||pk_gn-

The reader should compare the level curves in figures 11.4 and 11.5 with this relation
in mind.
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a

Figure 11.4 Level curves of the weighted peak tracking error, given
by (11.2).

-1 —0.5 0 0.5 1 1.5 2
(6

Figure 11.5 Level curves of the peak tracking error, for reference inputs
bounded and slew-rate limited by 1, given by (11.3).
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11.2 Regulation

11.2.1  Asymptotic Rejection of Constant Disturbances

We first consider the effect on y, of a constant disturbance applied to nproc. Fig-
ure 11.6 shows the subset of Hgjice Where such a disturbance asymptotically has no
effect on yp, i.e., where the affine function

aHE(0) + BHD(0) + (1 — a — B)H(0) (11.4)
vanishes.
2
1.5}
1k
o} 0.5+
H11(0) >0
0t 4
—0.5F i
-1 . . . . .
-1 —0.5 0 0.5 1 1.5 2
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Figure 11.6 Asymptotic rejection of constant actuator-referred distur-
bances on yp.

11.2.2 Rejection of a Particular Disturbance

Suppose now that an actuator-referred disturbance is the waveform dpq,¢(t) shown
in figure 11.7. Figure 11.8 shows the level curves of the peak output y, due to the
actuator-referred disturbance dpa, 4.e.,

; (11.5)

o0

[(ars) + BEE + (1 - a = DAL dyus

which is a convex function on R2.



11.2 REGULATION 255

0.5 T T T T T T T T T

0.3

pars (t)

—-04t i
-0.5 .
0 1 2 3 4 5 6 7 8 9 10
t
Figure 11.7 A particular actuator-referred process disturbance signal,

dpart(t)-

Figure 11.8 Level curves of the peak of y, due to the particular actuator-
referred disturbance dpar(t) shown in figure 11.7, given by (11.5).
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11.2.3 RMS Regulation

Suppose that nproc and Ngensor are independent, zero-mean stochastic processes with
power spectral densities

Sproc(w) = w32

proc?

Ssensor(w) = Wsinsor’

where

Wiproe = 0.04,
Wsensor =0.01

(i.e., scaled white noises). Figure 11.9 shows the level curves of the RMS value of
yp due to these noises, i.e., the level curves of the function

Sorms_yp(a, ;6) é ¢rms_yp (aH(a) + ﬂH(b) + (1 —a— ,B)H(c)) , (116)

where

1/2

A 2 2
¢rrns_yp(H) = (||H11Wproc||2 + ||H12Wsensor||2) (117)

Recall from section 8.2.2 that the RMS response to independent stochastic inputs
with known power spectral densities is a convex functional of H; therefore ¢rms yp
is a convex function of H, and ¢ms_yp is a convex function of a and 3.

11.3 Actuator Effort

11.3.1 A Particular Disturbance

We consider again the particular actuator-referred disturbance dpart(t) shown in
figure 11.7. Figure 11.10 shows the peak actuator signal v due to the actuator-
referred disturbance dpa;t, i.e.,

[ (B + BHL + (1= o~ L) dyue

; (11.8)

o0

which is a convex function on R2.

11.3.2 RMS Limit

Figure 11.11 shows the level curves of the RMS value of u due to the noises described
in section 11.2.3, i.e., the level curves of the function

brms_u (aH(a) +BH® +(1—a- ﬁ)H<°)) , (11.9)
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Figure 11.9 Level curves of the RMS value of y;,, with sensor and actuator
noises, given by (11.6).

, , 0.4
-1 —0.5 0 0.5 1 1.5 2
(81

Figure 11.10 Level curves of the peak actuator signal u, due to the par-
ticular actuator-referred disturbance dpar¢(t) shown in figure 11.7, given
by (11.8).
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where

A 5 2 1/2
Qbrms_u(H) = <||H21Wproc”2 + ||H22Wsensor”2) . (1110)

Recall from section 8.2.2 that the RMS response to independent stochastic inputs
with known power spectral densities is a convex functional of H; therefore ¢ms_u
is a convex function of H, and (11.9) is a convex function of a and 3.
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Figure 11.11 Level curves of the RMS value of the actuator signal u, with
sensor and actuator noises, given by (11.9).

11.3.3 RMS Gain Limit

Figure 11.12 shows the level curves of the worst case RMS actuator signal u for any
reference input r with RMS value bounded by 1, i.e.,

o + 6B + (1 - a-p)HS)|

(11.11)
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Figure 11.12 Level curves of the worst case RMS actuator signal u for
any reference input » with RMS value bounded by 1, given by (11.11).
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11.4 Sensitivity Specifications
11.4.1 A Log Sensitivity Specification

We consider the plant perturbation
8P5*(s) = vPst(s),

i.e., a gain variation in Pgt? (see section 9.1.3). Figure 11.13 shows the level curves of
the maximum logarithmic sensitivity of the magnitude of the I/O transfer function
Hi3, over the frequency range 0 < w < 1, to these gain changes, i.e.,

sup B

0<w<1

log |Hy3(jw)|

= jax [RS(jw)l, (11.12)
v=0 =%=

where
. a)/ . b), . c)y/ .
S(jw) =1 - (aHF (jw) + BHE (jw) + (1 - a = B)H (ju) ) -
As expected, the level curves in figure 11.13 bound convex subsets of Hgjjce.

2

0.8

1.5

0.4
ok d
0.5
—o5l 0.6 |
0.7
_,Los . . . .
-1 —-0.5 0 0.5 1 1.5 2

a
Figure 11.13 Level curves of the logarithmic sensitivity of the magnitude
of the I/O transfer function His, over the frequency range 0 < w < 1, to
gain changes in the plant P§*?, given by (11.12).

When the function (11.12) takes on the value 0.3, the maximum first order
change in |Hy3(jw)|, over 0 < w < 1, with a 25% plant gain change is exp(0.075),
or 0.65dB. In figure 11.14 the actual maximum change in |Hy3(jw)| is shown for
points on the 0.3 contour of the function (11.12).
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(6
Figure 11.14 To first order, the peak change in |Hi3(jw)| for 0 < w <1
along the 0.3 contour in figure 11.13, for a 25% gain change in P§t¢, will be
0.65dB. The 0.3 contour from figure 11.13 is shown, together with the actual
peak change in |Hy3(jw)| for 0 < w < 1 for several points on the contour.

11.4.2 A Step Response Sensitivity Specification

In section 9.3 we considered the sensitivity of the I/O step response at t = 1 to
plant gain changes, i.e., § P§td = yPstd:

a 05(1)
s4(1) = oy

v=0

Figure 11.15 shows the subset of Hg;ce for which
|s4(1)] < 0.75.

This specification is equivalent to

i/ (1= TGw)TGE@) o g,| < 0,75, (11.13)
2w Jw

— 00

where
T(jw) = aHS) (jw) + BHY (jw) + (1 — a — B)HS (jw).

As we showed in section 9.3, and as is clear from figure 11.15, the step response
sensitivity specification (11.13) is not convex.
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Figure 11.15 The subset of Hgice that has an I/O step response sensi-
tivity magnitude, at ¢ = 1, of less than 0.75. This is the set of points for
which (11.13) holds.

11.5 Robustness Specifications

11.5.1 Gain Margin

We now consider the gain margin specification D4 _3.54b_gm: the system should
remain stable for gain changes in P5*¢ between +4dB and —3.5dB. In section 10.4.4
we used the small gain theorem to show that

Tl < 1.71 (11.14)
1]le0 < 2.02 (11.15)

are (different) inner approximations of the gain margin specification D4 _3.5d4b_gm.

Figure 11.16 shows the subset of Hgjjce that meets the gain margin specification
D 4,-3.5db_gm, together with the two inner approximations (11.14-11.15), i.e.,

oty + 95 + 1 oy

<1.71 (11.16)
_ (a) (b) o (c)
1 aHy' + BHps" + (1 « 5)H13 < 2.02. (11.17)
In general, the specification D4 _3.54b_gm is not convex, even though in this case

the subset of Hgiice that satisfies D4 _3.54b_gm is convex. The two inner approx-
imations (11.16-11.17) are norm-bounds on H, and are therefore convex (see sec-
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tion 6.3.2). The two approximations (11.16-11.17) are convex subsets of the exact
region that satisfies D 4 _3.54b_gm-

1.5

| Hisloo < 1.71

------------ |1 — Hislloo < 2.02

-0 -8 -6 -4 -2 0 2 4 6 8 10

Figure 11.16 The boundary of the region where the gain margin specifi-
cation D4, _3.5db_gm is met is shown, together with the boundaries of the
two inner approximations (11.16-11.17). In this case the exact region turns
out to be convex, but this is not generally so.

The bound on the sensitivity transfer function magnitude given by (10.69) is an
inner approximation to each gain margin specification. Figure 11.17 shows the level
curves of the peak magnitude of the sensitivity transfer function, i.e.,

A a c
Pmaxsens(@, ) 2 1= (e +8HE + 1 -a-pHY)| . (118

In section 6.3.2 we showed that a function of the form (11.18) is convex; the level
curves in figure 11.17 do indeed bound convex subsets of Hgj;ce.

11.5.2 Generalized Gain Margin

We now consider a tighter gain margin specification than D4 _3.54b_gm: for plant
gain changes between +4dB and —3.5dB the stability degree exceeds 0.2, i.e., the
closed-loop system poles have real parts less than —0.2. In section 10.4.4 we used
the small gain theorem to show that

115]l00,0.2 < 2.02 (11.19)

is an inner approximation of this generalized gain margin specification.
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Figure 11.17 The level curves of the sensitivity transfer function magni-
tude, given by (11.18).

Figure 11.18 shows the subset of Hgj;c. that meets the generalized gain margin
specification, together with the inner approximation (11.19), i.e.,

Hl — (eHE +8HE + (1- a-p)HY)) < 2.02. (11.20)

Hoo,0.2

The generalized gain margin specification is not in general convex, even though in
this case the subset of Hgice that satisfies the generalized gain margin specification
is convex. The inner approximation (11.20) is a norm-bound on H, and is therefore
convex (see section 6.3.2).

11.5.3 Robust Stability with Relative Plant Uncertainty
Figure 11.19 shows the subset of Hgjce that meets the specification
Drob_stab(,P)a (1121)

where P is the plant perturbation set (10.10), i.e., robust stability with the relative
plant uncertainty Wye_e;r described in section 10.2.3. The specification (11.21) is
equivalent to the convex inner approximation

HWrel_m (el +6HE + (1 - a - p)H) H <1 (11.22)

derived from the small gain theorem in section 10.4.4, i.e., in this case the small
gain theorem is not conservative (see the Notes and References in chapter 10).
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Figure 11.18 The boundary of the exact region where the generalized gain
margin specification is met is shown, together with the boundary of the inner
approximation (11.20). This specification is tighter than the specification
D4,—3.5db_gm shown in figure 11.16.

1.5

—-20 -15 —-10 -5 0 5 10 15 20

Figure 11.19 The region where the robust stability specification (11.21) is
met is shaded. This region is the same as the inner approximation (11.22).
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11.5.4 Robust Performance
Figure 11.20 shows the subset of Hg;c. that meets the specification

Dirob (P, [[H2sleo < 75), (11.23)

where P is the plant perturbation set (10.10), i.e., the plant perturbations described
in section 10.2.3 never cause the RMS gain from the reference input to the actuator
signal to exceed 75. In section 10.5.2 we showed that an inner approximation of the
specification (11.23) is

|aH§§)(jw) +BH® (jw) + (1 — a — ﬂ)H{g)(jw)| <lw) forweR (11.24)
(note that Haz = Hy3/Pgt), where

1
lw) = )
\/2 (IWrel_exs () |2 + |1/ (T5P5* (jw))I?)
which is also shown in figure 11.20. The exact region is not in general convex,

although in this case it happens to be convex (see the Notes and References in
chapter 10).

1.5

exact

-1.5} i

—92 . . . . . . .
-20 -—-15 10 -5 0 5 10 15 20
a

Figure 11.20 The boundary of the exact region where the robust perfor-
mance specification (11.23) is met is shown, together with the inner approx-
imation (11.24).

Figure 11.21 shows the exact specification (11.23), together with the convex inner
approximation (11.24) and a convex outer approximation (i.e., a specification that
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is weaker than (11.23)). The outer approximation is the simultaneous satisfaction
of the specifications

Drobjtab(P) and ||H23”oo S 75, (1125)

described in sections 11.5.3 and 11.3.3 respectively. The specifications (11.25) re-
quire robust stability, and that the nominal system has an RMS gain from the
reference to actuator signal not exceeding 75. The robust performance specifica-
tion (11.23) therefore implies (11.25), so (11.25) is an outer approximation of the
robust performance specification (11.23). The outer approximation in figure 11.21
is the set of a, 3 for which

W (a2t + 8 + 1= =g |_ <1,
- N o (11.26)
HaHzg + BHyy + (1 — a— B)Hy; H <75,

(see figure 10.21).

1.5

—1.5¢ i
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a

Figure 11.21 The boundary of the exact region where the robust perfor-
mance specification (11.23) is met is shown, together with the inner approx-
imation (11.24) and the outer approximation (11.26). The outer approxi-
mation is the intersection of the nominal performance specification and the
robust stability specification (see figures 11.12 and 11.19).
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11.6 Nonconvex Design Specifications

11.6.1 Controller Stability

Figure 11.22 shows the subset of Hgjce that is achieved by an open-loop stable
controller, i.e.,

{la o

From figure 11.22, we see that (11.27) is a nonconvex subset of Hgjice. We conclude
that a specification requiring open-loop controller stability,

aH® + BH®) + (1 —a - B)HO is }

achieved by a stable controller K (11.27)

— _ -1
He oon = { g | H =P+ PuK(I = PyuK) Py }

for some stable K that stabilizes P

is not in general convex.

3

2.5} E

2L 4

1.5+ i

« 1f ;

0.5 i

oL 4

-0.5} 4

Figure 11.22 Region where the closed-loop transfer matrix H is achieved
by a controller that is open-loop stable. It is not convex.

11.7 A Weighted-Max Functional

Consider the functional

A
wwt_max(a,ﬁ) = max {Sopk_trk(aa,g)a 0-5<pmax_sens(a,,6), 15(Prms_yp(a, ,6)},
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where the functions Ppk_trk) Pmax_sens, and Prms_yp are given by (112)7 (1118)7
and (11.6). The level curves of the function Yyt max(a, B) are shown in figure 11.23.
The function @wt_max Will be used for several examples in chapter 14.

2 T
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Figure 11.23 The level curves of ¢wt_max(c, 3)-
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Notes and References

How These Figures Were Computed

Most level curves of convex functions were plotted using a radial bisection method. Con-
sider the problem of plotting the ¢(H) =  level curve on Hgice, where ¢ is convex. Assume
that we know some point (ap, Bo) inside this level curve, i.e.

¢ (agH(a) + ,BoH(b) + (1 — Qg — ﬁo)H(c)) <7.
The value of ¢ along the radial line segment
a=ag+ Acos(0), B =L+ Asin(h), (11.28)

where A > 0, is
06(A) = ¢ ((ao + Acos(9)) (H® — H)) + (8o + Asin()) (H® — H)) + HO).

For each 6, ¢ is a convex function from Ry to R with ¢g(0) < v, so there is no more
than one A > 0 for which

po(A) = 7. (11.29)

(11.29) can be solved using a number of standard methods, such as bisection or regula
falsi, with only an evaluation of g required at each iteration. As 6 sweeps out the angles
0 < 0 < 27, the solution A to (11.29), together with (11.28), sweeps out the desired level
curve. This method was used for figures 11.4, 11.5, 11.12, 11.13, 11.17, 11.19, 11.20, 11.21,
and 11.23.

The above method also applies to quasiconvex functionals with the following modification:
in place of (11.29) we need to find the largest A for which @g(A) < 7.

In certain cases (11.29), or its quasiconvex modification, can be solved directly. For ex-
ample, consider the quasiconvex settling-time functional @sett1e from section 11.1.1. For a
fixed 0, the step response along the line (11.28) is of the form

so(t) + As1(t),
where s¢ is the step response of

aoH{3 + BoH{ + (1 - a0 — Bo) Hyy,
and s; is the step response of

(a) : (b) _ o ()

cos(0)H;,’ + sin(@)H;, + (— cos(0) — sin(f))H;; .

The largest value of A for which ¢g(\) < Trmax is given by

Y = max A
0.95 < 50(t) + As1(t) < 1.05 for ¢ > Tinax
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This is a linear program in the scalar variable A that can be directly solved.

A similar method was used to produce figures 11.8 and 11.10. A similar method could
also be used to produce level curves of H,, norms; at each frequency w a quadratic in A
can be solved to find the positive value of A that makes the frequency response magnitude
tight at w. Taking the minimum ) over all w gives the desired A*.

Figures 11.9 and 11.11 were plotted by directly computing the equations of the level
curves using a state-space method. For example, consider ||Hiz||3, which is one term in
the functional ¢rms_yp. Since

aH +BHS + (1 —a—B)HS = HO +a (H® - H) + 5 (H™ - H)
is affine in a and (3, it has a state-space realization
C(sI — A)"Y(Bo + aBi1 + 8B>),

where C is a row vector, and By, B1 and B; are column vectors. From section 5.6.1, if
Wobs is the solution to the Lyapunov equation

ATWobs + WobsA + CTC = 0,

we have

a8 +6EY + (1 - - pyEY)

SIh!

where

By
E=| B |Wos[ Bo Bi B: |
By

is a positive definite 3 x 3 matrix. The level curves of |Hiz||2 on Hgiice are therefore
ellipses.

The convex sets shown in figures 11.16 and 11.18 were produced using the standard radial
method described above. The exact contour along which the gain margin specification
was tight was also found by a radial method. However, since this specification need not
be convex, a fine grid search was also used to verify that the entire set had been correctly
determined.

The step response sensitivity plot in figure 11.15 was produced by forming an indefinite
quadratic in « and 3. The sensitivity, from (11.13), is the step response of

(1- (ot +6HE + (1 - - pHY)) (aB +BHE + (1 - a - HH)

at t = 1. After expansion, the step response of each term, at ¢ = 1, gives each of the
coefficients in an indefinite quadratic form in o and 8. Figure 11.15 shows the «, 8 for
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which

0.7149 —0.0055  0.1180 1
-075<[1 o B ]| —0.0055 —0.0074  0.0447 || o | <0.75.
0.1180  0.0447 -0.2493 | | B

The controller stability plot in figure 11.22 was produced by finding points where the
transfer function S(jw)/w® vanished for some frequency w. Since S = 1/(1 4+ P§*K)
vanishes wherever P§*? or K has a jw axis pole, the jw axis poles of K are exactly the
jw axis zeros of S(jw)/w?; the factor of w? cancels the two zeros at s = 0 that S inherits
from the two s = 0 poles of P§*?. At each frequency w, the linear equations in o and 3

R (1- (aBHE Go) + BEY () + (1 - a - HHF Gw)) ) /& =0,
S (1- (aBS (o) +BEY () + (1 - a - HHF Gv)) ) [w* =0

may be dependent, independent, or inconsistent; their solution in the first two cases gives
either a line or point in the (o, 8) plane. When these lines and points are plotted over
all frequencies they determine subsets of Hsiice Over which the controller K has a constant
number of unstable (right half-plane) poles. By checking any one controller inside each
subset of Hsjice for open-loop stability, each subset of Hgice can be labeled as being achieved
by stable or unstable controllers.



Part 1V

NUMERICAL METHODS

273






Chapter 12

Some Analytic Solutions

We describe several families of controller design problems that can be solved
rapidly and exactly using standard methods.

12.1 Linear Quadratic Regulator

The linear quadratic regulator (LQR) from optimal control theory can be used to
solve a family of regulator design problems in which the state is accessible and regu-
lation and actuator effort are each measured by mean-square deviation. A stochastic
formulation of the LQR problem is convenient for us; a more usual formulation is
as an optimal control problem (see the Notes and References at the end of this
chapter). The system is described by

= Az + Bu + w,

where w is a zero-mean white noise, i.e., w has power spectral density matrix
Sw(w) = I for all w. The state z is available to the controller, so y = z in our
framework.

The LQR cost function is the sum of the steady-state mean-square weighted
state z, and the steady-state mean-square weighted actuator signal u:

Jigr = tlim E (m(t)TQx(t) + u(t)TRu(t)) )
where Q and R are positive semidefinite weight matrices; the first term penalizes
deviations of z from zero, and the second term represents the cost of using the

actuator signal. We can express this cost in our framework by forming the regulated
output signal

275
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so that
Jigr = tli)rg)Ez(t)Tz(t),

the mean-square deviation of z. Since w is a white noise, we have (see section 5.2.2)
Tigr = || HII3,

the square of the Hs norm of the closed-loop transfer matrix.
In our framework, the plant for the LQR regulator problem is given by

Ap=A
B,=B
B,=1
o.-[ g ]
Cy =
Dzw=

(the matrices on left-hand side refer to the state-space equations from section 2.5).
This is shown in figure 12.1.

1/2 X
R }Z

Figure 12.1 The LQR cost is || H]||3.

The specifications that we consider are realizability and the functional inequality
specification

| H]l2 < o (12.1)
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Standard assumptions are that (Q,A) is observable, (4, B) is controllable, and
R > 0, in which case the specification (12.1) is stronger than (i.e., implies) internal
stability. (Recall our comment in chapter 7 that internal stability is often a redun-
dant addition to a sensible set of specifications.) With these standard assumptions,
there is actually a controller that achieves the smallest achievable LQR cost, and it
turns out to be a constant state-feedback,

Klqr(s) = _stba
which can be found as follows.
Let X4, denote the unique positive definite solution of the algebraic Riccati
equation
AT Xy + X1grA — X1eBR™'BT X1, + Q = 0. (12.2)
One method of finding this Xjq; is to form the associated Hamiltonian matrix
A —-BR'BT
—Q —AT ’
and then compute any matrix 7" such that
Ay 1‘112
0 A22 ’

M = [ (12.3)

T MT = [

where fill is stable. (One good choice is to compute an ordered Schur form of M,;
see the Notes and References in chapter 5.) We then partition 7" as

Ty, Tio
T =
[ Ty To2 :| ’

and the solution X, is given by
Xige = To, T7t

(We encountered a similar ARE in section 5.6.3; this solution method is analogous
to the one described there.)
Once we have found X4, we have

K, = R_lBTqura
which achieves LQR. cost
Jl)'c(lr = Terqr-

In particular, the specification (12.1) (along with realizability) is achievable if and
only if o > /Tr X, in which case the LQR-optimal controller Kj,; achieves the
specifications.

In practice, this analytic solution is not used to solve the feasibility problem for
the one-dimensional family of specifications indexed by «; rather it is used to solve
multicriterion optimization problems involving actuator effort and state excursion,
by solving the LQR problem for various weights R and (. This is explained further
in section 12.2.1.
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12.2 Linear Quadratic Gaussian Regulator

The linear quadratic Gaussian (LQG) problem is a generalization of the LQR prob-
lem to the case in which the state is not sensed directly. For the LQG problem we
consider the system given by

& = Az 4+ Bu + Wproc (12.4)
y= Cz+ Vsensor) (125)

where the process noise wproc and measurement noise vsensor are independent and
have constant power spectral density matrices W and V, respectively.

The LQG cost function is the sum of the steady-state mean-square weighted
state z, and the steady-state mean-square weighted actuator signal u:

Jigg = t]in;) E (z(¢)T Qz(t) + u(t)T Ru(t)) , (12.6)

where @) and R are positive semidefinite weight matrices.

This LQG problem can be cast in our framework as follows. Just as in the
LQR problem, we extract the (weighted) plant state z and actuator signal u as the
regulated output, i.e.,

_[R%uj|
z= Q%w .

The exogenous input consists of the process and measurement noises, which we
represent as

1
Wproc — Wf w
vsensor ‘/vE ’
with w a white noise signal, i.e., S, (w) = I. The state-space description of the
plant for the LQG problem is thus

Ap=A (12.7)
By,=[ W3 0] (12.8)
B,=B (12.9)
[0
C. = 1 12.10
| o ] (12.10)
C,=0C (12.11)
[0 0
D,y = 0 0 ] (12.12)
D, =| & ] (12.13)
| 0
Dyy=[0 V2] (12.14)

[
Dy, = 0. (12.15)
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This is shown in figure 12.2.

I I
: P process :
; 1/2 : 12 .
w { X w noise R , } .
| I
: I
I I
+ 4|z
E B F (SI — A) 1 \I/ Ql/z E
: c |
I I
1 . !
” | Loy measurement noise + , y
I + I
: I
: I
K

Figure 12.2 The LQG cost is || H||3.

Since w is a white noise, the LQG cost is simply the variance of z, which is given
by

qug = ”HHE

The specifications for the LQG problem are therefore the same as for the LQR
problem: realizability and the H; norm-bound (12.1).

Standard assumptions for the LQG problem are that the plant is controllable
from each of u and w, observable from each of z and y, a positive weight is used
for the actuator signal (R > 0), and the sensor noise satisfies V' > 0. With these
standard assumptions in force, there is a unique controller Ky, that minimizes
the LQG objective. This controller has the form of an estimated-state-feedback
controller (see section 7.4); the optimal state-feedback and estimator gains, K,
and Lest, can be determined by solving two algebraic Riccati equations as follows.
The state-feedback gain is given by

Ky = R BT Xjqgg, (12.16)
where X4, is the unique positive definite solution of the Riccati equation

AT X1gg + XiggA — X1ggBR'BT X144 + Q = 0, (12.17)
which is the same as (12.2). The estimator gain is given by

Lesi = YiggCTV Y, (12.18)
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where Y4, is the unique positive definite solution of
AYigg + Yigg AT — ViggCTV ™ '1C0Vigg + W =0 (12.19)

(which can be solved using the methods already described in sections 12.1 and 5.6.3).
The LQG-optimal controller Kjg, is thus

Kige(s) = —Ke(sI — A+ BEypp, + LestC) ™! Lt (12.20)
and the optimal LQG cost is
Jigg = Tr (X1geW + QY1qg + 2X1qg AYgg) - (12.21)

The specification ||H||2 < a (along with realizability) is therefore achievable if and
only if @ > ,/Jj,, in which case the LQG-optimal controller K)q, satisfies the

specifications.

12.2.1 Multicriterion LQG Problem

The LQG objective (12.6) can be interpreted as a weighted-sum objective for a
related multicriterion optimization problem. We consider the same system as in the
LQG problem, given by (12.4-12.5); the objectives are the variances of the actuator
signals,

sy - - > e [ oenss

and some critical variables that are linear combinations of the system state,

||cla:||12'ms’ LR ”cmwllfms’

where the process and measurement noises are the same as for the LQG problem
(c1,--.,cm are row vectors that determine the critical variables).

We describe this multicriterion optimization problem in our framework as fol-
lows. We use the same plant as for the LQG problem, substituting

U1

Un,
C1T

CnT

for the regulated output used there. The state-space plant equations for the multi-
criterion LQG problem are therefore given by (12.7-12.15), with

0
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substituted for (12.10) and

e}

substituted for (12.13). The objectives are given by the squares of the Hy norms of
the rows of the closed-loop transfer matrix:

A i
¢:(H) = |HO|3,

where H(®) is the ith row of H and L = n, = n, +m. The hard constraint for this
multicriterion optimization problem is realizability.

For 1 < i < n,, ¢;(H) represents the variance of the ith actuator signal, and for
ny, +1 <4 < L, ¢;(H) represents the variance of the critical variable ¢;_,, 2. The
design specification

$1(H) <ai,...,¢0(H) < ag, (12.22)

therefore, limits the RMS values of the actuator signals and critical variables.
Consider the weighted-sum objective associated with this multicriterion opti-
mization problem:

Owt_sum(H) = Md1(H) + -+ - + Ao (H), (12.23)

where A > 0. We can express this as

¢wt_sum(H) = qug

if we choose weight matrices

Q=M t1¢lc,+---+2cte,, (12.24)
R =diag (A1,...,Am) (12.25)

(diag (+) is the diagonal matrix with diagonal entries given by the argument list).

Hence by solving an LQG problem, we can find the optimal design for the
weighted-sum objective for the multicriterion optimization problem with functionals
P1,...,¢r. These designs are Pareto optimal for the multicriterion optimization
problem; moreover, because the objective functionals and the hard constraint are
convex, every Pareto optimal design arises this way for some choice of the weights
A1,..., AL (see section 6.5). Roughly speaking, by varying the weights for the LQG
problem, we can “search” the whole tradeoff surface.

We note that by solving an LQG problem, we can evaluate the dual function ¥
described in section 3.6.2:

P(A) =min {\@1(H) + -+ Ardr(H) | H is realizable }
= Jige:

given by (12.21), using the weights (12.24-12.25). We will use this fact in sec-
tion 14.5, where we describe an algorithm for solving the feasibility problem (12.22).
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12.3 Minimum Entropy Regulator

The LQG solution method described in section 12.2 was recently modified to find
the controller that minimizes the y-entropy of H, defined in section 5.3.5. Since
the y-entropy of H is finite if and only if its H,, norm is less than ~y, this analytic
solution method can be used to solve the feasibility problem with the inequality
specification ||H||oo < 7-

The plant is identical to the one considered for the LQG problem, given by (12.7-
12.15); we also make the same standard assumptions for the plant that we made
for the LQG case. The design specifications are realizability and the H,, norm
inequality specification

[Hl[oo < (12.26)

(which are stronger than internal stability under the standard assumptions). We
will show how to solve the feasibility problem for this one-dimensional family of
design specifications.

It turns out that if the design specification (12.26) (along with realizability) is
achievable, then it is achievable by a controller that is, except for a scale factor,
an estimated-state-feedback controller. This controller can be found as follows. If
7 is such that the specification (12.26) is feasible, then the two algebraic Riccati
equations

AT X e + XmeA — Xme(BR'BT — 4y 2W)X e + Q =0 (12.27)
(c.f. (12.17)), and
AYe + Yime AT — Yipe (CTVIC = 772Q)Yine + W =0 (12.28)

(c.f- (12.19)) have unique positive definite solutions Xy,e and Y, respectively. (The
mnemonic subscript “me” stands for “minimum entropy”.) These solutions can be
found by the method described in section 12.1, using the associated Hamiltonian
matrices

A  —(BR'BT —4y72w) A -W .
—Q —AT ) _(CTV—IC _ ,Y—ZQ) —AT ’
if either of these matrices has imaginary eigenvalues, then the corresponding ARE

does not have a positive definite solution, and the specification (12.26) is not feasible.
From X,,. and Y. we form the matrix

Xme(I =7 2YieXme) ™, (12.29)

which can be shown to be symmetric. If this matrix is not positive definite (or the
inverse fails to exist), then the specification (12.26) (along with realizability) is not
feasible.
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If, on the other hand, the positive definite solutions X, and Yy, exist, and the
matrix (12.29) exists and is positive definite, then the specification (12.26) (along
with realizability) is feasible. Let

Ko, = R'BT Xpne(I — v 2Yime Xime) (12.30)
and
Lest = YmeCTV_l (1231)

(c.f. (12.16) and (12.18)). A controller that achieves the design specifications is
given by

Kme(s) = —Lsfb (SI - A+ BKm, + LestC - 7_2YmeQ)_1 Lest

(c.f. the LQG-optimal controller (12.20)).

12.4 A Simple Rise Time, Undershoot Example

In this section and the next we show how to find explicit solutions for two specific
plants and families of design specifications.

We consider the classical 1-DOF system of section 2.3.2 with

s—1
Py(s) = —.
o) = Gy

It is well-known in classical control that since Py has a real unstable zero at s =1,
the step response from the reference input r to the system output vy, s13(t), must
exhibit some undershoot. We will study exactly how much it must undershoot, when
we require that a stabilizing controller also meet a minimum rise-time specification.

Our design specifications are internal stability, a limit on undershoot,

Pus(H13) < Umax, (12.32)
and a limit on rise time,
¢rise(H13) S Tmax- (1233)

Thus we have a two-parameter family of design specifications, indexed by Upax and
Tmax-

These design specifications are simple enough that we can readily solve the
feasibility problem for each Upay and Tiax. We will see, however, that these design
specifications are not complete enough to guarantee reasonable controller designs;
for example, they include no limit on actuator effort. We will return to this point
later.
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We can express the design specification of internal stability in terms of the
interpolation conditions (section 7.2.5) for T, the I/O transfer function: T is stable
and satisfies

T(1) = T(c0) = 0. (12.34)

This in turn can be expressed in terms of the step response s;3(t): s13 is the step
response of a stable transfer function and satisfies

/ s13(t)e tdt =0, (12.35)
0
Now if (12.33) holds then

/ s13(t)e "t dt > 0.8 / et dt = 0.8 Tmex, (12.37)

Tmax Tmax

If (12.32) holds then

/ T rs()e =t dt > —Unnas / T et = U (1—eTmes) . (12.38)
0 0
Adding (12.37) and (12.38) we have
0= /oo s13(t)e P dt > 0.8 ™% — Upax (1 — 7o)
0
Hence if the design specifications with Upax and Ty,.x are feasible,

0.8~ Tmex
Unax > ————.
max = 77 e—Tmax
This relation is shown in figure 12.3. We have shown that every achievable under-
shoot, rise-time specification must lie in the shaded region of figure 12.3; in other
words, the shaded region in figure 12.3 includes the region of achievable specifica-
tions in performance space.
In fact, the specifications with limits Up,,x and Thax are achievable if and only
if
0.8~ Tmex

Umax > 1 — e~ Tmax’

(12.39)
so that the shaded region in figure 12.3 is exactly the region of achievable specifi-
cations for our family of design specifications.

We will briefly explain why this is true. Suppose that Upa., and Tya. sat-
isfy (12.39). We can then find a step response s3(t) of a stable rational transfer
function, that satisfies the interpolation conditions (12.35-12.36) and the overshoot
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Figure 12.3 The tradeoff between achievable undershoot and rise-time
specifications.

and undershoot limits. If Uyax and Tiax are near the boundary of the region of
achievable specifications, this step response will have to “hug” (but not violate)
the two constraints. For Upax = 0.70 and Tinax = 1.0 (marked “X” in figure 12.3)
a suitable step response is shown in figure 12.4; it is the step response of a 20th
order transfer function (and corresponds to a controller K of order 22). (A detailed
justification that we can always design such a step response is quite cumbersome;
we have tried to give the general idea. See the Notes and References at the end of
this chapter for more detail about this particular transfer function.)

The rapid changes near ¢t = 0 and ¢t = 1 of the step response shown in figure 12.4
suggest very large actuator signals, and this can be verified. It should be clear that
for specifications Uy ax, Tmax that are nearly Pareto optimal, such rapid changes in
the step response, and hence large actuator signals, will be necessary. So controllers
that achieve specifications near the tradeoff curve are probably not reasonable from
a practical point of view; but we point out that this “side information” that the
actuator signal should be limited was not included in our design specifications. The
fact that our specifications do not limit actuator effort, and therefore are probably
not sensible, is reflected in the fact that the Pareto optimal specifications, which
satisfy

0.8 Tme=x
1 —_— e_Tmax ’

Umax =

are not achievable (see the comments at the end of section 3.5).
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Figure 12.4 A step response with an undershoot of 0.70 and a rise time of
1.0, which achieves the specifications marked “X” in figure 12.3. Undershoot
as small as 0.466 with a rise time of 1.0 are also achievable.

The tradeoff curve in figure 12.3 is valuable even though the design specifications
do not limit actuator effort. If we add to our design specifications an appropriate
limit on actuator effort, the new tradeoff curve will lie above the one we have found.
Thus, our tradeoff curve identifies design specifications that are not achievable, e.g.,
Umax = 0.4, Tpax = 1.0, when no limit on actuator effort is made; a fortiori these
design specifications are not achievable when a limit on actuator effort is included.

We remark that the tradeoff for this example is considerably more general than
the reader might suspect. (12.39) holds for

e any LTI plant with P(1) =0,
e the 2-DOF controller configuration,
e any nonlinear or time-varying controller.

This is because, no matter how the plant input u is generated, the output of Py,
Yp, must satisfy conditions of the form (12.35-12.36).

12.5 A Weighted Peak Tracking Error Example

In this section we present a less trivial example of a plant and family of design
specifications for which we can explicitly solve the feasibility problem.
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We consider the classical 1-DOF system of section 2.3.2 with

s—2
Py(s) = ——.
b(s) s2 -1
Designing a controller for this plant is quite demanding, since it has an unstable
zero at s = 2 along with an unstable pole only an octave lower, at s = 1.
Our design specifications will be internal stability and a limit on a weighted
peak gain of the closed-loop tracking error transfer function:

”WS“pk_gn S Emaxa (1240)
where
1
W(s) = ——,
(3) 1 + STtrk

and —S is the closed-loop transfer function from the reference input r to the error
e = —r +yp (see sections 5.2.5 and 8.1.2). Thus we have a two-parameter family of
design specifications, indexed by Enax and Tik.

Roughly speaking, Enax is an approximate limit on the worst case peak mis-
tracking that can occur with reference inputs that are bounded by one and have a
bandwidth 1/Ti,x. Therefore, 1/T}, represents a sort of tracking bandwidth for the
system. It seems intuitively clear, and turns out to be correct, that small Ey ., can
only be achieved at the cost of large Tx.

These design specifications are simple enough that we can explicitly solve the
feasibility problem for each E,,x and Ti;. Asin the previous section, however, these
design specifications are not complete enough to guarantee reasonable controller
designs, so the comments made in the previous section hold here as well.

As we did for the previous example, we express internal stability in terms of the
interpolation conditions: S is stable and satisfies

S(1) =0, §(2) = S(c0) = 1.

Equivalently, W S is stable, and satisfies

WS(1) =0, (12.41)
WS(2) = (14 2Tim) ™Y, (12.42)
lim sWS(s) = T,;. (12.43)

Let h be the impulse response of WS, so that

WSk gn = / Ih(t)] dt
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(from (12.43), h does not contain any impulse at ¢ = 0). We can express the
interpolation conditions in terms of h as

/oo h(t)e~tdt =0, (12.44)
/Oo h(t)e 2 dt = (1 + 2Ttrk)_1, (12.45)
h(0) = Ty (12.46)

We will solve the feasibility problem by solving the optimization problem

min / |h(t)| dt. (12.47)
subject to (12.44-12.46)

In chapters 13—-15 we will describe general numerical methods for solving an infinite-
dimensional convex optimization problem such as (12.47); here we will use some
specific features to analytically determine the solution. We will first guess a solution,
based on some informal reasoning, and then prove, using only simple arguments,
that our guess is correct.

We first note that the third constraint, on h(0), should not affect the minimum,
since we can always adjust h very near ¢ = 0 to satisfy this constraint, without
affecting the other two constraints, and only slightly changing the objective. It
can be shown that the value of the minimum does not change if we ignore this
constraint, so henceforth we will.

Now we consider the two integral constraints. From the second, we see that h(t)
will need to be positive over some time interval, and from the first we see that h(t)
will also have to be negative over some other time interval. Since the integrand
e~ 2t falls off more rapidly than e~?, it seems that the optimal h(t) should first be
positive, and later negative, to take advantage of these differing decay rates. Similar
reasoning finally leads us to guess that a nearly optimal A should satisfy

h(t) = ab(t) — B8(t — T), (12.48)

where a and 3 are positive, and T is some appropriate time lapse. The objective is
then approximately a + (3.

Given this form, we readily determine that the optimal «, @, and T are given
by

1
1 12.4
o= 1+2Tt,k< t3 f) (12.49)

1
A= 1roms <2+ f) (12.50)

=log(1 + v2), (12.51)
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which corresponds to an objective of

1
T (3+2v2). (12.52)

Our guess that the value of (12.47) is given by (12.52) is correct. To verify this,
we consider A : Ry — R given by

At) = —(2+2v2)e™ + (3 +2V2)e™ 2, (12.53)

and plotted in figure 12.5. This function has a maximum magnitude of one, i.e.,
[Alloo = 1.

1.5

At)

0 0.5 1 1.5 2 2.5 3 3.5 4
t
Figure 12.5 The function A(¢) from (12.53).

Now suppose that h satisfies the two integral equality constraints in (12.47).
Then by linearity we must have

/oo ROAE) dt = — (3+2v2). (12.54)

1+ 2,11.‘,rk
Since |A(t)| < 1 for all ¢, we have

/ R(EA(E) dt < / Ih(t)] dt = [|A|s. (12.55)
0 0
Combining (12.54) and (12.55), we see that for any h,

/ h(t)e"*dt =0 and / h(t)e ? dt = (1 + 2Tpm) ™"
0 0
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1
= b2 g (3+2v2),
i.e., any h that satisfies the constraints in (12.47) has an objective that exceeds the
objective of our candidate solution (12.52). This proves that our guess is correct.
(The origin of this mysterious A is explained in the Notes and References.)
From our solution (12.52) of the optimization problem (12.47), we conclude that
the specifications corresponding to Ey.x and Ty, are achievable if and only if

Brax(1 + 2T0) > 3+ 2V2. (12.56)

(We leave the construction of a controller that meets the specifications for Eyax
and T satisfying (12.56) to the reader.) This region of achievable specifications
is shown in figure 12.6.

Emax

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Ttrk

Figure 12.6 The tradeoff between peak tracking error and tracking band-
width specifications.

Note that to guarantee that the worst case peak tracking error does not exceed
10%, the weighting filter smoothing time constant must be at least Ty > 28.64,
which is much greater than the time constants in the dynamics of Py, which are on
the order of one second. In classical terminology, the tracking bandwidth is consid-
erably smaller than the open-loop bandwidth. The necessarily poor performance
implied by the tradeoff curve (12.56) is a quantitative expression that this plant is
“hard to control”.
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Notes and References

LOR and LQG-Optimal Controllers

Standard references on LQR and LQG-optimal controllers are the books by Anderson
and Moore [AM90], Kwakernaak and Sivan [KS72], Bryson and Ho [BH75], and the
special issue edited by Athans [ATH71]. Astrém and Wittenmark treat minimum variance
regulators in [AW90]. The same techniques are readily extended to solve problems that
involve an exponentially weighted H2 norm; see, e.g., Anderson and Moore [AMG69].

Multicriterion LQG

The articles by Toivonen [T0184] and Toivonen and M&kild [TM89] discuss the multicri-
terion LQG problem; the latter article has extensive references to other articles on this
topic. See also Koussoulas and Leondes [KL86].

Controllers that Satisfy an Hoo Norm-Bound

In [ZAaMm81], Zames proposed that the Ho, norm of some appropriate closed-loop trans-
fer matrix be minimized, although control design specifications that limit the magnitude
of closed-loop transfer functions appeared much earlier. The state-space solution of sec-
tion 12.3 is recent, and is due to Doyle, Glover, Khargonekar, and Francis [DGK89, GD88|.
Previous solutions to the feasibility problem with an H, norm-bound on H were consid-
erably more complex.

We noted above that the controller K. of section 12.3 not only satisfies the speci-
fication (12.26); it minimizes the <y-entropy of H. This is discussed in Mustafa and
Glover [Mus89, MG90, GM89]. The minimum entropy controller was developed inde-
pendently by Whittle [WHI90], who calls it the linear ezponential quadratic Gaussian
(LEQG) optimal controller.

Some Other Analytic Solutions

In [OF85, OF86], O’Young and Francis use Nevanlinna-Pick theory to deduce exact trade-
off curves that limit the maximum magnitude of the sensitivity transfer function in two
different frequency bands.

Some analytic solutions to discrete-time problems involving the peak gain have been found
by Dahleh and Pearson; see [VID86, DP878, DP88B, DP87A, DP88A].

About Figure 12.4

The step response shown in figure 12.4 was found as follows. We let

T(s) = f::c (s Jlrow)i, (12.57)

i=1

where z € R?° is to be determined. (See chapter 15 for an explanation of this Ritz
approzimation.) T(s) must satisfy the condition (12.34). The constraint T(co) = 0 is
automatically satisfied; the interpolation condition 7'(1) = 0 yields the equality constraint
on z,

'z =0, (12.58)
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1| —3.027 6 | —3.677 || 11 4.479 || 16 9.641
2 7.227 7| —9.641 || 12 | —9.641 17 | —1.660
3 | —9.374 8 | —3.018 || 13 | —9.641 || 18 | —9.641
4 1.836 9 9.641 || 14 | —5.682 || 19 4.398
5 9.641 || 10 9.641 || 15 9.641 || 20 | —0.343

Table 12.1 The coefficients in the parametrization (12.57) for the step
response in figure 12.4.

where ¢; = (10/11)*. The undershoot and rise-time specifications are

20
me(t) >-0.7 for0<t<1.0, (12.59)
i=1

20

D misi(t) 208  fort> 1.0, (12.60)
=1

where s; is the step response of (s/10 4+ 1)~*. By finely discretizing ¢, (12.59) and (12.60)
yield (many) linear inequality constraints on z, i.e.

atz < by, k=1,...,L. (12.61)

(12.58) and (12.61) can be solved as a feasibility linear program. The particular coefficients
that we used, shown in table 12.1, were found by minimizing ||z||s subject to (12.58)
and (12.61).

About the Examples in Sections 12.4 and 12.5

These two examples can be expressed as infinite-dimensional linear programming problems.
The references for the next two chapters are relevant; see also Luenberger [LUE69], Rock-
afellar [Roc74, Roc82], Reiland [REI80], Anderson and Philpott [AP84], and Anderson
and Nash [AN87].

We solved the problem (12.47) (ignoring the third equality constraint) by first solving its
dual problem, which is

max A2(1 4 2Tem) ™" (12.62)
||Ale_t + }\26_%”00 S 1

This is a convex optimization problem in R?, which is readily solved. The mysterious A(t)
that we used corresponds exactly to the optimum A; and A2 for this dual problem.

This dual problem is sometimes called a semi-infinite optimization problem since the con-
straint involves a “continuum” of inequalities (i.e., |[\1e~* 4+ X2e~2*| < 1 for each t > 0).
Special algorithms have been developed for these problems; see for example the surveys
by Polak [PoL83], Polak, Mayne, and Stimler [PMS84], and Hettich [HET78].



Chapter 13

Elements of Convex Analysis

We describe some of the basic tools of convex nondifferentiable analysis: sub-
gradients, directional derivatives, and supporting hyperplanes, emphasizing their
geometric interpretations. We show how to compute supporting hyperplanes and
subgradients for the various specifications and functionals described in previous
chapters.

Many of the specifications and functionals that we have encountered in chapters 8—
10 are not smooth—the specifications can have “sharp corners” and the functionals
need not be differentiable. Fortunately, for convez sets and functionals, some of
the most important analytical tools do not depend on smoothness. In this chapter
we study these tools. Perhaps more importantly, there are simple and effective
algorithms for conver optimization that do not require smooth constraints or dif-
ferentiable objectives. We will study some of these algorithms in the next chapter.

13.1 Subgradients

If ¢ : R™ — R is convex and differentiable, we have
#(z) > ¢(z) + Vo(z)T (2 — z) for all z. (13.1)

This means that the plane tangent to the graph of ¢ at z always lies below the
graph of ¢. If ¢ : R™ — R is convex, but not necessarily differentiable, we will say
that g € R" is a subgradient of ¢ at x if

#(2) > ¢(z) + g¥ (2 — x) for all z. (13.2)

From (13.1), the gradient of a differentiable convex function is always a subgradient.
A basic result of convex analysis is that every convex function always has at least
one subgradient at every point. We will denote the set of all subgradients of ¢ at x
as 0¢(z), the subdifferential of ¢ at x.

293
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We can think of the right-hand side of (13.2) as an affine approximation to ¢(z),
which is exact at z = 2. The inequality (13.2) states that the right-hand side is a
global lower bound on ¢. This is shown in figure 13.1.

slope g2

slope g2

Figure 13.1 A convex function on R along with three affine global lower
bounds on ¢ derived from subgradients. At z1, ¢ is differentiable, and the
slope of the tangent line is g1 = ¢'(z1). At z2, ¢ is not differentiable; two
different tangent lines, corresponding to subgradients g2 and §2, are shown.

We mention two important consequences of g € 8¢(z). For g7 (z — z) > 0 we
have ¢(z) > ¢(z), in other words, in the half-space {2 | gT(z — z) > 0}, the values
of ¢ exceed the value of ¢ at . Thus if we are searching for an #* that minimizes
¢, and we know a subgradient g of ¢ at x, then we can rule out the entire half-space
g% (z — z) > 0. The hyperplane g7 (z — z) = 0 is called a cut because it cuts off
from consideration the half-space g7 (z — z) > 0 in a search for a minimizer. This
is shown in figure 13.2.

An extension of this idea will also be useful. From (13.2), every z that satisfies
#(2) < a, where a < ¢(z), must also satisfy g7 (2—z) < a—@(z). If we are searching
for a z that satisfies ¢(z) < o, we need not consider the half-space g7 (z — z) >
a—@(z). The hyperplane g7 (2 —z) = a— ¢(z) is called a deep-cut because it rules
out a larger set than the simple cut g7 (z — z) = 0. This is shown in figure 13.3.

13.1.1 Subgradients: Infinite-Dimensional Case

The notion of a subgradient can be generalized to apply to functionals on infinite-
dimensional spaces. The books cited in the Notes and References at the end of this
chapter contain a detailed and precise treatment of this topic; in this book we will
give a simple (but correct) description.
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Figure 13.2 A point 2 and a subgradient g of ¢ at . In the half-space
g7z > gTx, ¢(z) exceeds ¢(z); in particular, any minimizer z* of ¢ must lie
in the half-space g7z < gT.

9" (z - z) = a — ¢(z)

Figure 13.3 A point z and a subgradient g of ¢ at  determine a deep-cut
in the search for points that satisfy ¢(z) < a (assuming = does not satisfy
this inequality). The points in the shaded region need not be considered
since they all have ¢(z) > a.
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If ¢ is a convex functional on a (possibly infinite-dimensional) vector space V,
then we say ¢°8 is a subgradient for ¢ at v € V if ¢°8 is a linear functional on V,
and we have

d(z) > ¢(v) + ¢*8(z —v) forallze V. (13.3)

The subdifferential d¢(v) consists of all subgradients of ¢ at v; note that it is a set
of linear functionals on V.

If V = R™, then every linear functional on V has the form g7z for some vector
g € R", and our two definitions of subgradient are therefore the same, provided we
ignore the distinction between the vector ¢ € R™ and the linear functional on R"
given by the inner product with g.

13.1.2 Quasigradients

For quasiconvex functions, there is a concept analogous to the subgradient. Suppose
¢ : R™ — R is quasiconvex, which we recall from section 6.2.2 means that

d(Az + (1 = AN)Z) < max{d(z),d(Z)} forall0<A<1, z,Z€R".
We say that g is a quasigradient for ¢ at z if
#(z) > ¢(z) whenever gT(z—=z)>0. (13.4)

This simply means that the hyperplane g7 (2 — z) = 0 forms a simple cut for ¢,
exactly as in figure 13.2: if we are searching for a minimizer of ¢, we can rule out
the half-space g7 (z — z) > 0.

If ¢ is differentiable and V@(z) # 0, then V¢(z) is a quasigradient; if ¢ is convex,
then (13.2) shows that any subgradient is also a quasigradient. It can be shown
that every quasiconvex function has at least one quasigradient at every point. Note
that the length of a quasigradient is irrelevant (for our purposes): all that matters
is its direction, or equivalently, the cutting-plane for ¢ that it determines.

Any algorithm for convex optimization that uses only the cutting-planes that
are determined by subgradients will also work for quasiconvex functions, if we sub-
stitute quasigradients for subgradients. It is not possible to form any deep-cut for
a quasiconvex function.

In the infinite-dimensional case, we will say that a linear functional ¢ on V is
a quasigradient for the quasiconvex functional ¢ at v € V if

#(z) > ¢(v) whenever @%¥(z —wv) > 0.

As discussed above, this agrees with our definition above for V' = R", provided we
do not distinguish between vectors and the associated inner product linear func-
tionals.
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13.1.3 Subgradients and Directional Derivatives

In this section we briefly discuss the directional derivative, a concept of differential
calculus that is more familiar than the subgradient. We will not use this concept in
the optimization algorithms we present in the next chapter; we mention it because
it is used in descent methods, the most common algorithms for optimization.

We define the directional derivative of ¢ at z in the direction éx as

A lim é(x + héz) — ¢(z)
AN\ 0 h

¢ (z; 6z)

(the notation A \, 0 means that h converges to 0 from above). It can be shown
that for convex ¢ this limit always exists. Of course, if ¢ is differentiable at z, then

¢'(z; 6x) = V()T bz.

We say that 6z is a descent direction for ¢ at z if ¢'(z; 6z) < 0.

The directional derivative tells us how ¢ changes if  is moved slightly in the
direction éz, since for small h,
¢'(z; bx)

o
9% ) x p(z) + RN 0T
||6w||> )+ h ]

The steepest descent direction of ¢ at x is defined as

¢<x+h

6zsq = argmin ¢'(z; 6z).
ll=]|=1

In general the directional derivatives, descent directions, and the steepest descent
direction of ¢ at  can be described in terms of the subdifferential at x (see the
Notes and References at the end of the chapter). In many cases it is considerably
more difficult to find a descent direction or the steepest descent direction of ¢ at x
than a single subgradient of ¢ at z.

If ¢ is differentiable at z, and V@(z) # 0, then —V¢(z) is a descent direction
for ¢ at x. It is not true, however, that the negative of any nonzero subgradient
provides a descent direction: we can have g € 8¢(z), g # 0, but —g not a descent
direction for ¢ at x. As an example, the level curves of a convex function ¢ are
shown in figure 13.4(a), together with a point # and a nonzero subgradient g. Note
that ¢ increases for any movement along the directions +g, so, in particular, —g
is not a descent direction. Negatives of the subgradients at non-optimal points
are, however, descent directions for the distance to a (or any) minimizer, i.e., if
¢(z*) = ¢* and Y(z) = ||z — z*||, then ¢¥'(z; —g) < 0 for any g € d¢(z). Thus,
moving slightly in the direction —g will decrease the distance to (any) minimizer
z*, as shown in figure 13.4(b).

A consequence of these properties is that the optimization algorithms described
in the next chapter do not necessarily generate sequences of decreasing functional
values (as would a descent method).
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(a) (b)
Figure 13.4 A point =z and a subgradient g of ¢ at z is shown in (a),
together with three level curves of ¢. Note that —g is not a descent direction
for ¢ at x: ¢ increases for any movement from x in the directions *+g.
However, —g is a descent direction for the distance to any minimizer. In (b)
the level curves for the distance ¥ (z) = ||z — z*|| are shown; —g points into
the circle through z.

13.2 Supporting Hyperplanes

If C is a convex subset of R™ and z is a point on its boundary, then we say that the
hyperplane through z with normal g, {z | g¥(z—z) = 0}, is a supporting hyperplane
to C at z if C is contained in the half-space g7 (2 — z) < 0. Roughly speaking, if
the set C is “smooth” at z, then the plane that is tangent to C at x is a supporting
hyperplane, and g is its outward normal at z, as shown in figure 13.5. But the notion
of supporting hyperplane makes sense even when the set C is not “smooth” at z. A
basic result of convex analysis is that there is at least one supporting hyperplane
at every boundary point of a convex set.
If C has the form of a functional inequality,

C=A{z]¢(2) <a},

where ¢ is convex (or quasiconvex), then a supporting hyperplane to C at a boundary
point z is simply g7 (z — z) = 0, where g is any subgradient (or quasigradient).

If C is a convex subset of the infinite-dimensional space V and z is a point of its
boundary, then we say that the hyperplane

{z |¢""(z—=)=0},

where ¢*® is nonzero linear functional on V, is a supporting hyperplane for C at
point z if

¢"(z—2z) <0 forall z € C.
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Figure 13.5 A point z on the boundary of a convex set C. A supporting
hyperplane g7 (z—z) = 0 for C at z is shown: C lies entirely in the half-space
gf(z—=2) <L0.

Again we note that this general definition agrees with the one above for V = R"
if we do not distinguish between vectors in R™ and their associated inner product
functionals.

13.3 Tools for Computing Subgradients

To use the algorithms that we will describe in the next two chapters we must be able
to evaluate convex functionals and find at least one subgradient at any point. In
this section, we list some useful tools for subgradient evaluation. Roughly speaking,
if one can evaluate a convex functional at a point, then it is usually not much more
trouble to determine a subgradient at that point.

These tools come from more general results that describe all subgradients of, for
example, the sum or maximum of convex functionals. These results can be found
in any of the references mentioned in the Notes and References at the end of this
chapter. The more general results, however, are much more than we need, since
our purpose is to show how to calculate one subgradient of a convex functional
at a point, not all subgradients at a point, a task which in many cases is very
difficult, and in any case not necessary for the algorithms we describe in the next
two chapters. The more general results have many more technical conditions.

o Differentiable functional: If ¢ is convex and differentiable at z, then its deriva-
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tive at « is an element of 8¢(z). (In fact, it is the only element of d¢p(x).)

Scaling: If w > 0 and ¢ is convex, then a subgradient of w¢ at x is given by
wg, where g is any subgradient of ¢ at x.

Sum: If ¢(z) = ¢1(z) + - - + ¢m(x), where ¢1,..., P, are convex, then any
g of the form g = g1 + - -+ + gm is in 0¢(z), where g; € ¢;(z).

Mazimum: Suppose that

¢(z) = sup {¢a(2) | @ € A},

where each ¢, is convex, and A is any index set. Suppose that a,., € A is
such that ¢, , (z) = ¢(z) (so that @a, (z) achieves the maximum). Then if
g € 0¢q,..(z), we have g € 0¢(z). Of course there may be several different
indices that achieve the maximum; we need only pick one.

A special case is when ¢ is the maximum of the functionals ¢4, ..., @,, so that
A={1,...,n}. If ¢(x) = ¢;(z), then any subgradient g of ¢;(z) is also a
subgradient of ¢(z).

From these tools we can derive additional tools for determining a subgradient of

a weighted sum or weighted maximum of convex functionals. Their use will become
clear in the next section.

For quasiconvex functionals, we have the analogous tools:

o Differentiable functional: If ¢ is quasiconvex and differentiable at z, with

nonzero derivative, then its derivative at = is a quasigradient of ¢ at z.

e Scaling: If w > 0 and ¢ is quasiconvex, then any quasigradient of ¢ at z is

also a quasigradient of w¢ at .

Mazimum: Suppose that

¢(z) = sup {¢a(z) | @ € A},

where each ¢, is quasiconvex, and A is any index set. Suppose that a,cn € A
is such that @q,_, (z) = ¢(z). Then if g is a quasigradient of @, at z, then
g is a quasigradient of ¢ at x.

Nested family: Suppose that ¢ is defined in terms of a nested family of convex
sets, i.e., #(z) = inf{a | z € C*}, where C* C CP whenever a < 3 (see
section 6.2.2). If g7 (z — z) = 0 defines a supporting hyperplane to C#(®) at «,
then g is a quasigradient of ¢ at z.

(The sum tool is not applicable because the sum of quasiconvex functionals need
not be quasiconvex.)
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13.4 Computing Subgradients

In this section we show how to compute subgradients of several of the convex func-
tionals we have encountered in chapters 8-10. Since these are convex functionals
on H, an infinite-dimensional space, the subgradients we derive will be linear func-
tionals on H. In the next section we show how these can be used to calculate
subgradients in R"™ when a finite-dimensional approximation used in chapter 15 is
made; the algorithms of the next chapter can then be used.

In general, the convex functionals we consider will be functionals of some par-
ticular entry (or block of entries) of the closed-loop transfer matrix H. To simplify
notation, we will assume in each subsection that H consists of only the relevant
entry or entries.

13.4.1 An RMS Response

We consider the weighted H; norm,

ot = (5 [ Sul()f av) 7

with SISO H for simplicity (and of course, S,(w) > 0). We will determine a
subgradient of ¢ at the transfer function Hy. If ¢(Hp) = 0, then the zero functional
is a subgradient, so we now assume that ¢(Hy) # 0. In this case ¢ is differentiable
at Hy, so our first rule above tells us that our only choice for a subgradient is the
derivative of ¢ at Hy, which is the linear functional ¢°¢ given by

o) = g | ~ Su(@R (o) (i) do.

(The reader can verify that for small H, ¢(Ho + H) = ¢(Hy) + ¢°¢(H); the Cauchy-
Schwarz inequality can be used to directly verify that the subgradient inequal-
ity (13.3) holds.)

Using the subgradient for ¢, we can find a supporting hyperplane to the maxi-
mum RMS response specification ¢(H) < a.

There is an analogous expression for the case when H is a transfer matrix. For
¢(H) = ||H||2 and Hy # 0, a subgradient of ¢ at Hy is given by

5(H) = #(H) / Z R T (Hy ()" H(jw)) dw.

13.4.2 Step Response Overshoot

We consider the overshoot functional,

6(H) = sup s(t) — 1,
t>0
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where s is the unit step response of the transfer function H. We will determine a
subgradient at Hy. The unit step response of Hy will be denoted sg.

We will use the rule that involves a maximum of a family of convex functionals.
For each ¢t > 0, we define a functional ¢***P'* as follows: ¢*'P*(H) = s(t). The
functional ¢%t°P-* evaluates the step response of its argument at the time ¢; it is a
linear functional, since we can express it as

¢stept(H) 1 /oo ejth(. )d
’ = — —_— w) dw.
2 J_o Jw J
Note that we can express the overshoot functional ¢ as the maximum of the
affine functionals ¢St°P-* — 1:

B(H) = sup ¢***> (H) — 1.
>0

Now we apply our last rule. Let o > 0 denote any time such that the overshoot
is achieved, that is, ¢(Hp) = so(to) — 1. There may be several instants at which
the overshoot is achieved; ¢y can be any of them. (We ignore the pathological case
where the overshoot is not achieved, but only approached as a limit, although it is
possible to determine a subgradient in this case as well.)

Using our last rule, we find that any subgradient of the functional ¢*t¢Pto — 1
is a subgradient of ¢ at Hy. But the functional ¢***P'o — 1 is affine; its derivative
is just @s**Pto. Hence we have determined that the linear functional ¢**P:o is a
subgradient of ¢ at Hy.

Let us verify the basic subgradient inequality (13.3). It is

¢(H) 2 ¢(Ho) + ¢™"(H — Hy).

Using linearity of ¢5t°P>*o and the fact that ¢(Hp) = so(to) — 1 = ¢**°Po(Hp) — 1,
the subgradient inequality is

¢(H) 2 s(to) — 1.

Of course, this is obvious: it states that for any transfer function, the overshoot is
at least as large as the value of the unit step response at the particular time g,
minus 1.

A subgradient of other functionals involving the maximum of a time domain
quantity, e.g., maximum envelope violation (see section 8.1.1), can be computed in
a similar way.

13.4.3 Quasigradient for Settling Time
Suppose that ¢ is the settling-time functional, defined in section 8.1.1:

¢(H) =inf{T | 0.95 < s(t) <1.05 for t > T'}
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We now determine a quasigradient for ¢ at the transfer function Hy. Let Tg =
¢(Hy), the settling time of Hy. so(Tp) is either 0.95 or 1.05. Suppose first that
s0(To) = 1.05. We now observe that any transfer function with unit step response
at time T greater than or equal to 1.05, must have a settling time greater than or
equal to T, in other words,

¢(H) > Ty whenever s(Tp) > 1.05.

Using the step response evaluation functionals introduced above, we can express
this observation as

#(H) > ¢(Hy) whenever ¢5**PTo(H — Hy) > 0.

But this shows that the nonzero linear functional ¢5**PT° is a quasigradient for ¢
at Ho.
In general we have the quasigradient ¢% for ¢ at Hy, where

4 — ptepTo if 5o(T,) = 1.05,
_¢step,To if So(To) = 095,

and T() = ¢(H0)

13.4.4 Maximum Magnitude of a Transfer Function
We first consider the case of SISO H. Suppose that

B(H) = | H|lwo = sup |H(jw)],
we
provided H is stable (see section (5.2.6)). (We leave to the reader the modification
necessary if ¢ is a weighted Ho, norm.) We will determine a subgradient of ¢ at
the stable transfer function Hy # 0.
For each w € R, consider the functional that evaluates the magnitude of its
argument (a transfer function) at the frequency jw:

@™ (H) = |H(jw)|.

These functionals are convex, and we can express the maximum magnitude norm
as

¢(H) = sup ¢™*®*(H).
weR

Thus we can use our maximum tool to find a subgradient.

Suppose that wy € R is any frequency such that |Ho(jwo)| = ¢(Ho). (We
ignore the pathological case where the supremum is only approached as a limit. In
this case it is still possible to determine a subgradient.) Then any subgradient of
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¢™2&“0 at Hy is a subgradient of ¢ at Hy. But since Hy(jwo) # 0, this functional
is differentiable at Hy, with derivative

¢S(H) (HaGe)H(jwo)) -

1
- ¢(H0)§R

This linear functional is a subgradient of ¢ at Hy. The reader can directly verify
that the subgradient inequality (13.3) holds.

13.45 Hs Norm of a Transfer Matrix
Now suppose that H is an m X p transfer matrix, and ¢ is the H,, norm:
$(H) = | H||oo-

We will express ¢ directly as the maximum of a set of linear functionals, as follows.
For each w € R, u € C™, and v € C?, we define the linear functional

¢ (H) = R (u"H(jw)v) .
Then we have

¢(H) =sup{¢**“(H) | w €R, |ju| =[jv|| =1},
using the fact that for any matrix A € C™*P,

Omax(4) = sup {R(u*Av) | [lu]| = |lv[][=1}.

Now we can determine a subgradient of ¢ at the transfer matrix Hy. We pick
any frequency wg € R at which the H,, norm of Hj is achieved, i.e.

o'max(HO(jWO)) = ”HO”OO

(Again, we ignore the case where there is no such wy, commenting that for rational
Hy, there always is such a frequency, if we allow wy = c00.) We now compute a
singular value decomposition of Hy(jwo):

Hg(ij) = UEV*

Let ug be the first column of U, and let vy be the first column of V. A subgradient
of ¢ at Hy is given by the linear functional

¢Sg — ¢u0 »"Y0,wo
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13.4.6 Peak Gain

We consider the peak gain functional

$(H) = || H|lpi_gn = /0 ~ \h(o)) dt.

In this case our functional is an integral of a family of convex functionals. We will
guess a subgradient of ¢ at the transfer function Hj, reasoning by analogy with
the sum rule above, and then verify that our guess is indeed a subgradient. The
technique of the next section shows an alternate method by which we could derive
a subgradient of the peak gain functional.

Let ho denote the impulse response of Hy. For each ¢t > 0 we define the functional
that gives the absolute value of the impulse response of the argument at time ¢:

¢ (H) = |h(t)].
These functionals are convex, and we can express ¢ as

(i) = [ et .

If we think of this integral as a generalized sum, then from our sum rule we might
suspect that the linear functional

8(H) = / " st () dt

is a subgradient for ¢, where for each t, ¢*®! is a subgradient of ¢2Ps-™t at Hj.
Now, these functionals are differentiable for those ¢t such that ho(¢) # 0, and 0 is a
subgradient of ¢2P*-™* at H, for those ¢ such that ho(t) = 0. Hence a specific choice
for our guess is

¢ (H) = /Ooo sgn(ho(t))h(t) dt.

We will verify that this is a subgradient of ¢ at Hy.
For each t and any h we have |h(t)| > sgn(ho(t))h(t); hence

S(H) = /0  h()|dt > /0 ~ sgn(ho(t))h(t) dt.
This can be rewritten as
¢(H) > /Ooo (Iho(t)] + sgn(ho(t))(h(t) — ho(t))) dt = ¢(Ho) + ¢ (H — Ho).

This verifies that ¢°8 is a subgradient of ¢ at Hy.
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13.4.7 A Worst Case Norm

We consider the particular worst case norm described in section 5.1.3:
$(H) = || Hlwe = sup {[| Hu[loo | [|tfloc < Mampi, [|illco < Mstew} -
We first rewrite ¢ as

¢(H) = sup { /Ooo v(t)h(t) dt ‘ |vllooc < Mampt, [|9]|oo < Mslew} . (13.5)

Now for each signal v we define the linear functional

6" (H) = /0 " o)kt dt.

We can express the worst case norm as a maximum of a set of these linear func-
tionals:

¢(H) = sup {¢*(H) | [[vllo < Mampi; [[0]lc0 < Mstew} -

We proceed as follows to find a subgradient of ¢ at the transfer matrix Hy. Find
a signal vo such that

”UOHOO S Mampl, ||UO||00 S Mslewa / UO(t)hO(t) dt = ¢(H0)
0

(It can be shown that in this case there always is such a vp; some methods for finding
vo are described in the Notes and References for chapter 5.) Then a subgradient of
¢ at Hy is given by
¢ (H) = ¢* (H).
The same procedure works for any worst case norm: first, find a worst case
input signal ug such that ||Hol||we = ||Houol||output- This task must usually be done

to evaluate ||Hpl||lwc anyway. Now find any subgradient of the convex functional
@™ (H) = ||Huolloutput; it will be a subgradient of || - ||wc at Ho.

13.4.8 Subgradient for the Negative Dual Function

In this section we show how to find a subgradient for —% at A, where v is the dual
function introduced in section 3.6.2 and discussed in section 6.6. Recall from (6.8) of
section 6.6 that — can be expressed as the maximum of a family of linear functions
of \; we can therefore use the maximum tool to find a subgradient.

We start by finding any H,., such that

1/’()‘) = A1¢1(Hach) +o 4+ )‘L¢L(Hach)-
Then a subgradient of — at A is given by

|- ¢1(Hacn) -|

T l ;bL(Hach) J |
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13.5 Subgradients on a Finite-Dimensional Subspace

In the previous section we determined subgradients for many of the convex func-
tionals we encountered in chapters 8-10. These subgradients are linear functionals
on the infinite-dimensional space of transfer matrices; most numerical computation
will be done on finite-dimensional subspaces of transfer matrices (as we will see in
chapter 15). In this section we show how the subgradients computed above can be
used to calculate subgradients on finite-dimensional subspaces of transfer matrices.

Suppose that we have fixed transfer matrices Hy, Hy,...,Hy, and ¢ is some
convex functional on transfer matrices. We consider the convex function ¢ : RN —
R given by

o(z) = ¢(Ho + z1H1 + --- + znHn).

To determine some g € 9p(Z), we find a subgradient of ¢ at the transfer matrix
Hy+ %,Hy +---+ EnyHny, say, ¢°8. Then

¢°¢(H,)
9= : € 0p(2).
¢°¢(HN)
Let us give a specific example using our standard plant of section 2.4. Consider
the weighted peak tracking error functional of section 11.1.2,

ep (e, B) = |[W (ol + BHE + (1 - a - p)HE - 1)

pk_gn ’
where
0.5
W =
s+ 0.5’
(a) —44.1s% + 33452 + 1034s + 390
Hy3 == 5 1 3 2 ’
s% 4+ 20s° + 155s* + 58653 + 111552 + 1034s + 390
(b) —220s° + 2225% 4 190155 + 7245
Hi;' =

s6 + 29.155 + 29754 + 180553 + 988252 + 190155 + 7245’
© _ —95.15% — 24.552 + 95055 + 2449
13 7 g6 4 33.9s5 + 42554 + 2588353 + 822452 + 95055 + 2449
©pk_trk has the form
Sopk_trk(aa ,6) = ”HO + aH; +:6H2“pk_gn’

where

Ho=W (H(“) . 1) ,

Hi=W (H<a> — H(°)) ,

Hy=W (H(b) _ H(C)) .
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The level curves of @ik ¢k are shown in figure 11.4. A subgradient g € O¢pi_ric(e, )
is given by

)

] _ /000 sgn(h(t))ha (t) dt

_ | ¢°5(Ha)
| w
/0 sgn(h(t))ha (t) dt

¢°¢(H2)

where h is the impulse response of Hy + aH; + 3Hs, h; is the impulse response of
Hi, and hy is the impulse response of H, (see section 13.4.6).

Consider the point @ = 1, 8 = 0, where ¢pk t.k(1, 0) = 0.837. A subgradient at
this point is

0.168
9= [ —0.309 ] ' (13.6)

In figure 13.6 the level curve @pk trc(@,3) = 0.837 is shown, together with the
subgradient (13.6) at the point [I 0]7. As expected, the subgradient determines a
half-space that contains the convex set

{la BI" | ppkirc(e@, B) < Ppr_srk(1, 0) = 0.837}.

-1 —0.5 0 0.5 1 1.5 2
(6

Figure 13.6 The level curve ¢pik_trk (e, 8) = 0.837 is shown, together with
the subgradient (13.6) at the point [1 0]7.
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Notes and References

Convex Analysis

Rockafellar’s book [ROC70] covers convex analysis in detail. Other texts covering this
material are Stoer and Witzgall [SW70], Barbu and Precupanu [BP78], Aubin and Vin-
ter [AV82], and Demyanov and Vasilev [DV85]. The last three consider the infinite-
dimensional (Banach space) case, carefully distinguishing between the many important dif-
ferent types of continuity, compactness, and so on, which we have not considered. Daniel’s
book [DANT1] also gives the precise infinite-dimensional formulation.

General nonsmooth analysis (which includes convex analysis) is covered in Clarke [CLA83],
which gives the precise formulation of the concepts of this chapter in infinite-dimensional
(Banach) spaces. Chapter 2 of Clarke’s book contains a complete calculus for subgradients
and quasigradients, including the subgradient computation tools of section 13.3 (and a lot
more).

Subgradients of Closed-Loop Convex Functionals

Subgradients of an H., norm are given in Polak and Wardi [PW82]; several of the
other subgradients are derived in Polak and Salcudean [PS89] and Salcudean’s Ph.D.
thesis [SAL86].
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Chapter 14

Special Algorithms for Convex
Optimization

We describe several simple but powerful algorithms that are specifically designed
for convex optimization. These algorithms require only the ability to compute
the function value and any subgradient for each relevant function. A key feature
of these algorithms is that they maintain converging upper and lower bounds on
the quantity being computed, and thus can compute the quantity to a guaranteed
accuracy. We demonstrate each on the two-parameter example of chapter 11; in
chapter 15 they are applied to more substantial problems.

In this chapter we concentrate on the finite-dimensional case; these methods are
extended to the infinite-dimensional case in the next chapter.

14.1 Notation and Problem Definitions

We will consider several specific forms of optimization problems.
The unconstrained problem is to compute the minimum value of ¢,

¢* 2 min ¢(2), (14.1)

and in addition to compute a minimizer z*, which satisfies ¢(z*) = ¢*. We will use
the notation

z* = arg min ¢(z)

to mean that z* is some minimizer of ¢.
The constrained optimization problem is to compute the minimum value of @,
subject to the constraints ¥1(2) <0, ..., ¥m(z) <0, ie.,

P* min #(z),

= i
"/"1(7')S0 ""‘;bm(z)so
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and in addition to compute a minimizer x* that satisfies ¢(z*) = ¢*, ¥1(z*) <0,
ooy Ym(2*) < 0. To simplify notation we define the constraint function

Y(z) = max Yi(2),

so we can express the constraints as ¢(z) < 0:

* = min z). 14.2
& = min 42 (142)
We will say that z is feasible if ¢(z) < 0.
The feasibility problem is:

find z such that ¢(z) < 0, or determine that there is no such z. (14.3)

Algorithms that are designed for one form of the convex optimization problem
can often be modified or adapted for others; we will see several examples of this.
It is also possible to modify the algorithms we present to directly solve other prob-
lems that we do not consider, e.g., to find Pareto optimal points or to do goal
programming.

Throughout this chapter, unless otherwise stated, ¢ and 1, ...,%,, are convex
functions from R"™ into R. The constraint function ¢ is then also convex.

14.2  On Algorithms for Convex Optimization

Many algorithms for convex optimization have been devised, and we could not hope
to survey them here. Instead, we give a more detailed description of two types of
algorithms that are specifically designed for convex problems: cutting-plane and
ellipsoid algorithms.

Let us briefly mention another large family of algorithms, the descent meth-
ods, contrasting them with the algorithms that we will describe. In these methods,
successive iterations produce points that have decreasing objective values. General-
purpose descent methods have been successfully applied to, and adapted for, non-
differentiable convex optimization; see the Notes and References at the end of this
chapter. The cutting-plane and ellipsoid algorithms are not descent methods; ob-
jective values often increase after an iteration.

Possible advantages and disadvantages of some of the descent methods over
cutting-plane and ellipsoid methods are:

e The cutting-plane and ellipsoid algorithms require only the evaluation of func-
tion values and any one (of possibly many) subgradients of functions. Most
(but not all) descent methods require the computation of a descent direction
or even steepest descent direction for the function at a point; this can be
a difficult task in itself, and is always at least as difficult as computing a
subgradient.
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e Many (but not all) descent methods for convex optimization retain the heuris-
tic stopping criteria used when they are applied to general (nonconvex) opti-
mization problems. In contrast we will see that the cutting-plane and ellipsoid
methods have simple stopping criteria that guarantee the optimum has been
found to a known accuracy.

e Most descent methods for nondifferentiable optimization are substantially
more complicated than the cutting-plane and ellipsoid algorithms. These
methods often include parameters that need to be adjusted for the partic-
ular problem.

e For smooth problems, many of the descent methods offer substantially faster
convergence, e.g., quadratic.

Let us immediately qualify the foregoing remarks. Many descent methods have
worked very well in practice: one famous example is the simplex method for linear
programming. In addition, it is neither possible nor profitable to draw a sharp
line between descent methods and non-descent methods. For example, the ellipsoid
algorithm can be interpreted as a type of variable-metric descent algorithm. We
refer the reader to the references at the end of this chapter.

14.3 Cutting-Plane Algorithms

14.3.1 Computing a Lower Bound on ¢*

We consider the unconstrained problem (14.1). Suppose we have computed function
values and at least one subgradient at zi,...,zg:

¢(21),---,0(zk), 91 € 0d(x1), ..., 9k € OP(x)- (14.4)

Each of these function values and subgradients yields an affine lower bound on ¢:
d(2) > p(xs) + 97 (z —z;)  forallz, 1<i<Ek,

and hence
A
8(z) 2 02(2) & max (#(z:) + T (= — 1) . (14.5)
}eb is a piecewise linear convex function that is everywhere less than or equal to ¢.
Moreover, this global lower bound function is tight at the points zi,...,zx, since
#(z;) = ¢¥(z;) for 1 < i < k. In fact, ¢ is the smallest convex function that
has the function values and subgradients given in (14.4). An example is shown in
figure 14.1.
It follows that

¢* > Ly 2 min ¢ (2). (14.6)
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slope g3

1 T3 T3 T2

Figure 14.1 The maximum of the affine support functionals at z1, z2, and
z3 gives the global lower bound function ¢y, which is tight at the points
@1, z2, and z3. L3, the minimum of ¢\, which occurs at z3, is found by
solving (14.7). L3 is a lower bound on ¢*.

The minimization problem on the right-hand side is readily solved via linear pro-
gramming. We can express (14.6) as

Ly = min L,
L, z
d(xi)+ 9l (z—2i) <L, 1<i<k

which has the form of a linear program in the variable w:

Ly= min cfw (14.7)
Aw <b
where
0 gf -1 gfﬂfl — ¢(z1)
z . . .
wz[L],c=[1], = T : , b= i : . (14.8)
9 1 i, T — ¢(zk)

In fact, this linear program determines not only Ly, but also a minimizer of ¢},
which we denote z}, (shown in figure 14.1 as well).

The idea behind (14.6) is elementary, but it is very important. It shows that
by knowing only a finite number of function values and subgradients of a convex
function, we can deduce a lower bound on the minimum of the function. No such
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property holds for general nonconvex functions. This property will be useful in de-
signing stopping criteria for optimization algorithms that can guarantee a maximum
error.

The function ¢}cb can be unbounded below, so that L = —oo (e.g. when k =
1 and g3 # 0), which is not a useful bound. This can be avoided by explicitly
specifying bounds on the variables, so that we consider

" = min  @(z).

Zminszszmax
In this case we have the lower bound

Lo = . 1b
k Zmin Isril;lzmax ¢k (Z)
which can be computed by adding the bound inequalities zmin < 2z < Zmax to the
linear program (14.7).
Finally we mention that having computed ¢ at the points z1,...,z; we have
the simple upper bound on ¢*:

Uk = min ¢(z;), (14.9)

which is the lowest objective value so far encountered. If an objective value and a
subgradient are evaluated at another point 1, the new lower and upper bounds
Ly1 and Uy are improved:

Ly < Lpy1 £ 9" < Upyy < Up.

14.3.2 Kelley’s Cutting-Plane Algorithm

Kelley’s cutting-plane algorithm is a natural extension of the lower bound compu-
tation of the previous section. It is simply:

21, Zmin, Zmax — ony initial box that contains minimizers;
k0
repeat {
k—Ek+1;
compute ¢(zr) and any gr € OP(xy);
solve (14.7) to find z; and Ly;
compute Uy, using (14.9);
Tyl < CL‘Z;
}until (U — Ly <€);

An example of the second iteration of the cutting-plane algorithm is shown in
figure 14.2. The idea behind Kelley’s algorithm is that at each iteration the lower
bound function ¢} is refined or improved (i.e., made larger, so that ¢}cb+1 > ¢P),
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i ] i
4 * N

r1 Lo T2

Figure 14.2 In the second iteration of the cutting-plane algorithm a sub-
gradient g at @ is found, giving the global lower bound function @Y. (14.7)
is solved to give Ly and z3 = 5. (The next iteration of the cutting-plane
algorithm is shown in figure 14.1.)

since one more term is added to the maximum in (14.5). Moreover, since d)}cb is tight
at zi1,..., ok, it is a good approximation to ¢ near zi,...,zr. In the next section,
we will use this idea to show that the cutting-plane algorithm always terminates.

The cutting-plane algorithm maintains upper and lower bounds on the quantity
being computed:

Ly < ¢* < Uk,
which moreover converge as the algorithm proceeds:
Uk—Lk—>0 as k — 0.

Thus we compute ¢* to a guaranteed accuracy of e: on exit, we have a point with
a low function value, and in addition we have a proof that there are no points with
function value more than € better than that of our point. Stopping criteria for
general optimization algorithms (e.g., descent methods) are often more heuristic—
they cannot guarantee that on exit, ¢* has been computed to a given accuracy.

Provided ¢* # 0, it is also possible to specify a maximum relative error (as
opposed to absolute error), with the modified stopping criterion

untzl( Uk - Lk S 6min{|Lk|, |Uk|} ),'

which guarantees a relative accuracy of at least € on exit. These stopping criteria can
offer a great advantage when the accuracy required is relatively low, for example,
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10%. This relative accuracy can be achieved long before the objective values or
iterates xj appear to be converging; still, we can confidently halt the algorithm.

A valid criticism of the cutting-plane algorithm is that the number of constraints
in the linear program (14.7) that must be solved at each iteration grows with the to-
tal number of elapsed iterations. In practice, if these linear programs are initialized
at the previous point, they can be solved very rapidly, e.g., in a few simplex itera-
tions. Some cutting-plane algorithms developed since Kelley’s drop constraints, so
the size of the linear programs to be solved does not grow as the algorithm proceeds;
see the Notes and References at end of this chapter.

While the cutting-plane algorithm makes use of all of the information (¢(z;), g;,
t = 1,...,k) that we have obtained about ¢ in previous iterations, the ellipsoid
methods that we will describe later in this chapter maintain a data structure of
constant size (at the cost of an approximation) that describes what we have learned
about the function in past iterations.

14.3.3 Proof of Convergence

We noted above that when the cutting-plane algorithm terminates, we know that
the optimum objective ¢* lies between the bounds L and U, which differ by less
than e. In this section we show that the cutting-plane algorithm does in fact always
terminate.

Let Bj.;; denote the initial box, and

G= sup |gll

g € 0¢(z)
z € Binit

(G can be shown to be finite.) Suppose that for £ = 1,..., K the algorithm has not
terminated, i.e. Uy — Ly > efor k=1,...,K. Since

Li = ¢ (xhs1) = max (¢(z5) + 97 (Tht1 — ;)

we have
Ly > ¢(z;) + g; (The1 —z;), 1<j<k<K,

and hence using ¢(z;) > Uy and the Cauchy-Schwarz inequality
Ly > Ui — G||zk41 — =], 1<j<Ek<K.

From this and Uy, — L, > € for k < K we conclude that
£
G

in other words, the minimum distance between any two of the points z1,...,Z
exceeds €/G.
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A volume argument can now be used to show that K cannot be too large.
Around each z; we place a ball B; of diameter ¢/G. By (14.10), these balls do not
intersect, so their total volume is K times the volume of one ball. These balls are
all contained in a box B which is the original box Bj,;; enlarged in every dimension
by €/2G. Hence the total volume of the balls must be less than the volume of B.
We conclude that K is no larger than the volume of B divided by the volume of
one of the balls.

If we take Kmax = vol(B)/vol(B;), then within K.y iterations, the cutting-
plane algorithm terminates. (We comment that this upper bound is a very poor
bound, vastly greater than the typical number of iterations required.)

14.3.4 Cutting-Plane Algorithm with Constraints

The cutting-plane algorithm of the previous section can be modified in many ways
to handle the constrained optimization problem (14.2). We will show one simple
method, which uses the same basic idea of forming a piecewise linear lower bound
approximation of a convex function based on the function values and subgradients
already evaluated.

Suppose we have computed function values and at least one subgradient at
Z1,...,x; for both the objective and the constraint function:

¢($1),---7¢(wk)7 g1 € a¢(x1)7""gk € 8¢(xk)7
Y(z1),. .., P(zk),  h1 € 0Y(21),..., he € OY(zk).

These points z; need not be feasible.
We form piecewise linear lower bound functions for both the objective and the
constraint: ¢ in (14.5) and

P(2) a masxk (1/)(:31) +hF(z— wz)) , (14.11)

which satisfies 9}°(2) < 9(z) for all z € R™.
The lower bound function 9}° yields a polyhedral outer approzimation to the
feasible set:

{2 |9(2) <0} C {z | lP(2) <0} (14.12)
Thus we have the following lower bound on ¢*:
* A .
¢* > Ly = min {¢}’(2) | ¥3’(2) <0}. (14.13)
As in section 14.3.1, the optimization problem (14.13) is equivalent to a linear
program:
Ly = min cw (14.14)
Aw <b
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where

T T .
9 -1 g1 T1 — B(z1)

L L
w=[z],c=[0],A= 9 -1 b= g;%wk—fﬁ(%k)
L 1 hy 0 hy z1 — (1)

| hp 0 | Ry ax — P(zx)

We note again that the lower bound Ly, in (14.13) can be computed no matter how
the points and subgradients were chosen.

The modified cutting-plane algorithm is exactly the same as the cutting-plane
algorithm, except that the linear program (14.14) is solved instead of (14.8), and
the stopping criterion must be modified for reasons that we now consider.

If the feasible set is empty then eventually the linear program (14.14) will be-
come infeasible. When this occurs, the cutting-plane algorithm terminates with the
conclusion that the feasible set is empty. On the other hand, if the feasible set is not
empty, and the optimum occurs on the boundary of the feasible set, which is often
the case, then the iterates xj are generally infeasible, since they lie in the outer
approximation of the feasible set given by the right-hand side of (14.12). However,
they approach feasibility (and optimality): it can be shown that

klim d(zx) = @7, lim sup ¢(zx) < 0.

k— oo

The second inequality means that given any €fe,s > 0 we eventually have ¥ (zx) <
€feas-

This has an important consequence for the upper bound and stopping criterion
described in section 14.3.2. If 2, is not feasible, then @(zj) is not an upper bound
on ¢*. Therefore we cannot use (14.9) to compute an upper bound on ¢*. A good
stopping criterion for the modified cutting-plane algorithm is:

untz'l ( ’l/J(.’Bk) S €feas and ¢(.’Bk) — Lk S fobj ),‘

We interpret efeas as a feasibility tolerance and eq,; as an objective tolerance.
When the algorithm successfully terminates we are guaranteed to have found a
point that is feasible and has objective value within €.,; of optimal for the €feqs-
relaxzed problem

mln{¢(z) | '1/7(3) < Efeas}7

(but probably not feasible for the problem (14.2).)
Other modifications of the cutting-plane algorithm generate only feasible iter-
ates; see the Notes and References at the end of this chapter.
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14.3.5 Example

In this example we will use the cutting-plane algorithm to minimize a convex func-
tion on R?. We will use the standard example plant that we introduced in sec-
tion 2.4.

The function to be minimized is

¢ ([ 3 ]) = Put_max(a, B),

where the function

‘Pwt_max(aw@) = max {‘Ppk-trk(au@)a 0-5‘Pmax_sen5(aa,6)a 15‘Prms_yp(aa ;3)}

was defined in section 11.7. The level curves of ¢ywt_max are plotted in figure 11.23.
The minimum value of @yt _max is 0.737, which occurs at z* = [0.05 0.09]7.

The bounding box for the cutting-plane algorithm was zmix = [—0.9 —0.9]T and
Zmax = [1.9 1.9]T. This was an aesthetic choice; in a real problem the bounding
box would be much larger. The starting point, z; = [0.5 0.5]7, is the center of the
bounding box. The upper and lower bounds versus iteration number are shown in
figure 14.3. The maximum relative error, i.e., (Ux — L)/ Ly, is shown in figure 14.4.
Level curves of ¢ are shown for k = 1, 2, 3, 4 in figures 14.5, 14.6, 14.7, and 14.8.
The reader is encouraged to trace the execution of the algorithm through these
figures, and compare the level curves of ¢}€b with those of @Yyt _max in figure 11.23.

09} Uk .

1 2 3 4 5 6 7 8 9
iteration, k

Figure 14.83 Upper and lower bounds on the solution ¢*, as a function of
the iteration number k, are shown for the cutting-plane algorithm.
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Figure 14.4 For the cutting-plane algorithm the maximum relative error,
defined as (Ux — L)/L, falls below 0.01% by iteration 9.
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Figure 14.5 The cutting-plane algorithm is started at the point z; =
[0.5 0.5]T. The subgradient g; at x; gives an affine global lower bound

' for ¢. The level curves of ¢}° are shown, together with the solution z
to (14.7). This point gives the lower bound L; = —1.12. (The dashed line
shows the bounding box, and z* is the minimizer of Ywt_max.)
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a

Figure 14.6 The level curves of ¢y are shown, together with the solution
x3 to (14.7). This point gives the lower bound L, = 0.506.

Figure 14.7 The level curves of ¢¥’ are shown, together with the solution
z4 to (14.7). This point gives the lower bound L3 = 0.668.
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0.5
(61

Figure 14.8 The level curves of ¢} are shown, together with the solution
x5 to (14.7). This point gives the lower bound L4 = 0.725.
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14.4 Ellipsoid Algorithms

14.4.1 Basic Ellipsoid Algorithm

We first consider the unconstrained minimization problem (14.1). The ellipsoid al-
gorithm generates a “decreasing” sequence of ellipsoids in R™ that are guaranteed
to contain a minimizing point, using the idea that given a subgradient (or quasigra-
dient) at a point, we can find a half-space containing the point that is guaranteed
not to contain any minimizers of ¢ (see figure 13.2).

Suppose that we have an ellipsoid Ej that is guaranteed to contain a minimizer
of ¢. In the basic ellipsoid algorithm, we compute a subgradient g of ¢ at the
center, xy, of Ej. We then know that the “sliced” half ellipsoid

Een{z | gi(z—ax) <0}

contains a minimizer of ¢, as shown in figure 14.9.

Figure 14.9 At the kth iteration of the ellipsoid algorithm a minimizer
of ¢ is known to lie in the ellipsoid Ej centered at xx. The subgradient gy
at zr determines a half-space (below and to the left of the dashed line) in
which ¢(z) is at least ¢(zx). Therefore a minimizer of ¢ lies in the shaded
region.

We compute the ellipsoid Exy; of minimum volume that contains the sliced
half ellipsoid; Ex41 is then guaranteed to contain a minimizer of ¢, as shown in
figure 14.10. The process is then repeated.

We now describe the algorithm more explicitly. An ellipsoid E can be described
as

E={z | (z—a)TA (2 -a) <1}
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Bt

Figure 14.10 The shaded region in figure 14.9 is enclosed by the ellipsoid of
smallest volume, denoted Ej.1, and centered at 2x+1. Any subgradient g1
at zr+1 is found and the next iteration of the ellipsoid algorithm follows. In
R? the area of Ej11 is always 77% of the area of Ej.

where A = AT > 0. a is the center of the ellipsoid F and the matrix A gives the
“size” and orientation of E: the square roots of the eigenvalues of A are the lengths
of the semi-axes of E. The volume of F is given by

vol(E) = B,V detA,

where 3, is the volume of the unit sphere in R"; in fact,

7.‘,'n/2
bn = T2+ 1)’

but we will not need this result.
The minimum volume ellipsoid that contains the half ellipsoid

{z |(z—a)"4A7(2-0a) <1, g"(2—a) <0}

is given by

d=a— —7, (14.15)

A=" <A - n—AggTA> , (14.16)
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and
g= g/\/gTAg

is a normalized subgradient. (Note that the sliced ellipsoid depends only on the
direction of g, and not its length.)
Thus, the basic ellipsoid algorithm is:

x1, A1 — any initial ellipsoid that contains minimizers;
k< 0;
repeat {

k—k+1;

evaluate ¢(zr) and compute any gr € 0P(xx);

g gk /\/ngAkgk ;

Tr+1 — Tk — Arg/(n +1);
2 ~ o~
(A - 2 g™ An)

} until ( stopping criterion );

Ak+1 ~—

From (14.16), we can think of Ej; as slightly thinner than Ej, in the direction
gk, and slightly enlarged over all. Even though Ej,; can be larger than Ej in the
sense of maximum semi-axis (Amax(Ak+1) > Amax(Ak) is possible), it turns out that
its volume is less:

(n+1)/2 (n—1)/2
< e 7 vol(Ey,), (14.18)

by a factor that only depends on the dimension n. We will use this fact in the next
section to show that the ellipsoid algorithm converges, i.e.,

Jlim §(ax) = 7,

provided our original ellipsoid E; (which is often a large ball, i.e. z; = 0, A; = R2I)
contains a minimizing point in its interior.
Since we always know that there is a minimizer z* € Ey, we have

¢ = ¢(2*) 2 $(ar) + g5, (z° — zx)
for some z* € Ej, and hence

P(zr) — ¢* < —gi (z* — 1)

< —qF (2 —
< max —g; (z — )

=4 9 Ak g

Thus the simple stopping criterion
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until ( A/ 9T Argr < € );

guarantees that on exit, ¢(zj) is within € of ¢*. A more sophisticated stopping
criterion is

until (U — L, < €);

where

While the ellipsoid algorithm works for quasiconvex functions (with the gg’s
quasigradients), this stopping criterion does not.

14.4.2 Proof of Convergence

In this section we show that the ellipsoid algorithm converges. We suppose that
z* € Ey and that for k =1,..., K, ¢(zx) > ¢* + €, where € > 0. Then every point
z excluded in iterations 1,..., K has ¢(z) > ¢* +¢, since at iteration k the function
values in each excluded half-space exceed ¢(zy). If

G= max g
g € 0¢()
x € Fq

is the maximum length of the subgradients over the initial ellipsoid, then we find
that in the ball

B={z |||l - 2"l < ¢/G}

we have ¢(z) < ¢* + € (we assume without loss of generality that B C FE;), and
consequently no point of B was excluded in iterations 1,..., K, so that in fact

B C E.
Thus, vol(E}) > vol(B), so using (14.17-14.18),
e~ vol(Ey) > (¢/G)"Bn.
For E1 = {z | ||2|| £ R} we have vol(E;) = R"[3,, so, taking logs,
—% + nlog R > nlog é,
and therefore
K < 2n?log %

Thus to compute ¢* with error at most ¢, it takes no more than 2n?log RG/e
iterations of the ellipsoid algorithm; this number grows slowly with both dimension
n and accuracy €. We will return to this important point in section 14.6.
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14.4.3 Ellipsoid Algorithm with Constraints

The basic ellipsoid algorithm is readily modified to solve the constrained prob-
lem (14.2). In this section we describe one such modification.

Once again, we generate a sequence of ellipsoids of decreasing volume, each of
which is guaranteed to contain a feasible minimizer. If z; is feasible (¢(zx) < 0)
then we form FEj,; exactly as in the basic ellipsoid algorithm; we call this an
objective iteration. If z is infeasible (¢(zx) > 0) then we form Ej;, as in the
basic ellipsoid algorithm, but using a subgradient of the constraint instead of the
objective. We call this a constraint iteration.

The algorithm is thus:

z1, A1 — an ellipsoid that contains feasible minimizers (if there are any);
k—0;
repeat {
k—Ek+1;
compute P(xg);
if ($(ex) > 0) {
/* zy, is infeasible */
compute any hy € 0Y(zk);

g hg /\/thkhk ;

if ( W(zx) — /T Aphy > o) {

quit because the feasible set is empty;
}

} else {
/* xy, is feasible */
compute ¢(z) and any g € 0P(xy);

g — gk /\/g{Akgk;

Thy1 — T — Arg/(n + 1);
2 ~ o~
App1 — 5= (Ak - LAkggTAk);

1 n+1

} until ( Y(zx) <0 and |/ gf Argr < € );

In a constraint iteration, the points we discard are all infeasible. In an objective
iteration, the points we discard all have objective value greater than or equal to the
current, feasible point. Thus in each case, we do not discard any minimizers, so that
the ellipsoids will always contain any minimizers that are in the initial ellipsoid.

The same proof as for the basic ellipsoid algorithm shows that this modified
algorithm works provided the set of points that are feasible and have nearly op-
timal objective value has positive volume. More sophisticated variations work in
other cases (e.g., equality constraints). Alternatively, if we allow slightly violated
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constraints, we can use the stopping criterion

until ( P(2r) < €feas and \/ngkgk < €obj );

With this stopping criterion, the modified algorithm will work even when the set of
feasible points with nearly optimal objective value does not have positive volume,
e.g., with equality constraints. In this case the modified algorithm produces nearly
optimal points for the e-relaxed problem, just as in the modified cutting-plane
algorithm.

14.4.4 Deep-CutEllipsoid Algorithm for Inequality Specifications

A simple variation of the ellipsoid algorithm can be used to solve the feasibility
problem (14.3). This modified algorithm often performs better than the ellipsoid
algorithm applied to the constraint function .

The idea is based on figure 13.3: suppose we are given an x that is not feasible,
so that ¥(z) > 0. Given h € 9¢(x), we have for all z

$(2) > ¥(e) + K7 (z - 2)

so for every feasible point zgas we have
hT (2feas — ) < —t().

We can therefore exclude from consideration the half-space
(o | W —2) > —9(@)}

which is bigger (¢(z) > 0) than the half-space {z | hT(z — z) > 0} excluded in the
ellipsoid algorithm, as shown in figure 14.11.

In the modified ellipsoid algorithm, we maintain ellipsoids guaranteed to contain
a feasible point (if there is one), as shown in figures 14.11 and 14.12. If z; is not
feasible (¢(zx) > 0), we let Ejyq be the minimum volume ellipsoid that contains
the set

Sk =Exn{z | by (2 — ) < —p(zx) } -

If S = 0, we know that there are no feasible points. This happens if and only if

\/ h{Akhk < 'l/f(mk)

Otherwise, Ey1 is given by

1 -
F I T (14.20)

Te+1 = Tk —

n2

2(1 + na)
Agy1 = m(l — az) <Ak

— mAkﬁkﬁfAk> , (14.21)
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Figure 14.11 At the kth iteration of the deep-cut ellipsoid algorithm any
feasible point must lie in the ellipsoid Ej centered at zx. If xj is infeasible
(meaning ¥ (zx) > 0) any subgradient hj of ¥ at =i determines a half-space
(below and to the left of the dotted line) in which ¥(z) is known to be
positive. Thus any feasible point is now known to lie in the shaded region.

Figure 14.12 The shaded region in figure 14.11 is enclosed by the ellipsoid
of smallest volume, denoted FEj1, and centered at 1. If the point x4
is feasible the algorithm terminates. Otherwise, any subgradient hg4+1 of ¥
at zry1 is found. The algorithm then proceeds as shown in figure 14.11.
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where
oo Y) ’
,/thkhk
- h
by = i

AT Ak,

In forming Ey1, we cut out more of the ellipsoid Ej than in the basic ellipsoid
method, so this algorithm is called a deep-cut ellipsoid method. The deep-cut
ellipsoid algorithm is thus:

z1, A1 — any ellipsoid that contains feasible points (if there are any);
k1,
repeat {

compute Y(zx) and any hy € 0Y(xy);

if (P(zr) <0) {

done: xy, is feasible;

if ( P(zk) > thkhk) {
quit: the feasible set is empty;
}

a — P(z) /,/h{Akhk ;
Fp — hk/,/h{Akhk ;

1 i
Try1 — Tp — 2P Aphy;

+1
Ak+1 — n;"il (1 - az) (Ak - %A}JL}JL{A]@);
k—Ek+1;

}

Deep-cuts can be used for the constraint iterations in the modified ellipsoid
algorithm for the constrained problem; they can also be used for the objective
iterations in the ellipsoid algorithm for the unconstrained or constrained problems,
as follows. At iteration k, it is known that the optimum function value does not
exceed Uy, so we can cut out the half-space in which the function must exceed Uy,
which is often larger (if Uy, < ¢(zr)) than the half-space in which the function must
exceed @(zp).

1445 Example

We use the same function, ¢wt_max, that we used in the cutting-plane example in
section 14.3.5. The algorithm was started with E; set to a circle of radius 3/2
about z; = [0.5 0.5]T. Ellipsoid volume is shown in figure 14.13. Upper and lower
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bounds versus iteration number are shown in figure 14.14. The worst case relative
error is shown in figure 14.15. The ellipsoid Ej is shown at various iterations in
figure 14.16.

my/det A,

0 10 20 30 40 50 60
iteration, k

Figure 14.13 The volume of the ellipsoid Ey decreases exponentially with
the iteration number k.

For the deep-cut algorithm we consider the inequality specifications

Qopk_trk(a, ,6) S 0.75 Somax_sens(aa ,3) S 1.5 Qorms_yp(a, ﬂ) S 0.05.

using the constraint function

(87 A "4 k_trk(aa /6) —0.75 (Pmax_sens(a’ /3) —1.5
d’([ﬂ])‘”““{ ot ’ 1.5 ’

Prms_ a, ﬂ —0.05
yp(0'05 ) : (14.22)

The deep-cut ellipsoid algorithm finds a feasible point in 8 iterations. The execution
of the algorithm is traced in table 14.1 and figure 14.17. Figure 14.17 also shows
the set of feasible points, which coincides with the set where @wt_max(c, 3) < 0.75.

145 Example: LQG Weight Selection via Duality

In this section we demonstrate some of the methods described in this chapter on
the problem of weight selection for an LQG controller design. We consider the
multicriterion LQG problem formulated in section 12.2.1, and will use the notation
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Figure 14.14 Upper and lower bounds on the solution ¢*, as
of the iteration number k, for the ellipsoid algorithm.
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Figure 14.15 For the ellipsoid algorithm the maximum relative error, de-
fined as (Ux — Li)/ Lk, falls below 0.01% by iteration 54.
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—-0.5

-1 . .
-1 =05 0 0.5
a

Figure 14.16 The initial ellipsoid, E1, is a circle of radius 1.5 centered at
[0.5 0.5]T. The ellipsoids at the 7th, 17th, and 22nd iterations are shown,
together with the optimum z*.

-1 —-0.5 0 0.5 1 1.5 2
(6

Figure 14.17 The initial ellipsoid, E4 is a circle of radius 1.5 centered at
z1 = [0.5 0.5]7. After eight iterations of the deep-cut ellipsoid algorithm
a feasible point zs is found for the constraint function (14.22). The set of
feasible points for these specifications is shaded. Note that each ellipsoid
contains the entire feasible set. See also table 14.1.
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Table 14.1 The steps performed by the deep-cut ellipsoid algorithm for
the constraint function (14.22). At each iteration a deep-cut was done using
the function that had the largest normalized constraint violation. See also
figure 14.17.

defined there. The specifications are realizability and limits on the RMS values of
the components of z, i.e.,

RMS(21) < +/a1,...,RMS(z1) < vaz, (14.23)

(with the particular power spectral density matrix for w described in section 12.2.1).
Each z; is either an actuator signal or some linear combination of the system state.
A will denote the set of a € Rf’r that corresponds to achievable specifications of the
form (14.23).

We will describe an algorithm that solves the feasibility problem for this family
of specifications, i.e., determines whether or not a € A, and if so, finds a controller
that achieves the given specifications. This problem can usually be solved by a
skilled designer using ad hoc weight adjustment and LQG design (see section 3.7.2),
but we will describe an organized algorithm that cannot fail.

By the convex duality principle (see section 6.6; the technical condition holds in
this case), we know that

a € A <= there is no A > 0 with ¥(\) > aT\.
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Since this condition on A is not affected by positive scaling, we may assume that the
sum of the weights is one. We can thus pose our problem in terms of the following
conver optimization problem:

a = min a™ X = y(N). (14.24)
A>0
A4 +AL=1

Let A* denote a minimizer (which in fact is unique) for the problem (14.24). Then
we have:

a€EA= a>0, (14.25)

and moreover if a > 0, then the LQG design that corresponds to weights A* achieves
the specification (see section 12.2.1). So finding o and A\* will completely solve our
problem.

The equivalence (14.25) can be given a simple interpretation. a” ) is the LQG
cost, using the weights ), that a design corresponding to a would achieve, if it were
feasible. () is simply the smallest achievable LQG cost, using weights A. It follows
that if aTA < 9()), then the specification corresponding to a is not achievable,
since it would beat the optimal LQG design. Thus, we can interpret (14.24) as the
problem of finding the LQG weights such that the LQG cost of a design that just
meets the specification a most favorably compares to the LQG-optimal cost.

We can evaluate a subgradient of a”\ — () (in fact, it is differentiable) using
the formula given in section 13.4.8:

¢1(Higg,))
: €9 (a™x-yp(N), (14.26)

a —

oL (H.lqg,A)

where Hyqex is the LQG-optimal design for the weights A\. We can therefore
solve (14.24) using any of the algorithms described in this chapter. We will give
some of the details for the ellipsoid algorithm.

We can handle the equality constraint A\; + -+ A = 1 by letting

A1
AL-1
be our optimization variables, and setting
ALb=1—XA1—+--—AL_1.
The inequality constraint on x is then

max{—®1,...,—¢r_1,21 +---+ -1 — 1} <0. (14.27)
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A subgradient g € RY™! for the objective is readily derived from (14.26):

a1 — ¢1(Higg,x) — oL + ¢ (Higg,n)

9= :
[ ar—1 — ¢r—1(Higg,x) — ar + ¢1(Higg,2) J

where Hg, x is optimal for the current weights.
As initial ellipsoid we take the ball of radius one centered at the weight vector

1/L
21 = :
1/L
Since this ball contains the feasible set given by (14.27), we are guaranteed that
every feasible minimizer of (14.24) is inside our initial ellipsoid.
We can now directly apply the algorithm of section 14.4.3. We note a few
simplifications to the stopping criterion. First, the feasible set is clearly not empty,

so the algorithm will not terminate during a feasibility cut. Second, the stopping
criterion can be:

until ( afX < Y(A) or ¢i(Higgr) < ai fori=1,...,L );

The algorithm will terminate either when a is known to be infeasible (aT\ < 9(}\)),
or when a feasible design has been found.

This ellipsoid algorithm is guaranteed to terminate in a solution to our problem,
except for the case when the specification a is Pareto optimal, i.e., is itself an LQG-
optimal specification for some weight vector. In this exceptional case, Higg,x and A
will converge to the unique design and associated weights that meet the specification
a. This exceptional case can be ruled out by adding a small tolerance to either of
the inequalities in the stopping criterion above.

145.1 Some Numerical Examples

We now demonstrate this algorithm on the standard example plant from section 2.4,
with the process and sensor noise power spectral densities described in section 11.2.3
and the objectives

¢1(H)=Ev®, ¢(H)=Ey, ¢3(H)=Eg,

which are the variance of the actuator signal, the system output signal y;,, and its
derivative. The optimization variables are the weights A\; and A associated with
the actuator and system output variance, respectively. The weight for the system
output rate is given by 1 — A\; — A3. The initial ellipsoid E; is a circle centered
at [1/3 1/3]7 of radius v/5/3; it includes the triangle of feasible weights A\ (see
figure 14.19).
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specification || RMS(u) | RMS(yp) | RMS(yp) | achievable?
1 <0.1 <0.13 <0.04 yes
2 <0.1 <0.07 < 0.04 no
3 <0.15 <0.07 <0.04 yes
4 <0.149 | £0.0698 | <£0.04 no

Table 14.2 Four different specifications on the RMS values of u, yp, and
Up-

For specifications that are either deep inside or far outside the feasible set A,
the ellipsoid algorithm rapidly finds a set of weights for an LQG design that either
achieves the specification or proves that the specification is infeasible. To get more
than a few iterations, specifications close to Pareto optimal must be chosen. We
will consider the four sets of specifications shown in table 14.2. Specifications 1
and 3 are achievable (the latter just barely), while 2 and 4 are unachievable (the
latter only barely). The results of running the ellipsoid algorithm on each of these
specifications is shown in table 14.3.

These results can be verified by checking whether each specification is above or
below the tradeoff surface. Since each specification has the same limit on RMS(g,),
we can plot a tradeoff curve between RMS(y,) and RMS(u) when RMS(y,) is
required to be below 0.04. Such a tradeoff curve is shown in figure 14.18. As
expected, specification 1 is achievable and specification 2 is not. Specifications 3
and 4 are very close to the tradeoff boundary, but on opposite sides.

The execution of the ellipsoid algorithm is shown in

e figure 14.19 for specification 1,
e table 14.4 for specification 2,
o figure 14.20 for specification 3,

e figure 14.21 for specification 4.
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| quantity | spec. 1 | spec. 2 | spec. 3 | spec. 4 |
0.1 0.1 0.15 0.149
Vva 0.13 0.07 0.07 0.0698
0.04 0.04 0.04 0.04
iterations 23 9 59 34
1 evaluations 12 6 47 22
0.00955 0.01951 0.00226 0.00232
A 0.00799 0.09072 0.02745 0.02952
0.98246 0.88977 0.97029 0.96816
0.09817 0.09726 0.14922 0.14896
VvJ 0.09795 0.05888 0.06997 0.06887
0.03986 0.04202 0.03999 0.04005
P(A) 0.001729 0.002070 0.001737 0.001745
at\ 0.001802 0.002063 0.001738 0.001744
exit condition J<a P(A) > aT A J<a P(A) > aTA
achievable? yes no yes no

Table 14.3 Result of running the ellipsoid algorithm on each of the four
specifications from table 14.2.
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0.3

0.25 |-

0.2}

RMS(yp)
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spec. 4
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RMS(u)
Figure 14.18 The tradeoff curve between RMS(y,) and RMS(u), with the
specification RMS(yp) < 0.04, is shown, together with the four specifications
from table 14.2. Since these four specifications all require that RMS(gp) <
0.04, each specification will be achievable if it lies on or above the tradeoff
curve. For comparison, the tradeoff curve between RMS(y,) and RMS(u)
with no specification on RMS(gyp) is shown with a dashed line.
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Figure 14.19 The progression of the ellipsoid algorithm is shown for spec-
ification 1 in table 14.2. The initial ellipsoid, E1, is a circle of radius \/5/ 3
centered at ¥ = [1/3 1/3]7 that includes the triangular set of feasible
weights. The ellipsoid algorithm terminates at the point z*, which corre-
sponds to weights for which the LQG-optimal controller satisfies specifica-
tion 1.
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‘iter.‘ A VI ‘ P(N) ‘ a ‘action
0.33333 0.06065
1 0.33333 0.06265 0.00330 | 0.00550 | cut ¥
0.33333 0.04789
0.09163 0.07837
2 0.27584 0.05383 0.00266 | 0.00328 | cut ¥
0.63254 0.04533
—0.02217
3 0.11561 — — — cut \q
0.90656
0.14809
4 —0.07633 — — — cut Ao
0.92824
0.09606 0.07392
5 0.20281 0.05758 0.00260 | 0.00308 | cut v
0.70113 0.04474
—0.00277
6 0.14218 — — —  |ecut A
0.86059
0.10218 0.05459
7 0.00942 0.11386 0.00201 | 0.00249 | cut ¥
0.88840 0.04218
0.05750 0.08348
8 0.20722 0.05416 0.00245 | 0.00277 | cut ¢
0.73528 0.04421
0.01951 0.09726
9 0.09072 0.05888 0.00207 | 0.00206 | done
0.88977 0.04202

Table 14.4 Tracing the execution of the ellipsoid algorithm with specifi-
cation 2 from table 14.2. After 9 iterations 1(\) > a” ), so specification 2
has been proven to be unachievable.
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Figure 14.20 The normalized values of RMS(u), RMS(yp), and RMS(gp)
are plotted versus iteration number for specification 3 in table 14.2. These
values are those achieved by the LQG-optimal regulator with the current
weights A. At iteration 59 all three curves are simultaneously at or below
1.0, so the algorithm terminates; it has found weights for which the LQG-
optimal regulator satisfies the specifications.
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10—2 T T T T T T

10—7 L L L L L
0 5 10 15 20 25 30

iteration
Figure 14.21 The difference between a” X and () is plotted for each
iteration of the ellipsoid algorithm for specification 4 in table 14.2. At
iteration 34, 1¥(\) > aTA (this point is not plotted), and the algorithm
terminates; it has proven that the specifications are unachievable. Note
that at iteration 30, the weights almost proved that the specification is
unachievable.
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14.6 Complexity of Convex Optimization

We have seen simple algorithms that can be used to compute the global minimum of
a convex or quasiconvex function. In fact, these optimization problems are not only
solvable, they are intrinsically tractable: roughly speaking, they can be solved with
a “reasonable” amount of computation. For more general optimization problems,
while we can often compute a local minimum with reasonable computation, the
computation of the global minimum usually requires vastly more computation, and
so is tractable only for small problems.

In this section we informally discuss the complezity of different types of (global)
optimization problems, which involves the following ideas:

e a class of problems,
e a notion of the size of a problem and required accuracy of solution,
e a measure of computation effort.

The complexity describes how the minimum computation effort required depends
on the problem size and required accuracy.
The four classes of optimization problems that we will consider are:

e Convez quadratic program (QP): compute
min{ar:TAar: | Cz < B},
where z € R®, Be R*, and A > 0.

e (eneral QP: compute
min{a:TA:n | Cz < B},
where z € R™ and B € R*.

e Convex program: compute

min f(x)

zelC
where f: R™ — R is convex, and K C R" is a convex set.

e General program: compute

min f(x)

zeC
where f : R® — R and X C R".

In the following sections we describe some measures of the relative complexities of
these problems.
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14.6.1 Bit Complexity of Quadratic Programs

The problem size is measured by the number of bits required to describe the matrices
A and C, and the vector B. The computational effort is measured by the number
of bit operations required to find the (exact) solution.

Convex QP’s have polynomial bit complexity: they can be solved in a number
of bit operations that grows no faster than a polynomial function of the problem
size. This celebrated result was obtained by the Soviet mathematician Khachiyan
in 1979 using a variation of the ellipsoid algorithm.

In contrast, it is known that general QP’s have a bit complexity that is the
same as many other “hard” problems. The only known algorithms that solve these
“hard” problems require a number of bit operations that grows exponentially with
the problem size. Moreover, it is generally believed that there are no algorithms
that solve these problems using a number of bit operations that grows only as fast
a polynomial in the problem size. See the Notes and References.

In conclusion, in the sense of bit complexity, convex QP’s are “tractable”,
whereas no non-combinatorial algorithms for solving general QP’s are known, and
it is widely believed that none exist.

14.6.2 Information Based Complexity

Information based complexity is measured by the number of function and gradient
(or subgradient) evaluations of f that are needed to compute the minimum to a
guaranteed accuracy; information about f is only known through these function
and gradient evaluations. The problem size is measured by the dimension n and
required accuracy e.

Roughly speaking, bit complexity counts all operations, and assumes that the
function to be minimized is completely specified, whereas information based com-
plexity counts only the number of calls to a subroutine that evaluates the function
and a gradient.

Many sharp bounds are known for the information based complexity of convex
and general programs. For example, convex programs can be solved to an accuracy
of € with no more than p(n)log(1/e) function and subgradient evaluations, where
p is a specific polynomial. It is also known that the minimum number of function
and gradient evaluations required to solve a general program grows like (1/¢)™, i.e.,
exponentially.

Therefore, the information based complexity of general programs is enormously
larger than convex programs.

14.6.3 Some Caveats

We warn the reader that the results described above treat idealized versions of
complexity, which may or may not describe the practical tractability.
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For example, the simplex method for solving convex QP’s works very well in
practice, even though it is not a polynomial algorithm. The ellipsoid algorithm for
solving convex QP’s, on the other hand, is polynomial, but so far has not performed
better in practice than the simplex method.

As another example, we note that the information based complexity of general
QP’s and convex QP’s is the same, and no bigger than a polynomial in n + k
(because once we know what QP we must solve, no more subroutine calls to the
function evaluator are required). In contrast, the bit complexity of convex and
general QP’s is generally considered to be enormously different, which is consistent
with practical experience. The low information based complexity of general QP’s
is a result, roughly speaking, of local computations being “free”, with “charges”
incurred only for function evaluations.

14.6.4 Local Versus Global Optimization

General programs are often “solved” in practice using local, often descent, methods.
These algorithms often converge rapidly to a local minimum of the function f. In
many cases, this local minimum is the global minimum. But verifying that a given
local minimum is actually global has a high computational cost.

Local optimization methods often work well for design tasks: they rapidly find
local minima, which in many cases are actually global, but in return, they give up
the certainty of determining the global minimum. Often, an acceptable design can
be found using a local optimization method.

However, local methods cannot determine a limit of performance: global opti-
mization is needed to confidently know that a design cannot be achieved, i.e., lies
in the unshaded region described in section 1.4.1 of chapter 1. So the value of con-
vexity is that not only can we find designs that we know are “good” (i.e., nearly
Pareto optimal), we can also, with reasonable computation, determine performance
limits.
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Notes and References

Descent Methods

General descent methods are described in, e.g., Luenberger [LUE84]. General methods for
nondifferentiable optimization are surveyed in Polak [PoL87]. Kiwiel’s monograph [K1w85]
gives a detailed description of many descent algorithms for nondifferentiable optimization;
see also Fukushima [FUK84] and the references cited there. In the Soviet literature, descent
methods are sometimes called relazation processes; see for example the survey by Lyubich
and Maistrovskii [LM70].

Specializations of general-purpose algorithms to nondifferentiable convex optimization
include Wolfe’s conjugate subgradients algorithm [WoL75] and Lemarechal’s Davidon
method for nondifferentiable objectives [LEM75].

Nondifferentiable Convex Optimization

A good general reference on convex optimization is Levitin and Polyak [LP66], which treats
the infinite-dimensional case, but considers mostly smooth problems. Good general refer-
ences on nondifferentiable convex optimization, which describe some methods presented in
this chapter are Akgiil [AKG84], Evtushenko [EvT85], and Demyanov and Vasilev [DV85].
In [SHO85], Shor describes the subgradient algorithm, a precursor of the ellipsoid method,
and a variable-metric subgradient algorithm, which is the ellipsoid method as he originally
developed it.

Rockafellar’s books [Roc81, Roc82] describe subgradients and convex optimization, but
not the algorithms we have presented in this chapter.

Cutting-Plane Methods

The cutting-plane algorithm described in section 14.3.2 is generally attributed to Kel-
ley [KEL60], although it is related to earlier algorithms, e.g., Cheney and Goldstein’s
method [CGb59], which they call Newton’s method for convex programming. In fact, Kel-
ley’s description of the algorithm is for the constrained case: he shows how to convert the
unconstrained problem into one with constraints and linear objective.

Convergence proofs are given in, e.g., Kelley [KEL60], Levitin and Polyak [LP66, §10],
Demyanov and Vasilev [DV85, §3.8], and Luenberger [LUE84, P419—420]. The cutting-
plane algorithm for constrained optimization that we presented in section 14.3.4, and a
proof of its convergence, can be found in Demyanov and Vasilev [DV85, p420-423|.

Elzinga and Moore [EM75] give a cutting-plane algorithm for the constrained problem
that has two possible advantages over the one described in section 14.3.4. Their algorithm
generates feasible iterates, so we can use the simple stopping criteria used in the algorithm
for the unconstrained problem, and we do not have to accept “slightly violated constraints”.
Their algorithm also drops old constraints, so that the linear programs solved at each
iteration do not grow in size as the algorithm proceeds. Demyanov and Vasilev [DV85,
§3.9-10] describe the extremum basis method, a cutting-plane algorithm that maintains a
fixed number of constraints in the linear program. See also Gonzaga and Polak [GP79].

Ellipsoid Methods

Two early articles that give algorithms for minimizing a quasiconvex function using the
idea that a quasigradient evaluated at a point rules out a half-space containing the point
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are Newman [NEW65] and Levin [LEV65]. In these precursors of the ellipsoid algorithm,
the complexity of the set which is known to contain a minimizer increases as the algorithm
proceeds, so that the computation per iteration grows, as in cutting-plane methods.

The ellipsoid algorithm was developed in the 1970’s in the Soviet Union by Shor, Yudin,
and Nemirovsky. A detailed history of its development, including English and Russian
references, appears in chapter 3 of Akgul [AkG84]. It was used in 1979 by Khachiyan
in his famous proof that linear programs can be solved in polynomial time; an English
translation appears in [KHA79] (see also Géacs and Lovazs [GL81]).

The 1981 survey by Bland, Goldfarb, and Todd [BGT81] contains a very clear description
of the method and has extensive references on its development and early history, concen-
trating on its application to linear programming. Our exposition follows Chapter 3 of the
book by Grotschel, Lovasz, and Schrijver [GLS88]. In [GOF83, Gor84], Goffin gives an
interpretation of the ellipsoid algorithm as a variable-metric descent algorithm.

Ecker and Kupferschmid [EK83, EK85] describe the results of extensive numerical tests
on a large number of benchmark optimization problems, comparing an ellipsoid method to
other optimization algorithms. Some of these problems are not convex, but the ellipsoid
method seems to have done very well (i.e., found feasible points with low function values)
even though it was not designed for nonconvex optimization. In the paper [KMES85],
Kupferschmid et al. describe an application of an ellipsoid algorithm to the nonconvex,
but important, problem of feedback gain optimization.

Initializing the Cutting-Plane and Ellipsoid Algorithms

In many cases we can determine, a priori, a box or ellipsoid that is guaranteed to contain
a minimizer; we saw an example in the LQG weight selection problem.

For the cutting-plane algorithm, if we do not know an initial box that is guaranteed to
contain a minimizer, we can guess an initial box; if x; stays on the box boundary for too
many iterations, then we increase the box size and continue. (By continue, we mean that
all of the information gathered in previous function and subgradient evaluations can be
kept.) Roughly speaking, once x; lands inside the box, we can be certain that our initial
box was large enough (provided the Lagrange multipliers in the linear program are positive
at the iterate inside the box).

In many cases the ellipsoid algorithm converges to a minimizer even if no minimizers were
inside the initial ellipsoid, although of course there is no guarantee that this will happen.
Of course, this can only occur because at each iteration we include in our new ellipsoid
some points that were not in the previous ellipsoid. These new points normally represent
“wasted” ellipsoid volume, since we are including points that are known not to include a
minimizer. But in the case where the minimizer lies outside the initial ellipsoid, these new
points allow the ellipsoid to twist around so as to include a minimizer.

If an iterate x falls outside the initial ellipsoid, it is good practice to restart the algorithm
with a larger ellipsoid. We have found a very slow rise in the total number of ellipsoid
algorithm iterations required as the size of the initial ellipsoid is increased, despite the fact
that the volume of the initial ellipsoid increases very rapidly with its semi-axes.

LQG Weight Selection

The informal method of adjusting weights is used extensively in LQG design. In the
LQG problem, the maximum value rule-of-thumb for initial weights is often referred to as
Bryson’s rule [BH75].
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In [HS78], Harvey and Stein state,

To use LQG methods, the designer must reduce all of his varied performance
requirements to a single criterion which is constrained to be quadratic in state
and controls. So little is known about the relationship between such specific
criteria and more general control design specifications that the designer must
invariably resort to trial and error iterations.

In Stein [STE79], we find

Probably the most important area about which better understanding [of LQG
weight selection] is needed is the relationship between the weighting parame-
ters selected for the basic scalar performance index and the resulting regulator
properties. Practitioners have wrestled with this relationship for nearly two
decades, trying various intuitive ways to select a “good set of weights” to
satisfy various design specifications.

We have observed that the mapping from LQG weights into the resulting optimal LQG
cost, i.e., the dual function 1, is concave. We exploited this property to design an algorithm
that solves the LQG multicriterion feasibility problem.

We were originally unaware of any published algorithm that solves this feasibility prob-
lem, but recently discovered an article by Toivonen and Makild [TM89], which uses a
quadratically convergent method to minimize a” X — 4(\) over A > 0.

The deep-cut algorithm of section 14.4.4 can be used with the inequality specification
a®X —9()) > 0. Such an algorithm will determine whether the RMS specifications are
achievable or not, but, unlike the algorithm we described, might not find a design meeting
the specification when the specifications are achievable.

Complexity of Convex Optimization

Bit complexity is described in, for example, the book by Garey and Johnson [GJ79]. The
“hard” problems we referred to in section 14.6.1 are called NP-complete. The results on bit
complexity of quadratic programs are described in Pardalos and Rosen [PR87]. Pardalos
and Rosen also describe some methods for solving general QP’s; these methods require
large computation times on supercomputers, whereas very large convex QP’s are readily
solved on much smaller computers.

The results on the information based complexity of optimization problems are due to
Nemirovsky and Yudin, and described in the clear and well written book [NY83] and
article [YN77]. Our description of the problem is not complete: the problems considered
must also have some known bound on the size of a subgradient over K (which we used in
our proofs of convergence).



Chapter 15

Solving the Controller Design
Problem

In this chapter we describe methods for forming and solving finite-dimensional
approximations to the controller design problem. A method based on the
parametrization described in chapter 7 yields an inner approximation of the re-
gion of achievable specifications in performance space. For some problems, an
outer approximation of this region can be found by considering a dual problem.
By forming both approximations, the controller design problem can be solved to
an arbitrary, and guaranteed, accuracy.

In chapter 3 we argued that many approaches to controller design could be described
in terms of a family of design specifications that is parametrized by a performance
vector a € RL,

H satisfies Dhara, ¢1(H) < a1,...,¢5(H) < ar. (15.1)

Some of these specifications are unachievable; the designer must choose among
the specifications that are achievable. In terms of the performance vectors, the
designer must choose an a € A, where A denotes the set of performance vectors that
correspond to achievable specifications of the form (15.1). We noted in chapter 3
that the actual controller design problem can take several specific forms, e.g., a
constrained optimization problem with weighted-sum or weighted-max objective,
or a simple feasibility problem.

In chapters 7-11 we found that in many controller design problems, the hard
constraint Dpa,q is convex (or even affine) and the functionals ¢, .. ., ¢, are convex;
we refer to these as convex controller design problems. We refer to a controller
design problem in which one or more of the functionals is quasiconvex but not
convex as a quasiconvez controller design problem. These controller design problems
can be considered convex (or quasiconvex) optimization problems over H; since H

351
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has infinite dimension, the algorithms described in the previous chapter cannot be
directly applied.

15.1 Ritz Approximations

The Ritz method for solving infinite-dimensional optimization problems consists of
solving the problem over larger and larger finite-dimensional subsets. For the con-
troller design problem, the Ritz approximation method is determined by a sequence
of n, X n, transfer matrices

Ry, R1, Ry,... € H. (15.2)
We let

(1>

Hn Ry + ZwlRl z;€ER, 1<i<N

1<i<N

denote the finite-dimensional affine subset of H that is determined by Ry and the
next N transfer matrices in the sequence. The Nth Ritz approximation to the
family of design specifications (15.1) is then

H satisfies Dyara, ¢1(H) < a1,...,¢0(H) <ar, H € Hn. (15.3)

The Ritz approximation yields a convex (or quasiconvex) controller design problem,
if the original controller problem is convex (or quasiconvex), since it is the original
problem with the affine specification H € Hy adjoined.

The Nth Ritz approximation to the controller design problem can be considered
a finite-dimensional optimization problem, so the algorithms described in chapter 14
can be applied. With each z € RY we associate the transfer matrix

HN(:B) 2 Ry + Z z; R;, (154)
1<i<N

with each functional ¢; we associate the function ¢§N) : RN — R given by
6™ (z) & i(Hn(x)), (15.5)
and we define
pW) 2 {z | Hy(z) satisfies Dhara} - (15.6)

Since the mapping from z € R" into H given by (15.4) is affine, the functions

¢EN) given by (15.5) are convex (or quasiconvex) if the functionals ¢; are; similarly
the subsets D) C RY are convex (or affine) if the hard constraint Dharq is. In
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section 13.5 we showed how to compute subgradients of the functions ¢EN), given
subgradients of the functionals ¢;.

Let Apn denote the set of performance vectors that correspond to achievable
specifications for the Nth Ritz approximation (15.3). Then we have

A C---CAN C---CA,

i.e., the Ritz approximations yield inner or conservative approximations of the
region of achievable specifications in performance space.

If the sequence (15.2) is chosen well, and the family of specifications (15.1) is
well behaved, then the approximations Ay should in some sense converge to A as
N — oo. There are many conditions known that guarantee this convergence; see
the Notes and References at the end of this chapter.

We note that the specification Hgj;ce of chapter 11 corresponds to the N = 2
Ritz approximation:

Ro = H©), R, = H® — g Ry, = H® — g,

15.1.1 A Specific Ritz Approximation Method

A specific method for forming Ritz approximations is based on the parametriza-
tion of closed-loop transfer matrices achievable by stabilizing controllers (see sec-
tion 7.2.6):

Hstable = {Tl + T2QT3 | Q Sta'ble} . (157)
We choose a sequence of stable n,, x n, transfer matrices Q1,Q3, ... and form
Ry =T7, Ry =T2QrTs5, k=1,2,... (15.8)

as our Ritz sequence. Then we have Hy C Hgiable, i-€., we have automatically
taken care of the specification Hsiable-

To each & € R there corresponds the controller Ky (z) that achieves the closed-
loop transfer matrix Hy(z) € Hy: in the Nth Ritz approximation, we search over
a set of controllers that is parametrized by z € R”, in the same way that the family
of PID controllers is parametrized by the vector of gains, which is in R®. But the
parametrization Ky (z) has a very special property: it preserves the geometry of the
underlying controller design problem. If a design specification or functional is closed-
loop convex or affine, so is the resulting constraint on or function of z € RY. This
is not true of more general parametrizations of controllers, e.g., the PID controllers.
The controller architecture that corresponds to the parametrization Ky (z) is shown
in figure 15.1.
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Figure 15.1 The Ritz approximation (15.7-15.8) corresponds to a
parametrized controller Ky (z) that consists of two parts: a nominal con-
troller Knom, and a stable transfer matrix @ that is a linear combination of
the fixed transfer matrices Q1,...,Q@n. See also section 7.3 and figure 7.5.

15.2 An Example with an Analytic Solution

In this section we demonstrate the Ritz method on a problem that has an analytic
solution. This allows us to see how closely the solutions of the approximations agree
with the exact, known solution.

15.2.1 The Problem and Solution

The example we will study is the standard plant from section 2.4. We consider the
RMS actuator effort and RMS regulation functionals described in sections 11.2.3
and 11.3.2:

A 1/2
RMS(yp) = Grmsyp(H) = ([[H12Wsensorll3 + | H13Wproc|l3)

A 1/2
RMS(U) = ¢rms_u(H) = (||H22Wsensor”§ + ||H23Wproc”§) .
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We consider the specific problem:

min Grms_u(H). (15.9)
¢rms_yp(H) <0.1

The solution, ¢}, , = 0.0397, can be found by solving an LQG problem with
weights determined by the algorithm given in section 14.5.

15.2.2 Four Ritz Approximations

We will demonstrate four different Ritz approximations, by considering two different
parametrizations (i.e., T1, Ta, and T3 in (15.7)) and two different sequences of stable
Q’s.

The parametrizations are given by the formulas in section 7.4 using the two
estimated-state-feedback controllers K(*) and K(9) from section 2.4 (see the Notes
and References for more details). The sequences of stable transfer matrices we
consider are

1 \* ~ 4 \* _
Qi=(5+1>, Qi=<s+4>, i=1,... (15.10)

We will denote the four resulting Ritz approximations as

(K*,Q), (K®,Q), (K9,Q), (K9,Q). (15.11)

The resulting finite-dimensional Ritz approximations of the problem (15.9) turn
out to have a simple form: both the objective and the constraint function are con-
vex quadratic (with linear and constant terms) in z. These problems were solved
exactly using a special algorithm for such problems; see the Notes and References
at the end of this chapter. The performance of these four approximations is plot-
ted in figure 15.2 along with a dotted line that shows the exact optimum, 0.0397.
Figure 15.3 shows the same data on a more detailed scale.

15.3 An Example with no Analytic Solution

We now consider a simple modification to the problem (15.9) considered in the
previous section: we add a constraint on the overshoot of the step response from
the reference input r to the plant output yp, i.e.,

min Grems_u(H). (15.12)
Grms_yp(H) < 0.1
¢os(H13) S 0.1

Unlike (15.9), no analytic solution to (15.12) is known. For comparison, the optimal
design for the problem (15.9) has a step response overshoot of 39.7%.
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Figure 15.2 The optimum value of the finite-dimensional inner approxi-
mation of the optimization problem (15.9) versus the number of terms N
for the four different Ritz approximations (15.11). The dotted line shows
the exact solution, RMS(u) = 0.0397.
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Figure 15.3 Figure 15.2 is re-plotted to show the convergence of the finite-
dimensional inner approximations to the exact solution, RMS(u) = 0.0397.
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The same four Ritz approximations (15.11) were formed for the problem (15.12),
and the ellipsoid algorithm was used to solve them. The performance of the approx-
imations is plotted in figure 15.4, which the reader should compare to figure 15.2.
The minimum objective values for the Ritz approximations appear to be converging
to 0.058, whereas without the step response overshoot specification, the minimum
objective is 0.0397. We can interpret the difference between these two numbers as
the cost of reducing the step response overshoot from 39.7% to 10%.

0.2
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RMS(u)
I
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0.06 |-

004 ke oo A

0.02+L without step spec. 4

0 2 4 6 8 10 12 14 16 18 20
N

Figure 15.4 The optimum value of the finite-dimensional inner approxi-
mation of the optimization problem (15.12) versus the number of terms N
for the four different Ritz approximations (15.11). No analytic solution to
this problem is known. The dotted line shows the optimum value of RMS(«)
without the step response overshoot specification.

15.3.1 Ellipsoid Algorithm Performance

The finite-dimensional optimization problems produced by the Ritz approximations
of (15.12) are much more substantial than any of the numerical example problems
we encountered in chapter 14, which were limited to two variables (so we could plot
the progress of the algorithms). It is therefore worthwhile to briefly describe how
the ellipsoid algorithms performed on the N = 20 (K (a), Q) Ritz approximation, as
an example of a demanding numerical optimization problem.

The basic ellipsoid algorithm was initialized with A; = 5000, so the initial
ellipsoid was a sphere with radius 70.7. All iterates were well inside this initial
ellipsoid. Moreover, increasing the radius had no effect on the final solution (and,
indeed, only a small effect on the total computation time).
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The algorithm took 34 iterations to find a feasible point, and 4259 iterations for
the maximum relative error to fall below 0.1%. The maximum and actual relative
errors versus iteration number are shown in figure 15.5. The relative constraint
violation and the normalized objective function value versus iteration number are
shown in figure 15.6. From these figures it can be seen that the ellipsoid algo-
rithm produces designs that are within a few percent of optimal within about 1500
iterations.
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Figure 15.5 The ellipsoid algorithm maximum and actual relative errors
versus iteration number, k, for the solution of the N = 20 (K(a),Q) Ritz
approximation of (15.12). After 34 iterations a feasible point has been found,
and after 4259 iterations the objective has been computed to a maximum
relative error of 0.1%. Note the similarity to figure 14.15, which shows a
similar plot for a much simpler, two variable, problem.

For comparison, we solved the same problem using the ellipsoid algorithm with
deep-cuts for both objective and constraint cuts, with the same initial ellipsoid.
A few more iterations were required to find a feasible point (53), and somewhat
fewer iterations were required to find the optimum to within 0.1% (2620). Its
performance is shown in figure 15.7. The objective and constraint function values
versus iteration number for the deep-cut ellipsoid algorithm were similar to the basic
ellipsoid algorithm.

The number of iterations required to find the optimum to within a guaranteed
maximum relative error of 0.1% for each N (for the (K(2), Q) Ritz approximation)
is shown in figure 15.8 for both the regular and deep-cut ellipsoid algorithms. (For
N < 4 the step response overshoot constraint was infeasible in the (K(®), Q) Ritz
approximation.)
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Figure 15.6 The ellipsoid algorithm constraint and objective functionals
versus iteration number, k, for the solution of the N = 20 (K®,Q) Ritz
approximation of (15.12). For the constraints, the percentage violation is
plotted. For the objective, @drms_u, the percentage difference between the
current and final objective value, @rpn 4, is plotted. It is hard to distinguish
the plots for the constraints, but the important point here is the “steady,
stochastic” nature of the convergence. Note that within 1500 iterations,
designs were obtained with objective values and contraints within a few
percent of optimal and feasible, repsectively.
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Figure 15.7 The deep-cut ellipsoid algorithm maximum and actual rel-
ative errors versus iteration number, k, for the solution of the N = 20

(K®, Q) Ritz approximation of (15.12). After 53 iterations a feasible point
has been found, and after 2620 iterations the objective has been computed
to a maximum relative error of 0.1%. Note the similarity to figure 15.5.
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Figure 15.8 The number of ellipsoid iterations required to compute upper
bounds of RMS(u) to within 0.1%, versus the number of terms N, is shown
for the Ritz approximation (K (a), Q). The upper curve shows the iterations
for the regular ellipsoid algorithm. The lower curve shows the iterations
for the deep-cut ellipsoid algorithm, using deep-cuts for both objective and
constraint cuts.
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15.4 An Outer Approximation via Duality

Figure 15.4 suggests that the minimum value of the problem (15.12) is close to
0.058, since several different Ritz approximations appear to be converging to this
value, at least over the small range of NV plotted. The value 0.058 could reasonably
be accepted on this basis alone.

To further strengthen the plausibility of this conclusion, we could appeal to some
convergence theorem (one is given in the Notes and References). But even knowing
that each of the four curves shown in figure 15.4 converges to the exact value of
the problem (15.12), we can only assert with certainty that the optimum value lies
between 0.0397 (the true optimum of (15.9)) and 0.0585 (the lowest objective value
computed with a Ritz approximation).

This is a problem of stopping criterion, which we discussed in chapter 14 in the
context of optimization algorithms; accepting 0.058 as the optimum value of (15.12)
corresponds to a (quite reasonable) heuristic stopping criterion. Just as in chap-
ter 14, however, a stopping criterion that is based on a known lower bound may be
worth the extra computation involved.

In this section we describe a method for computing lower bounds on the value
of (15.12), by forming an appropriate dual problem. Unlike the stopping criteria for
the algorithms in chapter 14, which involve little or no additional computation, the
lower bound computations that we will describe require the solution of an auxiliary
minimum Hy norm problem.

The dual function introduced in section 3.6.2 produces lower bounds on the so-
lution of (15.12), but is not useful here since we cannot exactly evaluate the dual
function, except by using the same approximations that we use to approximately
solve (15.12). To form a dual problem that we can solve requires some manipulation
of the problem (15.12) and a generalization of the dual function described in sec-
tion 3.6.2. The generalization is easily described informally, but a careful treatment
is beyond the scope of this book; see the Notes and References at the end of this
chapter.

We replace the RMS actuator effort objective and the RMS regulation constraint
in (15.12) with the corresponding variance objective and constraint, i.e., we square
the objective and constraint functionals ¢;ms_y and ¢rms_yp. Instead of considering
the step response overshoot constraint in (15.12) as a single functional inequality,
we will view it as a family of constraints on the step response: one constraint for
each ¢t > 0, that requires the step response at time ¢ not exceed 1.1:

min Grmsu(H)? (15.13)
¢rms_yp(H)2 S 012
¢ PHH) < 1.1, t>0

where ¢5t°P-¢ is the affine functional that evaluates the step response of the 1,3 entry
at time t:

PP (H) = s13(2).
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In this transformed optimization problem, the objective is quadratic and the con-
straints consist of one quadratic constraint along with a family of affine constraints
that is parametrized by t € R .

This suggests the following generalized dual functional for the problem (15.13):

d]()‘ua )‘y7 )‘3)

é min <)\u¢rms_u(H)2 + Ayd’rms_yp(H)z + /
HeH 0

oo

As(t)@* P (H) dt) , (15.14)

where the “weights” now consist of the positive numbers A, and ), along with
the function A\s : Ry — R4. So in equation (3.10), we have replaced the weighted
sum of (a finite number of) constraint functionals with a weighted integral over the
family of constraint functionals that appears in (15.13).

It is easily established that —1) is a convex functional of (A4, Ay, As) and that
whenever Ay > 0 and A,(t) > 0 for all £ > 0, we have

P(1, Ay As) — 0.1%),, — / L1, (t) dt < api
0

where ay,; is the optimum value of (15.12). Thus, computing (1, \,, A,) yields a
lower bound on the optimum of (15.12).

The convex duality principle (equations (6.11-6.12) of section 6.6) suggests that
we actually have

Qpri = max (¢(1, Ay, As) — 0.12), — / 1.1X,(¢) dt) , (15.15)
Ay 20, As(t) 20 0

which in fact is true. So the optimization problem on the right-hand side of (15.15)
can be considered a dual of (15.12).

We can compute ¥(1,\,, A;), provided we have a state-space realization with
impulse response A;(t). The objective in (15.14) is an LQG objective, with the
addition of the integral term, which is an affine functional of H. By completing
the square, it can be recast as an Hj-optimal controller problem, and solved by (an
extension of) the method described in section 12.2. Since we can find a minimizer
Hj, for the problem (15.14), we can evaluate a subgradient for —1:

¢ (Aus Ays As) = —Aubrms u(H3)? — Ayrms yp (H3)* — /0 As(t)™ P (HS) dt

(c.f. section 13.4.8).

By applying a Ritz approximation to the infinite-dimensional optimization prob-
lem (15.15), we obtain lower bounds on the right-hand, and hence left-hand sides
of (15.15).
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To demonstrate this, we use two Ritz sequences for \; given by the transfer
functions

Ao =0, Ai(s)=< 2 > /L-(s)=< 4 ) i=1,.... (15.16)

s+2 s+4

We shall denote these two Ritz approximations A, A. The solution of the finite-
dimensional inner approximation of the dual problem (15.15) is shown in figure 15.9
for various values of N. Each curve gives lower bounds on the solution of (15.12).
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Figure 15.9 The optimum value of the finite-dimensional inner approxi-
mation of the dual problem (15.15) versus the number of terms N for the two
different Ritz approximations (15.16). The dotted line shows the optimum
value of RMS(u) without the step response overshoot specification.

The upper bounds from figure 15.4 and lower bounds from figure 15.9 are shown
together in figure 15.10. The exact solution of (15.12) is known to lie between the
dashed lines; this band is shown in figure 15.11 on a larger scale for clarity.

The best lower bound on the value of (15.12) is 0.0576, corresponding to the
N = 20 {A} Ritz approximation of (15.15). The best upper bound on the value
of (15.12) is 0.0585, corresponding to the N = 20 (K(®) Q) Ritz approximation
of (15.12). Thus we can state with certainty that

0576 < min brmsu(H) < .0585.
¢rms_yp(H) S 0.1
¢05(H13) S 0.1

We now know that 0.058 is within 0.0005 (i.e., 1%) of the minimum value of the
problem (15.12); the plots in figure 15.4 only strongly hint that this is so.
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Figure 15.10 The curves from figures 15.4 and 15.9 are shown. The solu-
tion of each finite-dimensional inner approximation of (15.12) gives an upper
bound of the exact solution. The solution of each finite-dimensional inner
approximation of the dual problem (15.15) gives a lower bound of the exact
solution. The exact solution is therefore known to lie between the dashed

lines.
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Figure 15.11 Figure 15.10 is shown in greater detail. The exact solution
of (15.12) is known to lie inside the shaded band.
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We should warn the reader that we do not know how to form a solvable dual
problem for the most general convex controller design problem; see the Notes and
References.

15.5 Some Tradeoff Curves

In the previous three sections we studied two specific optimization problems, and
the performance of several approximate solution methods. In this section we con-
sider some related two-parameter families of design specifications and the same
approximate solution methods, concentrating on the effect of the approximations
on the computed region of achievable specifications in performance space.

15.5.1 Tradeoff for Example with Analytic Solution

We consider the family of design specifications given by
¢rms_yp(H) S a, ¢rms_u(H) S ﬂ, (1517)

for the same example that we have been studying.

Figure 15.12 shows the tradeoff curves for the (K (2), @) Ritz approximations
of (15.17), for three values of N. The regions above these curves are thus Ay; A
is the region above the solid curve, which is the exact tradeoff curve. This figure
makes clear the nomenclature “inner approximation”.

15.5.2 Tradeoff for Example with no Analytic Solution

We now consider the family of design specifications given by
DA e o (H) <@, Grmen(H) < B,  ¢os(Hiz) <0.1. (15.18)

Inner and outer approximations for the tradeoff curve for (15.18) can be com-
puted using Ritz approximations to the primal and dual problems. For example, an
N =6 (K9, Q) Ritz approximation to (15.18) shows that the specifications in the
top right region in figure 15.13 are achievable. On the other hand, an N = 5 A Ritz
approximation to the dual of (15.18) shows that the specifications in the bottom
left region in figure 15.13 are unachievable. Therefore the exact tradeoff curve is
known to lie in the shaded region in figure 15.14.

The inner and outer approximations shown in figure 15.14 can be improved by
solving larger finite-dimensional approximations to (15.18) and its dual, as shown
in figure 15.15.

Figure 15.15 shows the tradeoff curve for (15.17), for comparison. The gap
between this curve and the shaded region shows the cost of the additional step
response specification. (The reader should compare these curves with those of
figure 14.18 in section 14.5, which shows the cost of the additional specification
RMS(9p) < 0.04 on the family of design specifications (15.17).)
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Figure 15.12 The exact tradeoff between RMS(y,) and RMS(u) for the

problem (15.17) can be computed using LQG theory. The tradeoff curves

computed using three (K @), Q) Ritz inner approximations are also shown.
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Figure 15.13 With the specification ¢os(Hisz) < 0.1, specifications on

Prms_yp and Prms_w in the upper shaded region are shown to be achievable

by solving an N = 6 (K, Q) finite-dimensional approximation of (15.18).

Specifications in the lower shaded region are shown to be unachievable by

solving an N = 5 A finite-dimensional approximation of the dual of (15.18).
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Figure 15.14 From figure 15.13 we can conclude that the exact tradeoff
curve lies in the shaded region.
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Figure 15.15 With larger finite-dimensional approximations to (15.18) and

its dual, the bounds on the achievable limit of performance are substantially

improved. The dashed curve is the boundary of the region of achievable
performance without the step response overshoot constraint.
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Notes and References

Ritz Approximations

The term comes from Rayliegh-Ritz approximations to infinite-dimensional eigenvalue
problems; see, e.g., Courant and Hilbert [CH53, P175]. The topic is treated in, e.g.,
section 3.7 of Daniel [DAN71]. A very clear discussion of Ritz methods, and their conver-
gence properties, appears in sections 8 and 9 of the paper by Levitin and Polyak [LP66].

Proof that the Example Ritz Approximations Converge

It is often possible to prove that a Ritz approximation “works”, i.e., that Ay — A (in
some sense) as N — oo. As an example, we give a complete proof that for the four Ritz
approximations (15.11) of the controller design problem with objectives RMS actuator
effort, RMS regulation, and step response overshoot, we have

UJAav 24 (15.19)
N

This means that every achievable specification that is not on the boundary (s.e., not Pareto
optimal) can be achieved by a Ritz approximation with large enough N.

We first express the problem in terms of the parameter @ in the free parameter represen-
tation of Dgiable:

$1(Q) £ bemsyo(T1 + T2QTs) = || G + G1Q|2,
$2(Q) £ pems u(Ts + T2QTs) = || G2 + G2Q|2,
$3(Q) = dos([1 0)(T1 + T2QT5)[0 0 1]”) = |Gs + G3Q|lpk_step — 1,

where the G; depend on submatrices of Ty, and the G; depend on the appropriate sub-
matrices of T> and T5. (These transfer matrices incorporate the constant power spectral
densities of the sensor and process noises, and combine the T> and T3 parts since Q is
scalar.) These transfer matrices are stable and rational. We also have G3(0) = 0, since Py
has a pole at s = 0.

‘We have

A= {a‘ | ¢1(Q) < ai, i= 172v37 for some Q € H2} ’

AN={G

(H is the Hilbert space of Laplace transforms of square integrable functions from R into
R).

We now observe that 11, 12, and 13 are continuous functionals on Hs; in fact, there is an
M < oo such that

N
¥i(Q) < a;, 1=1,2,3, for some Q = Zm,Qz}

=1

$:i(Q) - %i(Q)| < MIQ - Qll2,  i=1,2,3. (15.20)
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This follows from the inequalities
[91(Q) — ¥1(Q)| < 1G1lllIQ — Qll2,
|[42(Q) — ¥2(Q)| < G2l lIQ = Qll2,
|¥3(Q) — ¥3(Q)| < 1G3/5l211Q — Q-

(The first two are obvious; the last uses the general fact that ||AB||pk_step < ||4/8]|2]|B]|2,
which follows from the Cauchy-Schwarz inequality.)

We now observe that the sequence (s + a)_i, i=1,2,..., where a > 0, is complete, i.e.,
has dense span in Hy. In fact, if this sequence is orthonormalized we have the Laplace
transforms of the Laguerre functions on R.

We can now prove (15.19). Suppose a € A and € > 0. Since a € A, there is a Q" € H
such that ¥;(Q*) < ai, i = 1,2,3. Using completeness of the Q;’s, find N and z* € RV
such that

1Q" — Qnll2 < e/M,

where
N
A
QN = Z z; Q.
i=1

By (15.20), ¥:(Q¥) < ai + €, i = 1,2,3. This proves (15.19).

The Example Ritz Approximations

We used the state-space parametrization in section 7.4, with
P*(s) = C(sI — A)7'B,
where

-10 0 0 1
A=| 1 o0 o0|, B=|o0|, Cc=[0 -1 10].
0 10

0

The controllers K and K®) are estimated-state-feedback controllers with

5.20000

L) = | —208000 |, K =[ —6.00000 5.25000 2.50000 ],
| —0.80800 |
" 0.00000 T

L) = | -3.16228 |, K =[ 142758 10.29483 2.44949 ].
| —1.11150 |
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Problem with Analytic Solution

With the Ritz approximations, the problem has a single convex quadratic constraint, and
a convex quadratic objective, which are found by solving appropriate Lyapunov equations.
The resulting optimization problems are solved using a standard method that is described
in, e.g., Golub and Van Loan [GL89, P564-566]. Of course an ellipsoid or cutting-plane
algorithm could also be used.

Dual Outer Approximation for Linear Controller Design

General duality in infinite-dimensional optimization problems is treated in the book by
Rockafellar [Roc74], which also has a complete reference list of other sources covering this
material in detail. See also the book by Anderson and Nash [AN87] and the paper by
Reiland [REI80].

As far as we know, the idea of forming finite-dimensional outer approximations to a convex
linear controller design problem, by Ritz approximation of an appropriate dual problem,
is new.

The method can be applied when the functionals are quadratic (e.g., weighted Hy norms
of submatrices of H), or involve envelope constraints on time domain responses. We do not
know how to form a solvable dual problem of a general convex controller design problem.
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Chapter 16

Discussion and Conclusions

We summarize the main points that we have tried to make, and we discuss some
applications and extensions of the methods described in this book, as well as some
history of the main ideas.

16.1 The Main Points

o An explicit framework. A sensible formulation of the controller design problem
is possible only by considering simultaneously all of the closed-loop transfer
functions of interest, i.e., the closed-loop transfer matrix H, which should
include every closed-loop transfer function necessary to evaluate a candidate
design.

o Convexity of many specifications. The set of transfer matrices that meet a
design specification often has simple geometry—affine or convex. In many
other cases it is possible to form convex inner (conservative) approximations.

o Effectiveness of convex optimization. Many controller design problems can
be cast as convex optimization problems, and therefore can be “efficiently”
solved.

o Numerical methods for performance limits. The methods described in this
book can be used both to design controllers (via the primal problem) and to
find the limits of performance (via the dual problem).

16.2 Control Engineering Revisited

In this section we return to the broader topic of control engineering. Some of the
major tasks of control engineering are shown in figure 16.1:

373
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e The system to be controlled, along with its sensors and actuators, is modeled
as the plant P.

e Vague goals for the behavior of the closed-loop system are formulated as a set
of design specifications (chapters 8-10).

e If the plant is LTI and the specifications are closed-loop convex, the resulting
feasibility problem can be solved (chapters 13-15).

o If the specifications are achievable, the designer will check that the design is
satisfactory, perhaps by extensive simulation with a detailed (probably non-
linear) model of the system.

Figure 16.1 A partial flowchart of the control engineer’s tasks.

One design will involve many iterations of the steps shown in figure 16.1. We
now discuss some possible design iterations.

Modifying the Specifications

The specifications are weakened if they are infeasible, and possibly tightened if they
are feasible, as shown in figure 16.2. This iteration may take the form of a search
over Pareto optimal designs (chapter 3).

Figure 16.2 Based on the outcome of the feasibility problem, the designer
may decide to modify (e.g., tighten or weaken) some of the specifications.
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Modifying the Control Configuration

Based on the outcome of the feasibility problem, the designer may modify the
choice and placement of the sensors and actuators, as shown in figure 16.3. If the
specifications are feasible, the designer might remove actuators and sensors to see
if the specifications are still feasible; if the specifications are infeasible, the designer
may add or relocate actuators and sensors until the specifications become achievable.
The value of knowing that a given set of design specifications cannot be achieved
with a given configuration should be clear.

Figure 16.3 Based on the outcome of the feasibility problem, the designer
may decide to add or remove sensors or actuators.

These iterations can take a form that is analogous to the iteration described
above, in which the specifications are modified. We consider a fixed set of specifi-
cations, and a family (which is usually finite) of candidate control configurations.
Figure 16.4 shows fourteen possible control configurations, each of which consists of
some selection among the two potential actuators A; and A, and the three sensors
S1, S2, and S3. (These are the configurations that use at least one sensor, and one,
but not both, actuators. A; and A, might represent two candidate motors for a
system that can only accommodate one.) These control configurations are partially
ordered by inclusion; for example, A;.5; consists of deleting the sensor S3 from the
configuration A4;5155.

These different control configurations correspond to different plants, and there-
fore different feasibility problems, some of which may be feasible, and others in-
feasible. One possible outcome is shown in figure 16.5: nine of the configurations
result in the specifications being feasible, and five of the configurations result in
the specifications being infeasible. In the iteration described above, the designer
could choose among the achievable specifications; here, the designer can choose
among the control configurations that result in the design specification being feasi-
ble. Continuing the analogy, we might say that A;S515> is a Pareto optimal control
configuration, on the boundary between feasibility and infeasibility.
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Figure 16.4 The possible actuator and sensor configurations, with the
partial ordering induced by achievability of a set of specifications.

D achievable

D unachievable

Figure 16.5 The actuator and sensor configurations that can meet the
specification D.

Modifying the Plant Model and Specifications

After choosing an achievable set of design specifications, the design is verified: does
the controller, designed on the basis of the LTI model P and the design specifica-
tions D, achieve the original goals when connected in the real closed-loop system?
If the answer is no, the plant P and design specifications D have failed to accu-
rately represent the original system and goals, and must be modified, as shown in
figure 16.6.

Perhaps some unstated goals were not included in the design specifications. For
example, if some critical signal is too big in the closed-loop system, it should be
added to the regulated variables signal, and suitable specifications added to D, to
constrain the its size.
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Figure 16.6 If the outcome of the feasibility problem is inconsistent with
designer’s criteria then the plant and specifications must be modified to
capture the designer’s intent.

As a specific example, the controller designed in the rise time versus undershoot
tradeoff example in section 12.4, would probably be unsatisfactory, since our design
specifications did not constrain actuator effort. This unsatisfactory aspect of the
design would not be apparent from the specifications—indeed, our design cannot
be greatly improved in terms of rise time or undershoot. The excessive actuator
effort would become apparent during design verification, however. The solution, of
course, is to add an appropriate specification that limits actuator effort.

An achievable design might also be unsatisfactory because the LTI plant P is
not a sufficiently good model of the system to be controlled. Constraining various
signals to be smaller may improve the accuracy with which the system can be
modeled by an LTI P; adding appropriate robustness specifications (chapter 10)
may also help.

16.3 Some History of the Main Ideas
16.3.1 Truxal’s Closed-Loop Design Method

The idea of first designing the closed-loop system and then determining the con-
troller required to achieve this closed-loop system is at least forty years old. An
explicit presentation of a such a method appears in Truxal’s 1950 Ph.D. the-
sis [TRU50], and chapter 5 of Truxal’s 1955 book, Automatic Feedback Control
System Synthesis, in which we find [TRU55, P279]:

Guillemin in 1947 proposed that the synthesis of feedback control sys-
tems take the form ...

1. The closed-loop transfer function is determined from the specifica-
tions.
2. The corresponding open-loop transfer function is found.

3. The appropriate compensation networks are synthesized.
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Truxal cites his Ph.D. thesis and a 1951 article by Aaron [AAR51].
On the difference between classical controller synthesis and the method he pro-
poses, he states ([TRU55, P278-279]):

The word synthesis rigorously implies a logical procedure for the transi-
tion from specifications to system. In pure synthesis, the designer is able
to take the specifications and in a straightforward path proceed to the
final system. In this sense, neither the conventional methods of servo
design nor the root locus method is pure synthesis, for in each case the
designer attempts to modify and to build up the open-loop system until
he has reached a point where the system, after the loop is closed, will
be satisfactory.

... [The closed-loop design] approach to the synthesis of closed-loop sys-
tems represents a complete change in basic thinking. No longer is the
designer working inside the loop and trying to splice things up so that
the overall system will do the job required. On the contrary, he is now
saying, “I have a certain job that has to be done. I will force the system
to do it.”

So Truxal views his closed-loop controller design method as a “more logical synthesis
pattern” (P278) than classical methods. He does not extensively justify this view,
except to point out the simple relation between the classical error constants and the
closed-loop transfer function (P281). (In chapter 8 we saw that the classical error
constants are affine functionals of the closed-loop transfer matrix.)

The closed-loop design method is described in the books [NGK57], [RF58,
cHT7], [HOR63, §5.12], and [FPW90, §5.7] (see also the Notes and References from
chapter 7 on the interpolation conditions).

16.3.2 Fegley’s Linear and Quadratic Programming Approach

The observation that some controller design problems can be solved by numerical
optimization that involves closed-loop transfer functions is made in a series of papers
starting in 1964 by Fegley and colleagues. In [FEG64] and [FH65], Fegley applies
linear programming to the closed-loop controller design approach, incorporating
such specifications as asymptotic tracking of a specific command signal and an
overshoot limit. This method is extended to use quadratic programming in [PF66,
BF68]. In [CF68] and [MF 71], specifications on RMS values of signals are included.
A summary of most of the results of Fegley and his colleagues appears in [FBB71],
which includes examples such as a minimum variance design with a step response
envelope constraint. This paper has the summary:

Linear and quadratic programming are applicable ... to the design of
control systems. The use of linear and quadratic programming fre-
quently represents the easiest approach to an optimal solution and often
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makes it possible to impose constraints that could not be imposed in
other methods of solution.

So, several important ideas in this book appear in this series of papers by Fegley
and colleagues: designing the closed-loop system directly, noting the restrictions
placed by the plant on the achievable closed-loop system; expressing performance
specifications as closed-loop convex constraints; and using numerical optimization
to solve problems that do not have an analytical solution (see the quote above).

Several other important ideas, however, do not appear in this series of papers.
Convexity is never mentioned as the property of the problems that makes effective
solution possible; linear and quadratic programming are treated as useful “tools”
which they “apply” to the controller design problem. The casual reader might
conclude that an extension of the method to indefinite (nonconvex) quadratic pro-
gramming is straightforward, and might allow the designer to incorporate some
other useful specifications. This is not the case: numerically solving nonconvex
QP’s is vastly more difficult than solving convex QP’s (see section 14.6.1).

Another important idea that does not appear in the early literature on the
closed-loop design method is that it can potentially search over all possible LTI
controllers, whereas a classical design method (or indeed, a modern state-space
method) searches over a restricted (but often adequate) set of LTI controllers. Fi-
nally, this early form of the closed-loop design method is restricted to the design
of one closed-loop transfer function, for example, from command input to system
output.

16.3.3 @Q-Parameter Design

The closed-loop design method was first extended to MAMS control systems (i.e., by
considering closed-loop transfer matrices instead of a particular transfer function),
in a series of papers by Desoer and Chen [DC814a, DC81B, CD82B, CD83] and
Gustafson and Desoer [GD83, DG84B, DG84A, GD85]. These papers emphasize
the design of controllers, and not the determination that a set of design specifications
cannot be achieved by any controller.

In his 1986 Ph. D. thesis, Salcudean [SAL86| uses the parametrization of achiev-
able closed-loop transfer matrices described in chapter 7 to formulate the controller
design problem as a constrained convex optimization problem. He describes many of
the closed-loop convex specifications we encountered in chapters 810, and discusses
the importance of convexity. See also the article by Polak and Salcudean [PS89].

The authors of this book and colleagues have developed a program called QDES,
which is described in the article [BBB88]. The program accepts input written
in a control specification language that allows the user to describe a discrete-time
controller design problem in terms of many of the closed-loop convex specifications
presented in this book. A simple method is used to approximate the controller
design problem as a finite-dimensional linear or quadratic programming problem,
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which is then solved. The simple organization and approximations made in QDES
make it practical only for small problems. The paper by Oakley and Barratt [OB90]
describes the use of QDES to design a controller for a flexible mechanical structure.

16.3.4 FIR Filter Design via Convex Optimization

A relevant parallel development took place in the area of digital signal processing.
In about 1969, several researchers observed that many finite impulse response (FIR)
filter design problems could be cast as linear programs; see, for example, the arti-
cles [CRR69, RABT72] or the books by Oppenheim and Schaefer [OS70, §5.6] and
Rabiner and Gold [RG75, cH.3]. In [RG75, §3.39] we even find designs subject to
both time and frequency domain specifications:

Quite often one would like to impose simultaneous restrictions on both
the time and frequency response of the filter. For example, in the design
of lowpass filters, one would often like to limit the step response over-
shoot or ripple, at the same time maintaining some reasonable control
over the frequency response of the filter. Since the step response is a
linear function of the impulse response coefficients, a linear program is
capable of setting up constraints of the type discussed above.

A recent article on this topic is [OKU88|.

Like the early work on the closed-loop design method, convexity is not recognized
as the property of the FIR filter design problem that allows efficient solution. Nor is
it noted that the method actually computes the global optimum, i.e., if the method
fails to design an FIR filter that meets some set of convex specifications, then the
specifications cannot be achieved by any FIR filter (of that order).

16.4 Some Extensions

16.4.1 Discrete-Time Plants

Essentially all of the material in this book applies to single-rate discrete-time plants
and controllers, provided the obvious changes are made (e.g., redefining stability to
mean no poles on or outside the unit disk). For a discrete-time development, there
is a natural choice of stable transfer matrices that can be used to form the (analog
of the) Ritz sequence (15.8) described in section 15.1:

Qijn(z) = Eijz~* Y 1<i<n,, 1<j<n, k=1,2,...,

(E;; is the matrix with a unit ¢, j entry, and all other entries zero), which corresponds
to a delay of k —1 time steps, from the jth input of @ to its ith output. Thus in the
Ritz approximation, the entries of the transfer matrix Q are polynomials in 271,

i.e., FIR filters. This approach is taken in the program QDES [BBB88].
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Many of the results can be extended to multi-rate plant and controllers, i.e.,
a plant in which different sensor signals are sampled at different rates, or differ-
ent actuator signals are updated at different rates. A parametrization of stabi-
lizing multi-rate controllers has recently been developed by Meyer [MEY90]; this
parametrization uses a transfer matrix Q(z) that ranges over all stable transfer
matrices that satisfy some additional convex constraints.

16.4.2 Nonlinear Plants

There are several heuristic methods for designing a nonlinear controller for a non-
linear plant, based on the design of an LTI controller for an LTI plant (or a family
of LTI controllers for a family of LTI plants); see the Notes and References for chap-
ter 2. In the Notes and References for chapter 10, we saw a method of designing a
nonlinear controller for a plant that has saturating actuators. These methods often
work well in practice, but do not qualify as extensions of the methods and ideas
described in this book, since they do not consider all possible closed-loop systems
that can be achieved. In a few cases, however, stronger results have been obtained.

In [DL82], Desoer and Liu have shown that for stable nonlinear plants, there is
a parametrization of stabilizing controllers that is similar to the one described in
section 7.2.4, provided a technical condition on P holds (incremental stability).

For unstable nonlinear plants, however, only partial results have been obtained.
In [DL83] and [AD84], it is shown how a family of stabilizing controllers can be
obtained by first finding one stabilizing controller, and then applying the results
of Desoer and Liu mentioned above. But even in the case of an LTI plant and
controller, this “two-step compensation” approach can fail to yield all controllers
that stabilize the plant. This approach is discussed further in the articles [DL84A,
DL848B, DL85|.

In a series of papers, Hammer has investigated an extension of the stable factor-
ization theory (see the Notes and References for chapter 7) to nonlinear systems;
see [HAM88] and the references therein. Stable factorizations of nonlinear systems
are also discussed in Verma [VERS88].
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Notation and Symbols

Basic Notation

Notation

(1>

1R

N

6X

arg min
C

o
omxn
EX

3(2)

Meaning

Delimiters for sets, and for statement grouping in
algorithms in chapter 14.

Delimiters for expressions.

A function from the set X into the set Y.
The empty set.

Conjunction of predicates; “and”.

A norm; see page 69. A particular norm is indicated
with a mnemonic subscript.

The subdifferential of the functional ¢ at the point z;
see page 293.

Equals by definition.

Equals to first order.

Approximately equal to (used in vague discussions).
The inequality holds to first order.

A first order change in X.

A minimizer of the argument. See page 58.

The complex numbers.

The vector space of n-component complex vectors.
The vector space of m X n complex matrices.

The expected value of the random variable X.

The imaginary part of a complex number z.
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inf The infimum of a function or set. The reader
unfamiliar with the notation inf can substitute min
without ill effect.

j A square root of —1.

lim sup The asymptotic supremum of a function; see page 72.

Prob(Z2) The probability of the event Z.

R(2) The real part of a complex number z.

R The real numbers.

R, The nonnegative real numbers.

R" The vector space of n-component real vectors.

R™*" The vector space of m X n real matrices.

oi(M) The ith singular value of a matrix M: the square root
of the ith largest eigenvalue of M*M.

Omax(M) The maximum singular value of a matrix M: the

square root of the largest eigenvalue of M*M.

sup The supremum of a function or set. The reader
unfamiliar with the notation sup can substitute max
without ill effect.

Tr M The trace of a matrix M: the sum of its entries on the
diagonal.

M>0 The n X n complex matrix M is positive semidefinite,
i.e., 2*Mz > 0 for all z € C".

M>0 The n x n complex matrix M is positive definite, i.e.,
2*Mz > 0 for all nonzero z € C".

A>0 The n-component real-valued vector A has
nonnegative entries, i.e., A € R’_:_.

MT The transpose of a matrix or transfer matrix M.

M The complex conjugate transpose of a matrix or

transfer matrix M.

M2 A symmetric square root of a matrix M = M* > 0,
i.e., MY2MY2 = M.
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Global Symbols

Symbol

¢

8 B8 BN @«

N

Meaning

A function from the space of transfer matrices to real
numbers, i.e., a functional on H. A particular
function is indicated with a mnemonic subscript.

The restriction of a functional ¢ to a
finite-dimensional domain, i.e., a function from R"™ to
R. A particular function is indicated with a
mnemonic subscript.

A design specification: a predicate or boolean function
on H. A particular design specification is indicated
with a mnemonic subscript.

The closed-loop transfer matrix from w to z.

The closed-loop transfer matrix from the signal b to
the signal a.

The set of all n, x n,, transfer matrices. A particular
subset of H (i.e., a design specification) is indicated
with a mnemonic subscript.

The transfer matrix of the controller.

The classical loop gain, L = Py K.

The number of exogenous inputs, i.e., the size of w.
The number of actuator inputs, i.e., the size of u.
The number of regulated variables, i.e., the size of z.
The number of sensed outputs, i.e., the size of y.
The transfer matrix of the plant.

The transfer matrix of a classical plant, which is
usually one part of the plant model P.

The classical sensitivity transfer function or matrix.
The classical I/O transfer function or matrix.
Exogenous input signal vector.

Actuator input signal vector.

Regulated output signal vector.

Sensed output signal vector.

385

Page

53

252

47

33
32

48

32
36
26
26
26
26
31
34

36,41
36,41
25
25
26
26
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Other Symbols

Symbol Meaning Page
A A feedback perturbation. 221
A A set of feedback perturbations. 221
Ilz|| The Euclidean norm of a vector z € R" or z € C", 70
1.e., VT*e.
[l z]l1 The L; norm of the signal w. 81
Ilz]|2 The Ly norm of the signal u. 80
|l2|| oo The peak magnitude norm of the signal u. 70
||| aa The average-absolute value norm of the signal u. 74
|| %]l ems The RMS norm of the signal u. 72
|| 2] ss00 The steady-state peak magnitude norm of the signal u. 72
| H |2 The H; norm of the transfer function H. 96,110
|1 H|| oo The Ho, norm of the transfer function H. 112,112
|1 H || c0,a The a-shifted Ho, norm of the transfer function H. 100
|| H || hankel The Hankel norm of the transfer function H. 103
|| H || pk_step The peak of the step response of the transfer function 95
H.
|1 H || pk_gn The peak gain of the transfer function H. 97,111
| H || rms, w The RMS response of the transfer function H when 96
driven by the stochastic signal w.
|| H || rms_gn The RMS gain of the transfer function H, equal to its 99,112
H,, norm.
| H || we A worst case norm of the transfer function H. 97
A The region of achievable specifications in performance 139
space.
Ap, By, By, The matrices in a state-space representation of the 43
C.,Cy,D,y, plant.
D,y Dyy, Dy
CF(u) The crest factor of a signal u. 91
Dz(-) The dead-zone function. 230
I,(H) The v-entropy of the transfer function H. 113
Nproc A process noise, often actuator-referred. 35

Tlsensor A sensor noise. 35
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H®@)  H®),
H©, H)

K@) K®)
K©, K@

P
Pgtd

b, q

Sat(-)
sgn(-)
T17 T27 T3

The amplitude distribution function of the signal u.

The impulse response of the transfer function H at
time ¢.

The closed-loop transfer matrices from w to z achieved
by the four controllers K, K®) K K in our
standard example system.

The four controllers in our standard example system.

A perturbed plant set.

The transfer function of our standard example
classical plant.

Auxiliary inputs and outputs used in the perturbation
feedback form.

Used for both complex frequency, s = o + jw, and the
step response of a transfer function or matrix
(although not usually in the same equation).

The saturation function.

The sign function.

Stable transfer matrices used in the free parameter
representation of achievable closed-loop transfer
matrices.

A submatrix or entry of H not relevant to the current
discussion.

The minimum value of the function ¢.

A minimizing argument of the function ¢, i.e.,
9" = ¢(z”).

The total variation of the function f.

387

76
96

42

42

211
41

221

220
97
156

172

311
311

98
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List of Acronyms

Acronym
1-DOF
2-DOF
ARE
FIR
I/0
LQG
LQR
LTI
MAMS
MIMO
PID
QP
RMS
SASS
SISO

Meaning

One Degree-Of-Freedom

Two Degree-Of-Freedom

Algebraic Riccati Equation

Finite Impulse Response
Input/Output

Linear Quadratic Gaussian

Linear Quadratic Regulator

Linear Time-Invariant
Multiple-Actuator, Multiple-Sensor
Multiple-Input, Multiple-Output
Proportional plus Integral plus Derivative
Quadratic Program
Root-Mean-Square
Single-Actuator, Single-Sensor

Single-Input, Single-Output

389

Page
37
39

122
380
38
278
275
29
40
110

345
72
34
95
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controller design problem, 351 DesFrlblng function, 220, 246
definition for functional, 129 Design
definition for set, 128 closed-loop, 377
duality, 139 conservative, 210
functional, 128 FIR filters, 380
inner approximation, 207, 239, 262, Pareto optimal, 55, 281, 337, 369

264 procedure, 63

optimization, 311 trial and error, 20
outer approximation, 267 Design specification, 11, 47
set, 128 achievable, 14, 50
supporting hyperplane for set, 298 as sets, 127

Convexity boolean, 48
midpoint rule, 129 comparing, 49
multicriterion optimization, 139 consistent, 50
Pareto optimal, 139 families of, 51
performance space, 139 feasible, 50

Convex optimization, 11, 311 hardness, 51
e-relaxed problem, 319, 329 inconsistent, 50
complexity, 345 infeasible, 50
cutting-plane algorithm, 313 nonconvex, 205
descent methods, 312 ordering, 49
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ellipsoid algorithm, 324 quantitative, 54
linear program, 126, 271, 292, 313, robust stability, 212

319, 348, 379 time domain, 134

quadratic program, 345, 378, 380 total ordering, 54

stopping criterion, 315 Diagnostic output, 28, 45
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Differential sensitivity, 7, 195
versus robust stability, 210, 233, 244
Digital
controller, 19
signal processing, 19, 380
Directional derivative, 297
Discrete-time
plant, 380
signal, 2, 29
Disturbance, 6, 35
modeling, 187
stochastic, 188, 194
unknown-but-bounded, 190
Dual
functional, 61, 139, 332, 363
functional via LQG, 281
objective functional, 61
optimization problems, 142
problem, 125, 362
Duality, 61, 139, 332, 362
convex optimization, 292
for LQG weight selection, 332
gap, 142
infinite-dimensional, 371

E

Ellipsoid, 121, 324

Ellipsoid algorithm, 324
deep-cut, 358
initialization, 349

Empirical model, 4

Entropy, 136, 282, 291
definition, 112
interpretation, 114
state-space computation, 123

Envelope specification, 177, 193

Error
model reference, 186
nulling paradigm, 46
signal, 34, 46, 69
tracking, 252

Estimated-state feedback, 162, 279, 282
controller, 282

Estimator gain, 162

Exact decoupling, 180

Exogenous input, 25

F

Factorization
polynomial transfer matrix, 169
spectral, 92, 188
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stable transfer matrix, 169
Failure modes, 7, 45, 214
False intuition, 89, 108, 117, 379
Feasibility problem, 51, 312, 375
families of, 51
RMS specification, 281, 335
Feasibility tolerance, 319
Feasible design specifications, 50
Feedback
estimated-state, 162, 279, 282
linearization, 30, 45
output, 27
paradigm, 46
perturbation, 221
plant perturbations, 221
random, 114
state, 27
well-posed, 32, 116
Fictitious inputs, 25
Finite-dimensional approximation
inner, 352
outer, 362
Finite element model, 19
FIR, 380
filter design, 380
Fractional perturbation, 202
Frequency domain weights, 81, 188
Functional
affine, 128
bandwidth, 189
convex, 128
definition, 53
dual, 61, 139, 363
equality specification, 131, 137
general response-time, 177
inequality specification, 52, 131
level curve, 250
linear, 296
maximum envelope violation, 177
objective, 54
of a submatrix, 134
overshoot, 173
quasiconcave, 189
quasiconvex, 132, 176, 189, 296
relative overshoot, 173
relative undershoot, 173
response-time, 177
rise time, 175
settling time, 175
subgradient of, 293
sub-level set, 131
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undershoot, 173
weighted-max, 62, 131, 139, 268
weighted-sum, 59, 131, 139, 281

G
Gain, 94, 115, 231
average-absolute, 98, 111
cascade connection, 115
feedback connection, 116
generalized margin, 238, 263
margin, 215, 225, 236, 262
peak, 111
scaling, 235
scheduling, 45
small gain theorem, 231
variation, 198
Generalized
bandwidth, 189
gain margin, 238
response time, 189
stability, 165, 232
Geometric control theory, 45
Global
optimization, 21, 345, 347
positioning system, 9, 18
Goal programming, 63
Gramian
controllability, 121, 125
observability, 120, 123, 125
G-stability, 165

H

H> norm, 276
subgradient, 301

H,-optimal
controller, 279

H., norm, 99, 282

bound and Lyapunov function, 245

shifted, 101
subgradient, 303
Half-space, 294
Hamiltonian matrix, 121, 277, 282
Hankel norm, 103, 118, 121
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History
closed-loop design, 377
feedback control, 18, 208
stability, 169
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I/0 specification, 172, 250
Identification, 4, 10, 18, 215
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Impulse response, 31, 96, 181, 305, 380

Inequality specification, 100
Infeasible design specification, 50
Information based complexity, 346

Inner approximation, 207, 239, 262, 264

definition, 207

finite-dimensional, 352
Input, 25

actuator, 25

exogenous, 25

fictitious, 25

signal, 25
Input-output

specification, 172, 250

transfer function, 38
Integrated

actuators, 18

sensors, 9, 18
Interaction of commands, 178
Interactive design, 63
Internal model principle, 168
Internal stability, 150

free parameter representation, 156

with stable plant, 155

Interpolation conditions, 155, 168, 284,

287
Intuition
correct, 118, 140, 287, 362
false, 89, 108, 117, 379
ITAE norm, 84

J

Jerk norm, 83, 190

L

Laguerre functions, 370
Laplace transform, 30
Level curve, 250

Limit of performance, 12, 20, 139, 208,

347
Linear
fractional form, 150, 157
functional, 296

program, 126, 271, 292, 313, 319,

348, 379
time-invariant system, 30
transformation, 81

Linearity consequence, 191, 193
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Linearly ordered specifications, 132, 300
Logarithmic sensitivity, 197
MAMS system, 202
Loop gain, 36
LQG, 13, 154, 278, 291
multicriterion optimization, 280
optimal controller, 5, 279
LQG weights
selection, 332, 349
trial and error, 350
tweaking, 281, 335
via dual function, 350
LQR, 5, 275
LTT, 8, 28
Lumped system, 29
Lyapunov equation, 120, 123, 125, 271,
371
Lyapunov function, 125, 245

M
MAMS system, 40
logarithmic sensitivity, 202
Margin, 196
Matrix
Hamiltonian, 121, 277, 282
Schur form, 123, 277
weight, 89, 278
Maximum absolute step, 118
Maximum value method for weights, 63
M-circle constraint, 244
Memoryless nonlinearity, 231
Midpoint rule, 129
Minimax, 62
Minimizer, 311
half-space where it is not, 294
Model, 4, 10, 18, 215
black box, 4
detailed, 213
empirical, 4
LTT approximation, 45
physical, 4, 10, 215
reference, 186
Modified controller paradigm, 157
for a stable plant, 160
observer-based controller, 162
Multicriterion optimization, 54
convexity, 139
LQG, 280, 332
Multiple
actuator, 40
sensor, 40
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Multi-rate plants, 30, 381
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Neglected
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plant dynamics, 213, 225, 234
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white, 96, 106, 110, 193, 275, 278
Nominal plant, 211
Nominal value method for weights, 63
Nonconvex

convex approximation for specifica-
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design specification, 205

specification, 205, 245
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Nonlinear

controller, 30, 45, 246, 286, 381
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Nonlinearity

dead-zone, 229

describing function, 220

memoryless, 231

neglected, 219
Non-minimum phase, 283
Nonparametric plant perturbations, 216
Norm, 93

| H]||2, 96, 111, 120, 276

1 H |0, 99, 112, 118, 121, 282

||H||hanket, 103, 118, 121

=g, ., 111

IEllg, . 99

| H ||pk_gn, 97, 111, 118, 125
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comparison of, 117
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definition, 69, 92

false intuition, 89
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frequency domain weight, 81
gains, 94, 115
Hankel norm, 103, 118, 121
inequality specification, 100, 135
ITAE, 84
jerk, 83, 190
maximum absolute step, 118
MIMO, 110
multivariable weight, 88, 115
peak, 70
peak acceleration, 83
peak gain, 97, 111, 118, 125, 291,
305
peak-step, 95, 125
RMS, 72
RMS gain, 98, 112
RMS noise response, 95, 110
scaling, 88, 115
seminorm, 92
shifted Ho,, 101
signal, 69
SISO, 95
snap, crackle and pop, 83
stochastic signals, 75
time domain weights, 83
total absolute area, 81
total energy, 80
using an average response, 94
using a particular response, 93
using worst case response, 94
vector average-absolute value, 87
vector peak, 86
vector RMS, 86
vector signal, 86
vector total area, 88
vector total energy, 88
weight, 88, 115
worst case response, 97, 306
Notation, 30, 383
Nyquist plot, 244
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Objective functional, 54

dual, 61

weighted-max, 62

weighted-sum, 59, 281
Observability

Gramian, 120, 123, 125
Observer-based controller, 162, 164
Observer gain, 162
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Open-loop
controller design, 135
equivalent system, 203

Operating condition, 215

Optimal
control, 125, 275
controller paradigm, 47
Pareto, 55, 139, 281, 312, 337, 347,

369, 374

Optimization
branch-and-bound, 21
classical paradigm, 57
complexity, 345
constrained, 311
convex, 311
cutting-plane algorithm, 313
descent method, 312, 347
ellipsoid algorithm, 324
feasibility problem, 312
global, 21, 345
linear program, 126, 271, 292, 313,

319, 348, 379

multicriterion, 54, 65, 280
quadratic program, 345, 378, 380
unconstrained, 311

Order of controller, 11, 150

Outer approximation, 267, 318
definition, 267
finite-dimensional, 362

Output, 26
diagnostic, 28
referred perturbation, 202
referred sensitivity matrix, 41
regulated, 26
sensor, 26

Overshoot, 13, 48, 173

P
P, 211
Parametrization
stabilizing controllers in state-space,
162
Pareto optimal, 55, 143, 281, 285, 312,
337, 347, 369, 374
convexity, 139
interactive search, 63
Parseval’s theorem, 81, 110
PD controller, 5, 14, 21
Peak
acceleration norm, 83
gain from step response, 97
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gain norm, 97, 111, 118, 125, 291
signal norm, 70
step, 95, 125
subgradient of norm, 305
vector signal norm, 86
Performance
limit, 12, 20, 139, 347
loop, 241
specification, 6, 171
Performance space, 52
achievable region, 139
convexity, 139
Perturbation, 7
fractional, 202
nonlinear, 212, 233
output-referred, 202
plant gain, 198
plant phase, 199
singular, 217
step response, 205
time-varying, 212, 233
Perturbed plant set, 211
Phase
angle, 197
margin, 216
unwrapping, 197
variation, 199
Physical
model, 4
units, 88
PID controller, 18, 353
Plant, 26
assumptions, 29, 43
discrete-time, 380
failure modes, 214
gain variation, 198
large perturbation, 210
multi-rate, 381
neglected dynamics, 213, 225, 234
nominal, 211
nonlinear, 29, 45, 212, 219, 233, 381
parameters, 214
perturbation feedback form, 221
perturbation set, 211
phase variation, 199
pole variation, 216, 228, 238
relative uncertainty, 217, 229, 238
small perturbation, 195
standard example, 41, 103, 150, 198,
205, 213, 216, 249, 307, 320,
331, 337, 354
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state-space, 43, 164
strictly proper, 43
time-varying, 212, 233
transfer function uncertainty, 216
typical perturbations, 210
Pole
plant pole variation, 228, 238
zero cancellation, 152
Polynomial matrix factorization, 169
Power spectral density, 75
Predicate, 48
Primal-dual problems, 142
Process noise
actuator-referred, 35
Programmable logic controllers, 2, 19

QDES, 379
Q-parametrization, 162, 169, 353, 379,
381
Quadratic program, 345, 378, 380
Quantization error, 70
Quasiconcave, 189
Quasiconvex functional, 132, 176, 189,
296
relative overshoot, undershoot, 175
Quasigradient, 296
settling time, 302

R
Realizability, 147
Real-valued signal, 2
Reference signal, 28, 34
Regulated output, 26
Regulation, 6, 12, 187, 254

bandwidth, 189

RMS limit, 188
Regulator

classical, 34, 172
Relative

degree, 156

overshoot, 173

tolerance, 317
Resource consumption, 81
Response time, 177

functional, 177

generalized, 189
Riccati equation, 92, 122, 277, 280, 283
Rise time, 175

unstable zero, 283
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Ritz

approximation, 291, 352, 369
RMS

gain norm, 98, 112

noise response, 95, 110

signal norm, 72

specification, 281, 332

vector signal norm, 86
Robustness, 6

bandwidth limit, 234

definition for specification, 211

specification, 7, 210, 262
Robust performance, 239, 246, 266
Robust stability, 212, 264

classical Nyquist interpretation, 244

norm-bound specification for, 231

versus differential sensitivity, 210, 233,

244

via Lyapunov function, 245
Root locus, 11, 18, 65, 378
Root-mean-square value, 72

S

Saturation, 88, 108, 219, 229, 239, 246
actuator, 190, 229, 239
Saturator, 220
Scaling, 88, 235
Schur form, 123, 277
Seminorm, 92
Sensible specification, 154, 169, 277, 285,
287
Sensitivity
comparison, 203
complementary transfer function, 36
logarithmic, 197, 260
matrix, 41
output-referred matrix, 202
step response, 205, 261
transfer function, 36, 196
versus robustness, 210, 233, 244
Sensor, 1
boolean, 2
dynamics, 213
integrated, 9, 18
many high quality, 10
multiple, 40
noise, 35, 153
output, 26
placement, 3
selection, 3, 375
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Set
affine, 128
boolean algebra of subsets, 127
convex, 128
representing design specification, 127
supporting hyperplane, 298
Settling time, 175, 250
quasigradient, 302
Shifted Ho, norm, 136, 138
Side information, 26, 35, 152, 285, 376
Signal
amplitude distribution of, 76
average-absolute value norm, 74
average-absolute value vector norm,
87
bandwidth, 118, 184
comparing norms of, 89
continuous, 3
continuous-time, 29
crest factor, 91
discrete-time, 3, 29
ITAE norm, 84
norm of, 69
peak norm, 70
peak vector norm, 86
real-valued, 2
RMS norm, 72
size of, 69
stochastic norm of, 75
total area, 81
total energy, 80
transient, 72, 80, 92
unknown-but-bounded, 70, 184
vector norm of, 86
vector RMS norm, 86
vector total area, 88
vector total energy, 88
Simulation, 6, 10
Singing, 170
Singular
perturbation, 217, 244
structured value, 245
value, 110, 112, 124, 304
value plot, 110
Size
of a linear system, 93
of a signal, 69
Slew rate, 82, 181, 185
limit, 97
Small gain
method, 210, 231, 244
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method state-space connection, 245
theorem, 117, 231
Snap, crackle and pop norms, 83
Software
controller design, 19
Specification
actuator effort, 12, 190, 256, 281
circle theorem, 245
closed-loop convex, 135, 245
controller order, 150
differential sensitivity, 195
disturbance rejection, 187
functional equality, 131
functional inequality, 52, 54, 131
input-output, 172, 250
jerk, 190
linear ordering, 132, 300
M-circle constraint, 244
model reference, 186
nested family, 132, 177, 300
nonconvex, 150, 205, 245, 268
noninferior, 55
norm-bound, 135
on a submatrix, 134
open-loop stability of controller, 268
overshoot, 13, 173
Pareto optimal, 55
PD controller, 14
peak tracking error, 184, 286
performance, 171
realizability, 147
regulation, 12, 187, 254
relative overshoot, 173
rise time, 175
RMS limit, 12, 281, 332, 335
robustness, 210, 262
sensible, 154, 169, 277, 285, 287
settling time, 175
slew-rate limit, 181
stability, 136
step response, 134, 172
step response envelope, 177
time domain, 134
undershoot, 173
unstated, 153
well-posed, 57
Spectral factorization, 82, 92, 188
Stability, 147
augmentation, 3
closed-loop, 147, 150
controller, 268
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degree, 138, 166, 232, 238, 263
for a stable plant, 160
free parameter representation, 156
generalized, 165, 232
historical, 169
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modified controller paradigm, 157
robust, 212
specification, 136
transfer function, 96, 150, 165
transfer matrix, 110, 150
transfer matrix factorization, 169
using interpolation conditions, 155,
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via Lyapunov function, 245
via small gain theorem, 117
Stable
transfer matrix, 117
Standard example plant, 41, 103, 150,
198, 205, 213, 216, 249, 307,
320, 331, 337, 354
tradeoff curve, 12, 338, 366
State-estimator gain, 279
State-feedback, 277
gain, 162, 279
State-space
computing norms, 119, 125
controller, 43
parametrization of stabilizing con-
trollers, 162
plant, 43
small gain method connection, 245
Step response, 95
and peak gain, 98
envelope constraint, 177
interaction, 178
overshoot, 48, 173, 355
overshoot subgradient, 301
perturbation, 205
relative overshoot, 173
sensitivity, 205
settling time, 250
slew-rate limit, 181
specification, 134, 172
total variation, 98
undershoot, 173
Stochastic signal norm, 75
Stopping criterion, 313, 362
absolute tolerance, 316
convex optimization, 315
relative tolerance, 317
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Strictly proper, 43 tangent to surface, 60
Structured singular value, 245 tracking bandwidth versus error, 286
Subdifferential Transducer, 18
definition, 293 Transfer function, 30
Subgradient, 293 Chebychev norm, 99
algorithm, 348 G-stable, 165
computing, 301 maximum magnitude, 99
definition, 293 peak gain, 97
H; norm, 301 RMS response to white noise, 96
Heo norm, 303 sensitivity, 196
infinite-dimensional, 294 shifted, 101
peak gain, 305 stability, 96, 150, 165
quasigradient, 296 uncertainty, 216

step response overshoot, 301 unstable, 96
tools for computing, 299
worst case norm, 306
Sub-level set, 131
Supporting hyperplane, 298

Transfer matrix, 30
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factorization, 169
singular value plot, 110
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Tolerance, 316
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energy norm, 80 Unconstrained optimization, 311
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interactive search, 63

norm selection, 119
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standard example plant, 12, 338, 366

surface, 57, 281

Tweaking, 63
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autocorrelation, 86



416

W
Wcontr; 121
Wobs, 120
Weight
a smart way to tweak, 332
constant matrix, 89
diagonal matrix, 89
for norm, 88
frequency domain, 81, 188
H,, 100
informal adjustment, 63
L; norm, 100
matrix, 89, 276, 278
maximum value method, 63
multivariable, 88
nominal value method, 59, 63
selection for LQG controller, 332,
349
time domain, 83
transfer matrix, 89
tweaking, 63
tweaking for LQG, 281, 335
vector, 59
Weighted-max functional, 62, 131, 139,
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Weighted-sum functional, 59, 131, 139,
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Well-posed
feedback, 32, 116
problem, 57
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